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Preface

It is a truism that differential and integral equations lie at the heart of mathematics,
being the inspiration of so many theoretical advances in analysis and applying to a wide
range of situations in the natural and social sciences.

In a first-year course on differential equations, it is usual to give techniques for solving
some very particular equations. In this ‘second course’, the theoretical basis underlying
first-year work is explored and extended. Much of the discussion involves consideration
of the complementary topic of integral equations, which form an important subject of
study in their own right. Some basic results on integral equations of major significance
are included in later chapters.

The approach here is thoroughly classical, depending only on some results from real
variable theory (which are reviewed in Chapter 0) and from linear algebra (which are
summarised where needed), and some knowledge of the solution of elementary ordinary
differential equations (which is, in any case, treated in the Appendix). However, presen-
tation and proofs have been chosen with a view to useful generalisations in important
areas of functional analysis. I hope to satisfy, in both content and presentation, the (as
I see it) uncontradictory demands of the ‘pure’ and the ‘applied’ mathematician.

Applications of the material included in these notes are myriad. With the limited
space available here, a decision has been made to dwell on the understanding of basic
ideas and therefore only to include necessarily short discussion of examples from other
fields. The resulting gap may be filled by lectures and further reading.

The work here first appeared in the academic year 1986-87, as a course in the Methods
of Applied Mathematics, designed for mathematicians, physicists and economists in their
junior and senior undergraduate years, at the College of William and Mary in Virginia.
It has subsequently appeared, in more extended incarnations, as Oxford lecture notes
designed to cover the range of material most appropriate and most useful for modern
mathematics courses in English-speaking universities. The author was pleased to discover
that it has been found helpful not only to undergraduates who use mathematics, but also
to other non-mathematicians (for example, research chemists) as a handy and accessible
reference.

Thanks go to the many colleagues and students who, over the years, have taken the
trouble to discuss points in the text with me; in particular, Dominic Welsh and Alan Day
for their constructive criticism. Most recently, I have become indebted to Jason Lotay
for his invaluable help, especially in updating the typesetting and presentation of the
text, and to my patient editor at O.U.P.

Oxford, November 2005 P.J.C.
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How to use this book

Differential and integral equations lie at the centre of mathematics, bringing together
the best of the abstraction and power of pure mathematics to address some of the most
important problems, both classical and modern, in applied mathematics. With this
in mind, it is the author’s view that all mathematicians should have come across the
material in this book at some point of an undergraduate career.

That said, it has to be accepted that, in every institution of higher education, different
syllabus balances are struck, and the book has been written to allow for many distinct
interpretations. I refer not only to the material which can be retained or omitted (and
as much to sections of chapters as to whole chapters) but also to the order in which
the retained material is presented. For example, one may choose to read some or all of
the material in Chapters 13—15 on series solutions, transform methods and phase-plane
analysis before Chapters 8-10 on integral equations, or even (by starting with a course
devoted to ordinary differential equations) before the partial differential equations of
Chapters 5-7.

Further, the reader and lecturer have many choices in using individual chapters.
The material in Chapter 13 on series solutions is a case in point, and different levels of
appreciation of this topic can be obtained by choosing how far down the following list to
proceed:

e just the use of power series in a neighbourhood of an ordinary point

e adding only an appreciation of the use of extended power series in a neighbourhood
of a regular singular point

e then adding a rigorous treatment of how two independent solutions of a second-
order equation may always be found in a neighbourhood of a regular singular point

e learning the elegant and powerful method of Frobenius

e extending to functions of a single complex variable

In more polemical vain, the author wonders how well-prepared the prospective student of,
say, quantum mechanics would be, or what understanding of the aspects of the Legendre
equation or Bessel’s equation a student of applied analysis would have, if much of Chapter
13 is omitted.

Readers may find the following schematic presentation of the book’s contents helpful
in choosing their own route through the material.



xii

Basic material on ordinary
differential equations:
Chapters 14

How TO USE THIS BOOK

Essential material needed for the
rest of the book, save section 4.2
on Green’s functions, which may
be delayed until Chapter 12

Chapters 13 (series solutions), 14 (transform methods) and 15 (phase-plane analysis)
may be promoted here. The following blocks of material may also, to a great extent, be

read independently.

Basic material on partial
differential equations:
Chapters 57

Basic material on integral
equations:
Chapters 8-10

The Calculus of Variations:
Chapter 11

Those requiring only material on
first-order equations may restrict
attention to Chapter 5

Crucial here are the Fredholm
Alternative Theorem in Chapter
8 and the Expansion Theorem in
Chapter 9

This chapter should be of especial
interest to students of geometry
and mechanics

A full appreciation of some topics relies on results from a number of chapters. In
particular, the Sturm—Liouville equation allows us to synthesize much of the more

important material in earlier chapters:

Chapter 12 relies, at various points, on

sections 4.2, 8.3, 9.5 and 11.8. Discussion of Bessel’s equation and the Legendre equation
is spread over Chapters 7, 12, 13 and 14; indeed, such an observation gives good reason
for studying material selected from a larger number of chapters of the book.



Prerequisites

Some familiarity with basic theory and technique in real analysis, such as is found
in first-year university mathematics courses, will make the reading of this book much
more straightforward. The same can be said, to a lesser extent, about elementary linear
algebra, in particular the solution of simultaneous linear equations. A summary of much
of the necessary analysis material involved may be found in Chapter 0, whereas that on
linear algebra is introduced where it is required.

The author has assumed that the reader has come across a few standard elementary
ordinary differential equations and learnt how simple examples may be solved. This
material is, in any case, thoroughly reviewed in the Appendix.

Understanding of some parts of later chapters is aided by familiarity with other topics
in analysis; in particular, the theory of complex functions in one variable is required
in sections 13.8 and 14.5. Some chapters will mean more to readers who have taken
elementary courses in applied mathematics; for example, on the wave motion of a taut
string and the use of Fourier series in calculating solutions (see Chapter 7).

However, it is a main purpose of this text to take the reader with rather little
knowledge of applied analysis to a reasonably complete understanding of a variety of
important and much used mathematics, and to give confidence with techniques for solving
a wide range of problems.

References to background material may be found in the Bibliography.
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0 Some Preliminaries

A number of elementary results in real analysis will be used continually in the sequel.
For ease of reference, we gather together here some that are more important or com-
monly found. Though we shall be careful, and encourage the reader to be careful, to give
appropriate, sufficient conditions by means of justification, we shall not always be con-
cerned with stating the sharpest possible results. In particular, we shall generally assume
that a function is continuous when sometimes integrability over a bounded interval would
suffice. Further, we shall not be concerned that differentiability is on occasion enough but
normally, in these circumstances, assume that a function is continuously differentiable in
the sense of the following definition.

Definition 1 If A C R and B C R?, the function f : A — R is continuously differen-
tiable, or smooth, on A if the derivative f’ exists and is continuous at every point of A,
and the function g : B — R is continuously differentiable on B if the partial derivatives
9z, gy €xist and are continuous on B.

We now list some propositions, giving each a label in square brackets which we shall
use subsequently for the purpose of reference. The notation (a,b) and [a, b] will be used,
respectively, for open and closed intervals in R.

[A] If f:[a,b] — R is continuous, then f is bounded. Further, if
m = inf{f(z):a <z <b}, M = sup{f(z):a <z <D},
then there exist « and X in [a,b] such that f(z) = m and f(X) = M. Similarly, a

continuous real-valued function defined on a closed and bounded subset of R? is bounded
and attains its bounds.
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[B] Mean Value Theorem If f : [a,b] — R is continuous and f is differentiable on
(a,b) then there exists g in (a,b) for which

f®) = fla) = (b—a)f'(xo).

[C] Chain Rule If F:R3 — R and F = F(z1,72,23), where z; : R — R (i = 1,2,3)
are continuously differentiable, then, for each z¢ in R,

dF o oF dxl oF dxz oF dxg

PR P LU O U e

where is evaluated at (x1(xg), x2(x0), 23(x0)) for i = 1,2, 3.

T

Suitable modifications of [C], when either F' or an z; is defined only on a subset of
the relevant R™, will be left to the reader.

An integration theory that integrates continuous functions, in the case of R, over
bounded intervals and, in the case of R?, over bounded rectangles will normally suffice,
for the purposes of this book.

[D] If f is integrable on [a,b], then |f] is integrable on [a, b] and

/bf(fv)dw < /b\f(x)!dfv

[E] Fundamental Theorem of Calculus If f : [a,b] — R is continuously differen-
tiable, then

b
/ f@)de = () - fa).

In respect of double integration, we shall need the following weak form of Fubini’s
Theorem.

[F] Fubini’s Theorem If f : [a,b] x[c,d] — R is continuous, then the repeated integrals

db bd
//f(x,t) dxdt, //f(x,t) dtdx

exist and are equal.
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We shall often find the need to differentiate an integral with varying limits of
integration. We shall lean on the following result which, if unknown to the reader, should
be committed to memory. We again leave modifications made necessary by restriction of
the domains of the functions involved to the reader.

[G] Ifa:R — R, b:R — R are continuously differentiable and if f : R? — R and g—
x

are continuous, then

b(x) b(z)
% (/ f(:L’, t) dt) = b’(;z;)f(aj, b(l‘)) — a/(x)f(x, a(aj)) + / ai (1,‘, t) dt.

(2) a(z) O

Exercise 1 Prove [G].
[HINT: Apply the chain rule to

F(l‘l,l‘g,l‘g) = / f(l‘g,t) dt

for appropriate functions x1, x2, x3.]

The other matter for preliminary discussion is uniform convergence of sequences and
series of functions on a closed and bounded interval.

Definition 2 (a) A sequence (s,,) of functions s, : [a,b] — R is uniformly convergent on
[a, b] if there is a function s : [a,b] — R for which, given ¢ > 0, there exists a positive
integer N such that

|sn(z) —s(z)] < e forallm >N and all x € [a,b].

Then, we say that (s,) converges uniformly to s on [a,b].

(b) A series > o7 | u, of functions u, : [a,b] — R is uniformly convergent on [a,b] if the
sequence (sy) of partial sums s, : [a,b] — R, defined by

sp(x) = Zu,(x), (x € [a, b))
i=1

is uniformly convergent on [a,b]. When (s,) converges uniformly to u : [a,b] — R, we
say that Y 7 | u, converges uniformly to u on [a,b].

Perhaps the most useful of tests for uniform convergence of series is the following.
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[H] Weierstrass M-test Suppose that, for each positive integer n, u, : [a,b] — R
and M, is a non-negative real constant for which

lun(z)] < M, forall z € [a,b.

. o0 . . o0 . .
If the series ) > | M, is convergent, then the series >~ | uy, is uniformly convergent on

[a, b].

The last proposition stated in this chapter will be used at crucial points in Chapters
1 and 2.

[I] (a) If s, is a sequence of continuous functions sy, : [a,b] — R, uniformly convergent
to s : [a,b] — R on [a,b], then

(i) s is also continuous on [a, b],

b b
(ii) / Sy, converges to/ 85
a a

[e.9]
(b) If Z uy, is a series of continuous functions u, : [a,b] — R, uniformly convergent
n=1

to u : [a,b] — R on [a,b], then

(i) w is also continuous on [a, b],
o b b

(ii) Z/ Uy = / u.
n=1va @

Note There will be a number of occasions in the text in which we shall wish, as in
(b)(ii) above, to interchange an infinite sum with an integral. As here, this is usually
justified by uniform convergence. However, the reader should note that other methods
of justification are often open to the working mathematician.



1 Integral Equations and Picard’s
Method

1.1 Integral equations and their relationship to differential
equations

Four main types of integral equations will appear in this book: their names occur in the
table below. Suppose that f : [a,b] — R and K : [a,b]> — R are continuous, and that
A, a,b are constants.

Volterra non-homogeneous y(x) = flx) + / K(x,t)y(t)dt

Volterra homogeneous y(x) = / K(x,t)y(t)dt
b

Fredholm non-homogeneous y(x) = flx) + /\/ K(z,t)y(t)dt
b

Fredholm homogeneous y(z) = )\/ K(z,t)y(t) dt

where x € [a,b]. Note that the Volterra equation can be considered as a special case of
the Fredholm equation when K (z,t) =0 for t > z in [a, b].

We will search for continuous solutions y = y(x) to such equations. On occasion, x
may range over a different domain from [a, b]; in which case, the domains of f and K
will need appropriate modification.
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The function K = K (z,t) appearing in all four equations is called the kernel of the
integral equation. Such a kernel is symmetric if K(z,t) = K(t,z), for all z,t € [a, b].

A value of the constant A, for which the homogeneous Fredholm equation has a
solution y = y(z) which is not identically zero on [a,b], is called an eigenvalue, or
characteristic value, of that equation, and such a non-zero solution y = y(x) is called
an eigenfunction, or characteristic function, ‘corresponding to the eigenvalue \’. The
analogy with linear algebra is not accidental, as will be apparent in later chapters.

To investigate the relationship between integral and differential equations, we will
need the following lemma which will allow us to replace a double integral by a single one.

Lemma 1 (Replacement Lemma) Suppose that f : [a,b] — R is continuous. Then

/;/;/f(t)dtdﬂf' = /;(x—t)f(t)dt, (z € [a,b]).

Proof Define F : [a,b] — R by

Flz) = /m(x—t)f(t)dt, (z € [a,1]).

As (x —t)f(t) and (,%[(:E —t)f(t)] are continuous for all x and ¢ in [a, b], we can use [G]
of Chapter 0 to differentiate F":

Pa) = le=0f0] go+ [ grie-nfola = [ e

r dF
Since, again by [G] of Chapter 0, / f(t)dt, and hence T are continuous functions of
a T

x on [a,b], we may now apply the Fundamental Theorem of Calculus ([E] of Chapter 0)
to deduce that

/

Fla') = F(a')— Fla) = / " Fla)de = / / F(t) dtda.

Swapping the roles of x and z’, we have the result as stated. O
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Alternatively, define, for (t,2') € [a, z]?,

f(t) whena<t<a <z,
G(t,z") =

0 when a < 2/ <t <zx.

The function G = G(t, ') is continuous, except on the line given by ¢ = 2/, and hence
integrable. Using Fubini’s Theorem ([F] of Chapter 0),

/:/: f(t)dtdx’ = /az (/: G(t, ") dt) dx’
= /j (/az G(t,z") dx') dt
= /ax (/jf(t)dm’) dt

- [[@-vrwa. s

We now give an example to show how Volterra and Fredholm integral equations can
arise from a single differential equation (as we shall see, depending on which sort of
conditions are applied at the boundary of the domain of its solution).

Example 1 Consider the differential equation
v+ Xy = g(z), (xe€]l0,L)),
where ) is a positive constant and g is continuous on [0, L]. (Many readers will already be

able to provide a method of solution. However, what we are considering here is equivalent
formulations in terms of integral equations.) Integration from 0 to = (z € [0, L]) gives

y/(x)—y/(O)—i-)\/xy(t)dt = /Owg(t)dt.

0
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(Note that, as y” must exist for any solution y, both y and 3" = g(x) — Ay are continuous,
xT
so that / y"(t)dt = '(z) — y'(0) by [E] of Chapter 0.) As 3/(0) is a constant, a further
0

integration from 0 to x and use of the Replacement Lemma twice now gives
1) va)=30) =/ O +A [ w=opede = [ @-ngt)ar

At this point comes the parting of the ways: we consider two ways in which conditions
can be applied at the boundary of the domain of a solution.

(i) Initial conditions where y and 3’ are given at the ‘initial’ point. Suppose here that
y(0) =0 and 3/(0) = A, a given real constant. Then

@) y(z) = A:U+/Ox(x—t)g(t) dt—/\/ox(x—t)y(t) dt.

Thus we have a Volterra non-homogeneous integral equation with, in the notation of the
above table,

K(z,t) = At —x),

fa) = Az [ o= 00

which becomes homogeneous if and only if A and g satisfy

Aac—}—/x(x—t)g(t)dt = 0.
0

All equations are valid for x in [0, L].

(i) Boundary conditions where y is given at the end-points of an interval. Suppose
here that y(0) = 0 and y(L) = B, another given constant. Then, putting x = L in (1),
we have

L L
(3) J(0) = i(x/o (L—t)y(t)dt—/o (L—t)g(t)dt—i—B).

Substituting back into (1) and writing, for appropriate h,

/OLh(t)dt _ /Oxh(t)dw/;h(t)dt,
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one easily derives (and it is an exercise for the reader to check that)

L
(4) y(x) = f(z)+ A /0 K tytydt  (ze[0,L])

where

—(L—x) when 0<t<z<L

—(L—t) when 0<z<t<L

and
Bz L
f@) = G- [ Keoawa

This time we have a non-homogeneous Fredholm equation (which becomes homogeneous
when f =0 on [0, L]). We will come across this type of kernel again in our discussion of
Green’s functions: note that the form of K(x,t) ‘changes’ along the line x = t.

It is important to notice that, not only can the original differential equation be
recovered from the integral equations (2), (4) by differentiation, but that, so can the
initial and boundary conditions. Demonstration of these facts is left as exercises. O

Exercise 1 Recover ¢y’ + Ay = g(z), y(0) =0, 3/'(0) = A from (2), using differentiation and [G]
of Chapter 0.

Exercise 2 Solve the integral equation
ylx) = € +4/ (x —t)y(t)dt
0

by first converting it to a differential equation with appropriate initial conditions.

Exercise 3 Suppose that p is a continuously differentiable function, nowhere zero on [a, b], and
define

Plz) = /;p‘(l;, (@ € [a,1]).
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Show that a solution of the differential equation

—~

=

—~
8

~—

<

-
I

q(z)y + g(x),

(where ¢ and g are continuous functions on [a,b]), with initial conditions y(a) = A, y'(a) = B,
satisfies the Volterra integral equation

ya) = )+ | Ko ytyd,  (x € lab]),
where

and
fo) = A+ Bp@P) + [ (Pla) - PW)glt)dr
Deduce that a solution of the equation

xy" _ y/ _ x2y _ 8$3,

with initial conditions y(1) = 1, /(1) = 4, satisfies the equation
wo) = o'+ d [ @ P @),
1

Exercise 4 Find all the continuous eigenfunctions and the corresponding eigenvalues of the
homogeneous Fredholm equation

1
wo) = A [ Ko dr
0

where

z(l—t) when 0<z<t<]1

K(x,t) =

t(l—z) when O

by first converting it to a differential equation with appropriate boundary conditions.

Exercise 5 The thrice continuously differentiable real-valued function y = y(z) satisfies the
differential equation y”’ = f and is subject to the conditions y(0) = y(1) = y(2) = 0. By
performing three integrations, show that a solution of the equation may be written,

y() = / Lz, 0)f(t) dt,

for appropriate L(z,t). You should determine such an L(x,t).
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1.2 Picard’s method

In this section, we shall describe Picard’s method, as used in the construction of a unique
solution of an integral equation. This involves the construction of a sequence (y,) of
functions and, correspondingly, an infinite series >u,, where each u,, is defined by

Un = Yn — Yn—1, (n=1,2,...).

The Weierstrass M-test ([H] of Chapter 0) is used to show that the series is uniformly
convergent to a function u. But notice that the N-th partial sum of the series is

N
(Yn — Yn—1) = YN — Yo-

n=1

So, the sequence (y,) is uniformly convergent to w + yp, which turns out (using the
uniform convergence) to be the (unique) solution of the given integral equation.

We shall now put some clothes on this bare model by considering the Volterra integral
equation,

va) = J@)+ [ Koy, @ ela)

0K
where f is continuous on [a, b] and K and —— are continuous on [a, b]? (it is actually suffi-

Ox

K
cient for K and — to be continuous on the triangular region {(z,t) : a <t < z < b}).

ox

We show that the integral equation has a unique continuous solution.

Inductively, we first define the sequence (y,,) ‘by iteration’: put

() wl(z) = flz),  (z€la,b])

which is continuous by hypothesis, and suppose that yx (1 < k < n—1) has been defined
as a continuous function on [a, b] by the formula

yr(z) = f(x)+/wK(x,t)yk_1(t)dt.

Then for each z in [a,b], K(x,t)y,—1(t) is a continuous, and hence integrable, function
of t on [a,z]. So, we may define

(6) (@) = 1@+ [ K@ tgaa(t)dt, (o [ab).
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By [G] of Chapter 0, the integral in (6) is a differentiable, and therefore continuous,
function of = on [a,b] and thus an inductive definition of the sequence (y,) of functions
continuous on [a, b] via formulas (5) and (6) is complete. Second, we find non-negative
constants M, such that

lun(z)| = |yn(z) — yn-1(2)| < My,

for all n € N and all z € [a, b], with
Z M, convergent.
n=1

Again we proceed by induction. We start by noting that, as K and f are continuous
functions defined on, respectively, [a,b]? and [a,b], K and f are bounded (by [A] of
Chapter 0). Suppose that

K@) < L, |f@)] < M forall o,t € [a,8]

where L, M are non-negative constants. For the first step in the induction, we have

ly1(z) —yo(z)| =

/: K(x,t)yo(t) dt‘

IN

| bl (by D] of Chapter 0)
a

< LM(z —a)
for all  in [a,b]. For an inductive hypothesis, we take

(CL’ _ a)n—l

W, for all x S [a,b],
n — :

(7) [Yn-1(2) = yn—2(z)| < L"7'M

where n > 2. (The curious reader may wonder how one might ab initio strike on such a
hypothesis: he is referred to Exercise 6 below.)
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Then, again using [D] of Chapter 0,

[Yn(2) = yn—1(z)] =

/ " K () {1 () — yua(t)) dt
< / () [y 1 (£) — yn_o(t)] dt

< / L. 1M((n_a)f)l dt

n
_ =9
n!

for all z in [a,b]. One should note that, in the middle of this argument, one substitutes
a bound for |y,—1 — yn—2| as a function of ¢ and not of . This is what gives rise to the
‘exponential term’ (z—a)™/n! (As will be discovered below, the fixed limits of integration
in the analogous Fredholm equation give rise to a term of a geometric series.) Having
inductively found bounds for all the |y, — yn—1| over [a,b] we can now define the non-
negative constants M, as follows:

[yn () — yn_1(x)] < LTLMM < L"Mu = M,
n! n!
for n > 1. Now,
(o) (o)
{L(b—a)}" (b—a)
M, = M = M Y —1),
T ey

the exponential series for e” being convergent for all values of its argument x. So, all the
hypotheses for the application of the Weierstrass M-test ([H] of Chapter 0) are satisfied
and we can deduce that

oo
Z ynl

is uniformly convergent on [a, b|, to u : [a,b] — R, say. Then, as we showed above in our
general discussion, the sequence (y,) converges uniformly to y = u + yo on [a, b], which
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must be continuous on [a,b], since every y, is (use [I](a) of Chapter 0). Hence, given
€ > 0, there exists N such that

ly(x) — yn(z)| < e, foralln > N and all z € [a,b].
So,
|K(x,t)y(t) — K(z,t)yn(t)] < Le, forallm > N and all z,t € [a, b].

So, the sequence (K (x,t)y,(t)) converges uniformly, as a function of ¢, to K(x,t)y(t).
Therefore, by [I](a) of Chapter 0,

/K(x,t)yn(t)dt converges to /K(x,t)y(t)dt.

Letting n tend to infinity in (6), we have shown the existence of a continuous solution
y = y(z) of the given integral equation.

To proceed to a proof of uniqueness of the continuous solution, we suppose that there
exists another such solution Y = Y (z). The continuous function y — Y is bounded on
[a,b] (by [A] of Chapter 0). Suppose that

ly(x) =Y (xz)] < P, forall z € |a,b,

where P is a non-negative constant, Then, as both y and Y satisfy the integral equation,

ly(z) =Y ()| =

/ " K )(u(t) — V(1) dt

< [ I - v
< LP(z —a), for all x € [a,b].
Inductively, suppose that
(x—a)™?

ly(z) = Y(x)] < L"'P for all z € [a,b] and n > 2.

(n—1)! "
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Then,
o) ~Y@| = | [ Ko -y
< [ L.L"lP(t(;_a):)_!l dt
= L”P(x;! 9° forall ze [a, b].
So,
(b—a)"

ly(z) =Y (x)| < L"P , for all z € [a,b] and n =1,2,...

n!
and, since the right hand side of the inequality tends to 0 as n — oo,

y(z) = Y(x), for all « € [a, b]. O

Digression on existence and uniqueness

The reader may wonder about the need or usefulness of such results as the above which
establish the existence and uniqueness of a solution of, in this case, an integral equation.
Why will a list of methods for solving particular kinds of equations, as a student is often
encouraged to acquire, not suffice? The fact is that a number of equations, quite simple
in form, do not possess solutions at all. An existence theorem can ensure that the seeker’s
search for a solution may not be fruitless. Sometimes one solution of a given equation is
easy to find. Then a uniqueness theorem can ensure that the success so far achieved is
complete, and no further search is needed.

One further word on the proof of existence theorems is in order here. There is no
reason why such a proof should indicate any way in which one can actually find a solution
to a given equation, and it often does not. However, many existence proofs do actually
provide a recipe for obtaining solutions. The proof above does in fact provide a useful
method which the reader should employ in completing Exercise 7 below.

Exercise 6 Calculate bounds for |y2(x) — y1(2)| and |ysz(z) — y2(2)| to convince yourself of the
reasonableness of the inductive hypothesis (7) in the above proof.

Exercise 7 Find the Volterra integral equation satisfied by the solution of the differential
equation
y' +ay =1,
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with initial conditions y(0) = ¢’(0) = 0. Use the above iterative method as applied to this integral
equation to show that the first two terms in a convergent series expansion for this solution are

2 1 5

1
2% T

Be careful to prove that no other term in the expansion will contain a power of = less than or
equal to 5.

Picard’s method can also be applied to the solution of the Fredholm equation

b
(8) y(@) = Fl)+A / K (, t)y(t) dt,

where f is continuous on [a,b] and K continuous on [a, b]?. On this occasion, the iterative
procedure

yo(z) = f(z)

9 b
) yn(x) = f(z) +/\/ K(z,)yn-1(t)dt, — (n=1)

for all x in [a, b], gives rise (as the reader is asked to check) to the bound-inequalities
Yn(2) = g1 ()] < A"L"M(b—a)" = M,

for all n > 1 and all € [a, b], where |K| < L, |f| < M, say. The series

oo

> M

n=1
is geometric with common ratio |A\|L(b — a), and so converges if |AL(b — a)| < 1, that is,
if

10 A L

(10) Al < Zh—a)’
assuming L > 0 and b > a, strictly. This additional sufficient condition ensures that
a solution to the integral equation exists. The details of the remainder of the proof of
existence and uniqueness here parallel those for the Volterra equation, and the reader is
asked to supply them and note the differences.

No claim has been made above that the bound given for || is the best, that is, the
largest, to ensure existence of a solution. We shall return to this point later during our
discussion of the Fredholm Alternative.
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Exercise 8 Suppose that
y(z) = 1 +/ ety (t) dt
0

for > 0 and that y(0) = 1. Show that the sequence (y,)n>0 produced by Picard iteration is
given by

yo(z) = 1

N
3
—
&
~
Il

1+Zajxj, (n>1)
j=1

for x > 0, where

1
a; = /efsds
0

and

1
a, = an_l/ s" e ds (n>2).
0

Exercise 9 For each of the following Fredholm equations, calculate the sequence (yn)n>0
produced by Picard iteration and the bound on |A| for which the sequence converges to a
solution (which should be determined) of the integral equation. Compare this bound with the
bound given by the inequality (10) above.

(@)  yl@) = 22+ A /O 2yt (ze01])

(b) y(z) = sinz+ /\/O ! sin(z + t)y(¢) dt (x € ]0,27))
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2 Existence and Uniqueness

We begin this chapter by asking the reader to review Picard’s method introduced in
Chapter 1, with particular reference to its application to Volterra equations. This done,
we may fairly speedily reach the essential core of the theory of ordinary differential
equations: existence and uniqueness theorems.

To see that this work is essential, we need go no further than consider some very
simple problems. For example, the problem of finding a differentiable function y = y(x)
satisfying

y = y* with y(0)=1

has the solution y = (1 — z)~! which does not exist at x = 1; in fact, it tends to infinity
(‘blows up’) as x tends to 1.

On the other hand, there are (Exercise 1) an infinite number of solutions of

/

y = 3y5 with y(0)=0

3 are the most obvious examples.

of which y = 0 identically and y = =
Further, most differential equations cannot be solved by performing a sequence of
integrations, involving only ‘elementary functions’: polynomials, rational functions,

trigonometric functions, exponentials and logarithms. The celebrated equation of Riccati,
y = 1+ay? with y(0)=0,

is a case in point, amongst the most simple examples. In Exercise 2, the reader is asked
to show that the method of proof of our main theorem provides a practical method of
seeking a solution of this equation. In general, the theorem provides information about
existence and uniqueness without the need for any attempt at integration whatsoever.



20 CHAPTER 2: EXISTENCE AND UNIQUENESS

2.1 First-order differential equations in a single
independent variable

We consider the existence and uniqueness of solutions y = y(z) of the differential equation

(1) y = fla,y),
satisfying

(2) yla) = ¢

where a is a point in the domain of y and ¢ is (another) constant. In order to achieve
our aim, we must place restrictions on the function f:
(a) f is continuous in a region U of the (z,y)-plane which contains the rectangle
R = {(zy):|z—al <h, |y—cf <k}
where h and k are positive constants,

(b) f satisfies the following ‘Lipschitz condition’ for all pairs of points (x,y1), (z,y2)
of U:

|f(@,91) = f(z,92)] < Alyr — 2,
where A is a (fixed) positive constant.
Restriction (a) implies that f must be bounded on R (by [A] of Chapter 0). Letting
M = sup{[f(z,y)|: (z,y) € R},

we add just one further restriction, to ensure, as we shall see, that the functions to be
introduced are well defined:

(c) Mh < k.

We would also make a remark about the ubiquity of restriction (b). Such a Lipschitz

condition must always occur when the partial derivative a—f exists as a bounded function
Yy

on U: if a bound on its modulus is P > 0, we can use the Mean Value Theorem of the
differential calculus ([B] of Chapter 0), as applied to f(z,y) considered as a function of
y alone, to write, for some yy between y; and o,

ly1 — y2| < Plyi — yal.

0
Floyn) — Flay)| = ]afy”@,yo)
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Theorem 1 (Cauchy—Picard) When the restrictions (a), (b), (c) are applied, there
exists, for |x — a| < h, a solution to the problem consisting of the differential equation
(1) together with the boundary condition (2). The solution is unique amongst functions
with graphs lying in U.

Proof We apply Picard’s method (see section 1.2) and define a sequence (y,,) of functions
Yn : [a — h,a + h] — R by the iteration:
yo(z) =

() = c+ / v ®)dt, (> 1),

As f is continuous, f(t,yn—1(t)) is a continuous function of ¢ whenever y,,—1(t) is. So, as
in section 1.2, the iteration defines a sequence (y,,) of continuous functions on [a—h, a+h],
provided that f(t,y,—1(t)) is defined on [a — h,a + h]; that is, provided that

|yn(x) —¢c| < k, forallz €la—h,a+h]landn=12,...
To see that this is true, we work by induction. Clearly,
lyo(x) —¢c| < k, foreachx € [a—h,a+ hl.

If |yn—1(x) —c| <k for all x € [a — h,a + h|, where n > 1, then f(t,yn—1(t)) is defined
on [a — h,a + h] and, for = in this interval,

yn(@) —c| =

/ xf(t,yn_l(t))dt‘ < Mig—al < Mh < & (n>1)

where we have used [D] of Chapter 0. The induction is complete.

What remains of the proof exactly parallels the procedure in section 1.2 and the
reader is asked to fill in the details.

We provide next the inductive step of the proof of

A=\
n!

lyn(z) — yn—1(z)| < |z —a|", forallz € [a—h,a+h]and all n > 1.
Suppose that

[Yyn—1(x) — yn—2(z)| < (=] |z —a|® ' forall x € [a — h,a+ h], where n > 2.
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Then, using the Lipschitz condition (b),

[Yn(®) — yn-1(z)| = /x(f(tayn—l(t)) — f(t,yn—2(t))) dt)

3) < | [ 1ty ) = £t a0 dt'
< | [ Al st dt‘
n—2M x 1
< A-(n_l)!/a t—a) dt‘
n—1
(@ = B a2y

for every x in [a — h,a + h].

Note The reader may wonder why we have kept the outer modulus signs in (3) above,
after an application of [D] of Chapter 0. The reason is that it is possible for = to be less
than a, while remaining in the interval [a — h, a + h]. Putting

S =ftyn-1(t)) = [(t,yn—2(1)), (0> 2)

[D] is actually being applied as follows when z < a:

/Sdt‘ _ ‘—/ Sdt‘ _ /Sdt' < / S| dt = —/ S| dt =

Similarly, for z < a,

/ ]t—a”_ldt‘ = '—/(a—t)”_ldt‘ _ le—a)"_ fe—af

n n

/ 15| dt‘.

establishing (4).
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Continuing with the proof and putting, for each n > 1,

An—thn
M, = =

n!

we see that we have shown that |y,(z) — yp—1(z)] < M, for all n > 1 and all z in
[a — h,a + h]. However,

is a series of constants, converging to

So, the Weierstrass M-test ([H] of Chapter 0) may again be applied to deduce that the

series
(o)

Z(yn - yn—l)a

n=1

converges uniformly on [a—h, a+h]. Hence, as in section 1.2, the sequence (y,) converges
uniformly to, say, y on [a — h,a+ h]. As each y, is continuous (see above) so is y by [I](a)
of Chapter 0. Further, y,(t) belongs to the closed interval [c — k,c + k] for each n and
each t € [a— h,a+ h]. Hence, y(t) € [c—k,c+ k] for each t € [a—h,a+ h], and f(t,y(t))
is a well-defined continuous function on [a — h,a + h|. Using the Lipschitz condition, we
see that

[f(ty() = fF(Eyn®)] < Aly(t) =y (n=0)

for each t in [a — h,a + h]; so, the sequence (f(t,y,(t))) converges uniformly to f(t,y(t))
on [a — h,a + h]. Applying [I](a) of Chapter 0,

/ " (g (1)) dt — / " F(tu(t)) dt

as n — 00. So, letting n — oo in the equation

(@) = e+ [ " F (b (1))

defining our iteration, we obtain

(5) y(@) = et / " () d.
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Note that y(a) = ¢. As the integrand in the right-hand side is continuous, we may (by
[G] of Chapter 0) differentiate with respect to = to obtain

y' () = f(x,y(x)).

Thus y = y(z) satisfies the differential equation (1) together with the condition (2). We
have shown that there ezxists a solution to the problem.

The uniqueness of the solution again follows the pattern of our work in section 1.2.
If y = Y(z) is a second solution of (1) satisfying (2) with graph lying in U, then as y(x)
and Y (z) are both continuous functions on the closed and bounded interval [a — h, a + h],
there must (by [A] of Chapter 0) be a constant /N such that
ly(x) =Y (z)] < N forall z €[a—h,a+ hl.

Integrating Y'(t) = f(t,Y (t)) with respect to t, from a to x, we obtain
Y =c+ [ fY@0)d,

since Y (a) = ¢. So, using (5) and the Lipschitz condition made available to us by the
graph of y = Y () lying in U,

ly(z) =Y (2)| = /x(f(t,y(t))—f(tyY(t)))dt'

(6) < | [ b -yl

a

IN

AN |x —al, forallte [a—h,a+ hl.

We leave it to the reader to show by induction that, for every integer n and every
x € [a—h,a+ hl,

|z —al".

ly(z) =Y (2)] <

As the right-hand side of this inequality may be made arbitrarily small, y(z) = Y'(z) for
each z in [a — h,a + h]. Our solution is thus unique. O
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Note (a) For continuous y, the differential equation (1) together with the condition (2)
is equivalent to the integral equation (5).

(b) The analysis is simplified and condition (c) omitted if f is bounded and satisfies the
Lipschitz condition in the strip

{(z,y):a—h<zx<a+h}.

0
(c) Notice that if the domain of f were sufficiently large and of were to exist and be

dy
bounded there, then our work in the paragraph prior to the statement of the theorem
would allow us to dispense with the graph condition for uniqueness.

Exercise 1 Find all the solutions of the differential equation

dy

= 3 2/3
dx Y

subject to the condition 3(0) = 0. Which of the above restrictions does f(z,y) = 3y*/3 not satisfy

and why?

Exercise 2 By applying the method of proof of the above theorem, find the first three (non-zero)
terms in the series expansion of the solution to the Riccati equation

y/ = 14+ $y2
satisfying y(0) = 0.

Exercise 3 Consider the initial value problem of finding a solution y = y(x) in some neighbour-
hood of x = 0 to

dy

de = f($7y)’ y(O) = C (|$‘<L)

where f(z,y) is a continuous bounded real-valued function satisfying the Lipschitz condition

[f(@91) = f(z,92)] < Alyr —wa| (|2 <L, all y1,42)

for some positive constant A. For each of the following special cases
G) f =ay =1
() f = ay®, c=1
(i) f = ay?, =0

determine if the Lipschitz condition is satisfied, find all the solutions of the problem and specify
the region of validity of each solution.



26 CHAPTER 2: EXISTENCE AND UNIQUENESS

Exercise 4 Show that the problem

has an infinite number of solutions y = y(z), for x € [0, a], if

(i) fly) = V1+y and a > 2,
or
. T
(i) fly) = Viy? =1 and a>3
[Note that, in case (ii), the function y = y(x) given by
sinx (0<z< im)
yla) = .
1 (§7T <z < a)

is one solution of the problem.]

2.2 Two simultaneous equations in a single variable

It should be said at the outset that the methods of this section can be applied directly
to the case of any finite number of simultaneous equations. The methods involve a
straightforward extension of those employed in the last section and, for this reason,
many of the details will be left for the reader to fill in.

We now seek solutions y = y(z), z = z(x) of the simultaneous differential equations

(7) yl = f(l’,y,Z), 7 = g(a?,y,z)
which satisfy
(8) y(@) = ¢, z(a) = d,

where a is a point in the domains of y and z, ¢ and d are also constants, and where

(d) f and g are continuous in a region V' of (z,y, z)-space which contains the cuboid
S = {(z,y,2) : |xr —a| < h, max(|ly — ¢|, |z — d|) < k}

where h, k are non-negative constants,

(e) f and g satisty the following Lipschitz conditions at all points of V:

|f(z,y1,21) — f(, 92, 22)] < Amax(|y1 — yal, |21 — 22])
l9(z,y1,21) — 9(x, 92, 22)] < Bmax(|y1 — y2l, |21 — 22)
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where A and B are positive constants,
() max(M,N).h < k,

where M = sup{|f(z,y,2)| : (z,y,2) € S} and N = sup{|g(z,y,2)| : (z,y,2) € S}.

It is convenient (especially in the n-dimensional extension!) to employ the vector
notation

y = (y>z)7 f = (f>g)7 ¢ = (C,d), A = (AaB)a M = (M>N)
The reader can then easily check that, with use of the ‘vector norm’,

lyl = max(|yl,|z]),

where y = (y, z), the above problem reduces to

(7) y = f(z,y),
satisfying

(&) y(a) = ¢
where

is continuous in a region V' containing
d/ f . t- . . V t . .
S=A{(z,y): [z —a| <h, [y —c[<k}

(¢) f satisfies the Lipschitz condition at all points of V:

£z, y1) — f(z,y2)| < [Ally1 — yal;
and

(t) M|h < k.

The existence of a unique solution to (7') subject to (8') can now be demonstrated
by employing the methods of section 2.1 to the iteration

YO(x) = C

9 z
v V() = C+/ f(t, yn1(t)) dt, (n=>1)

We thus have the following extension of Theorem 1.
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Theorem 2 When the restrictions (d), (e), (f) are applied, there exists, for |zt —a| < h, a
solution to the problem consisting of the simultaneous differential equations (7) together
with the boundary conditions (8). The solution is unique amongst functions with graphs
lying in V.

Exercise 5 Consider the problem consisting of the simultaneous differential equations

which satisfy

(i) Use Theorem 2 to prove that there is a unique solution to the problem on an interval
containing 0.

(ii) Find the solution to the problem, specifying where this solution exists.

Exercise 6 Consider the problem

y = 2—yz, 2 = y*—xz, y0) = -1, 2(0) = 2.
Find the first three iterates y,(z), y;(z), yo(x) in the vector iteration (9) corresponding to this
problem.

Exercise 7 With the text’s notation, prove that, if f = f(x,y,2) = f(x,y) has continuous
bounded partial derivatives in V', then f satisfies a Lipschitz condition on S of the form given in
(¢).

[HINT: Write f(z,y1,21) — f(z,92,22) = f(2,y1,21) — (2,92, 21) + f(7,92,21) — f(2,92, 22) and
use the Mean Value Theorem of the differential calculus ([B] of Chapter 0).]

Exercise 8 Compare the method employed in the text for solving (7) subject to (8) with that
given by the simultaneous iterations

Yo(z) = ¢

m(e) = e [ ftmna @)
and

(@) = d

zn(x) = d—|—/mg(t,yn_l(t),zn_l(t))dt,

forn > 1 and « € [a — h,a + h]. In particular, find bounds for |y1 — yol, |y2 — y1| and |ys — ya|
on [a — h,a+ h] in terms of A, B, M, N and h.
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2.3 A second-order equation

We now use Theorem 2 to find a solution y = y(x) to the problem consisting of the
differential equation

d2y —

(10) pre)

together with the initial conditions
(11) y(a) = ¢, y'(a) = d, (c,d constants).

(Note that y and y" are both given at the same point a.)

A problem of the type given by (10) taken together with ‘initial conditions’ (11),
when a solution is only required for x > a, is called an initial value problem (IVP) —
the variable x can be thought of as time (and customarily is then re-named t).

The trick is to convert (10) to the pair of simultaneous equations
(10 y =z 2 = glz,y,2),
(the first equation defining the new function z). Corresponding to (11) we have
(11") y(la) = ¢, z(a) = d.
We, of course, require certain restrictions on g = g(z,y, 2):
(d") g is continuous on a region V of (z,y, z)-space which contains
S = {(z,y,2) : |z —a| < h, max(ly — c|,|z — d|) < k}
where h, k are non-negative constants,
(e") g satisfies the following Lipschitz condition at all points of V:
l9(z,y1,21) — 9(z,92,22)] < Bmax(|y1 — ya2l, |21 — 22),

where B is a constant.

Theorem 3 When the restrictions (d”), (¢”) are imposed, then, for some h > 0, there
exists, when |x — a| < h, a solution to the problem consisting of the second-order
differential equation (10) together with the initial conditions (11). The solution is unique
amongst functions with graphs lying in V.
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The reader should deduce Theorem 3 from Theorem 2. It will be necessary, in parti-
cular, to check that f(x,y,z) = z satisfies a Lipschitz condition on V' and that an h can
be found so that (f) of section 2.2 can be satisfied. We should note that the methods of
this section can be extended so as to apply to the nth-order equation

y(n) = f(x7y7yla"‘7y(n71))7
when subject to initial conditions
yla) = co, Y'(a) = ¢, ..., y" V) = co1.

We conclude our present discussion of the second-order equation by considering the
special case of the non-homogeneous linear equation

(12) p2(2)y" +pr(x)y +po(x)y = f(z),  (x€la,b))

where pg, p1, p2, f are continuous on |[a, b], p2(z) > 0 for each z in [a, b], and the equation
is subject to the initial conditions

(13) y(zo) = ¢, y'(z0) = d, (zo € [a,b]; ¢, d constants).

Theorem 4 There exists a unique solution to the problem consisting of the linear
equation (12) together with the initial conditions (13).

As continuity of the function

)

D2 ZU)

_ f@) po(@)  pa(
9@.9.7) = p2(x) p2(~’f)y

z

/\&

is clear, the reader need only check that this same function satisfies the relevant Lipschitz
condition for all z in [a,b]. Note that the various continuous functions of x are bounded
on [a,b]. (No such condition as (f) of section 2.2 is here necessary, nor is the graph
condition of Theorem 3.)

By and large, the differential equations that appear in these notes are linear. It
is of special note that the unique solution obtained for the equation of Theorem 4 is
valid for the whole interval of definition of that linear equation. In our other theorems,
although existence is only given ‘locally’ (for example, where |x — a| < h and Mh < k
in Theorem 1), solutions are often valid in a larger domain. Often the argument used
above to establish uniqueness in a limited domain can be used to extend this uniqueness
to wherever a solution exists.
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Exercise 9 Consider the problem

(i) Use Theorem 3 to show that the problem has a unique solution on an interval
containing 0.

(ii) Find the solution and state where it exists.

31
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3 The Homogeneous Linear
Equation and Wronskians

The main aim of this chapter will be to use Theorem 4 of Chapter 2 — and specifically
both existence and uniqueness of solutions — to develop a theory that will describe the
solutions of the homogeneous linear second-order equation

(1) p2(2)y" +p1(@)y +po(x)y = 0,  (x€[a,b])

where pg, p1, p2 are continuous real-valued functions on [a, b] and pa(z) > 0 for each z in
[a,b]. (‘Homogeneous’ here reflects the zero on the right-hand side of the equation which
allows Ay to be a solution (for any real constant A\) whenever y is a given solution.) The
language of elementary linear algebra will be used and the theory of simultaneous linear
equations will be presumed.

Central to our discussion will be the Wronskian, or Wronskian determinant: if

y1 : [a,b] — R and yy : [a,b] — R are differentiable functions on the closed interval
[a, b], the Wronskian of y1 and y2, W (y1,y2) : [a,b] — R, is defined, for x € [a, b], by

If y; and yo are solutions of (1), it will turn out that either W (y1,y2) is identically zero
or never zero in [a, b].
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3.1 Some linear algebra

Suppose that y; : [a,b] — R and that ¢; is a real constant, for i = 1,...,n. By

ayr+...+cyn = 0

is meant
ayi(x) + ...+ cpyn(z) = 0 for each z in [a,b].

We may describe this situation by saying that

n

c1y1+ ...+ cpy, or Z ¢iyi s identically zero on |a,b].
i=1

If y; : [a,b] = R for : = 1,...,n, the set {y1,...,yn} is linearly dependent on [a,b] if
and only if there are real constants cq,...,c,, not all zero, such that

cayr+...+cyn = 0.

Otherwise, the set is linearly independent on [a,b]. So, {y1, ..., yn} is linearly independent
on [a, b] if and only if
ayr+...+cy, = 0,

with ¢q, ..., ¢, real constants, necessitates
cq = ... = ¢, = 0.
It is a common abuse of language to say that y,...,y, are linearly dependent (or
independent) when one means that the set {yi1,...,yn} is linearly dependent (indepen-

dent). We shall find ourselves abusing language in this manner.

We now turn to stating some elementary results relating to solutions {1, ...,x,} of
the system of simultaneous linear equations

anxry + ... + apr, = 0

amri + ... + amprn, = 0

where a;; is a real constant for ¢ =1,...,mand j =1,...,n.
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(a) When m = n, the system has a solution other than the ‘zero solution’
r = ... = z, = 0

if and only if the ‘determinant of the coefficients’ is zero, that is,

ail] ... Qip

anl ... Qpp

(b) When m < n, the system has a solution other than the zero solution.

We conclude this section with an application of result (a), which will give us our first
connection between linear dependence and Wronskians.

Proposition 1 If y;,ys are differentiable real-valued functions, linearly dependent on
[a, b], then W (y1,y2) is identically zero on [a, b].

Proof As y1,y2 are linearly dependent, there are real constants ci, ¢, not both zero,
such that

(3) c1y1(x) + coye(x) = 0, for each x in [a, b].
Differentiating with respect to x we have
(4) c1y1(z) + covh(z) = 0, for each z in [a,b].

Treat the system consisting of (3) and (4) as equations in ¢; and ¢z (in the above notation,
take z1 = c1, 2 = c2, a11 = y1(x), a2 = ya(x), a1 = Yi(z), aze = yh(x)). Since ¢;
and cg are not both zero, we may use result (a) to deduce that the determinant of the
coefficients of ¢; and ¢y is zero. However, this determinant is precisely W (y1, y2)(z), the
Wronskian evaluated at . We have thus shown that W (yi,y2)(z) = 0, for each x in
[a, b]; that is, that W (y1,y2) is identically zero on [a, b]. O

The converse of Proposition 1 does not hold: the reader is asked to demonstrate this
by providing a solution to the second exercise below.

Exercise 1 If y;(x) = cosz and yo(z) = sinzx for x € [0,7/2], show that {y1,y2} is linearly
independent on [0, 7/2].
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Exercise 2 Define y; : [-1,1] = R, yo: [-1,1] = R by

yi(e) = 2% ypx) = 0 for z € [0, 1],
yi(z) = 0, ya(z) = 28 for x € [-1,0].

Show that y; and yo are twice continuously differentiable functions on [—1, 1], that Wy, y2) is
identically zero on [—1,1], but that {y1,y2} is linearly independent on [—1,1].

3.2 Wronskians and the linear independence of solutions of
the second-order homogeneous linear equation

We commence this section with an elementary result which is useful in any discussion of
homogeneous linear equations. The proof is left to the reader.

Proposition 2 If y,...,y, are solutions of (1) and ¢y, ..., ¢, are real constants, then
Y1+ ...+ culn
is also a solution of (1).

We now show that the converse of Proposition 1 holds when y; and yo are solutions
of (1). The result we prove looks at first sight (and misleadingly) stronger.

Proposition 3 If y;, y2 are solutions of the linear equation (1) and if W (y1, y2)(zo) =0
for some x¢ in [a, b], then y; and ys are linearly dependent on [a, b] (and hence W (y1,y2)
is identically zero on [a, b]).

Proof Consider the following system as a pair of equations in ¢; and co:

c1y1(zo) + cay2(z0) = 0,
(5)

c1yi(zo) + caybh(zo) = 0.

(Note that yi(xo),y5(xo) exist, as yi,y2 both solve (1) and hence even have second
derivatives.) The determinant of the coefficients, here W (y1,y2)(x0), is zero. So, using
result (a) of section 3.1, there is a solution

(6) Ccl = Cl, Cy = CQ

with C7, C5 not both zero.
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Proposition 2 allows us to conclude that the function y : [a,b] — R defined by

y(r) = Ciyi(x) + Caya(x), (z € [a,0])

is a solution of (1). But notice that equations (5), taken with the solution (6), state that

(7) y(zo) = ¥y'(xo) = 0.

One solution of (1) together with the initial conditions (7) is clearly y = 0 identically on
[a,b]. By Theorem 4 of Chapter 2, there can be no others; and so, necessarily,

Ciy1 +Coyz = 0

identically on [a,b]. Recalling that not both of C; and Cy are zero, we have shown that
y1 and yo are linearly dependent on [a, b]. (Il

Propositions 1 and 3 are so important that we re-state them together as the following
proposition.

Proposition 4 Suppose that y; and yo are solutions of the linear equation (1). Then

(a) W(y1,y2) is identically zero on [a, b] or never zero on [a, b];
(b) W(y1,y2) is identically zero on [a, b] if and only if y; and yy are linearly dependent
on [a,b).

A proof similar to that of Proposition 3 establishes the following result which shows that
we can never have more than two solutions to (1) which are linearly independent on [a, b).

Proposition 5 If n > 2 and y1, ..., y, are solutions of (1), then {y1,...,y,} is a linearly
dependent set on [a, b].

Proof Pick xg in [a, b] and consider the pair of equations

cayi(xo) + ...+ cpyn(xzo) = 0

c1yi(zo) + ...+ ey (o) = 0

incy,...,c,. Asn > 2, result (b) of the last section implies that there is a solution
cl1 = Cl, ceey Cp = Cn

with C1,...,C, not all zero.
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Using Proposition 2 above and Theorem 4 of Chapter 2, we deduce, as in the proof
of Proposition 3, that

Ciypr+...+Chy, = 0
identically on [a, b] and hence that y, ..., y, are linearly dependent on [a, b]. O

We conclude our discussion of the solution of (1) by using Wronskians to show that
this linear equation actually possesses two linearly independent solutions.

Proposition 6 There exist two solutions y1,y2 of (1) which are linearly independent on
[a,b]. Further, any solution y of (1) may be written in terms of y; and y, in the form

(8) Yy = ciy1 + cay,

where ¢; and co are constants.

Proof Pick zg in [a,b]. The existence part of Theorem 4 of Chapter 2 produces a solution
y1 of (1) satisfying the initial conditions

yi(zo) = 1, yi(zo) = 0.
Similarly, there is a solution yy of (1) satisfying
ya(x0) = 0,  yy(xo) = L

As W(y1,y2)(zo) = 1, we may use Proposition 1 to deduce that y; and y, are linearly
independent on [a, b].

If y is any solution of (1) then {y, y1,y2} is linearly dependent on [a, b] by Proposition
5. So, there are constants ¢, ¢}, ¢, not all zero, such that

cy + iy + by = 0.
The constant ¢ must be non-zero; for otherwise,
/ /
iy +cy2 = 0,
which would necessitate, as {y1,y2} is linearly independent, ¢ = ¢, = 0, contradicting
the fact that not all of ¢,¢|,c, are zero. We may therefore define ¢; = —¢/c and

co = —ch/c to give
Yy = ay+coye. O
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Note There are other ways of proving the propositions of this chapter. The proofs here
have been chosen as they can be extended directly to cover the case of the n-th order
homogeneous linear equation.

Exercise 3 Find the Wronskian W (y;,y2) corresponding to linearly independent solutions 1, yo
of the following differential equations in y = y(x), satisfying the given conditions. Methods for
solving the equations may be found in the Appendix.

(a) y' =0, yi(=1) = »=(1) = 0

(b) y'—y =0, y1(0) = y5(0) = 0

() y'+2y + (1 + Ky = 0, y1(0) = yo(r) = 0,  for k>0,
(d) 2y +ay — Ky = 0, (1) = y2(2) = 0, for z, k > 0.

(Note that the value of the Wronskian may still depend on constants of integration.)

Exercise 4 By considering (separately) the differential equations
y'+yt =0,y =1

show that linearity and homogeneity of (1) are necessary hypotheses in Proposition 2.

Exercise 5 Suppose that y;,ys are solutions of (1). Show that the Wronskian W = W (y1, y2)
is a solution of the differential equation

(9) p2(r)W +pi()W = 0,  (z € [a,b]).
Exercise 6 By first solving (9) of Exercise 5, give an alternative proof of Proposition 4(a).

Exercise 7 Show that at least one of the components of one of the solutions (y, z) of the simul-
taneous equations

dz  df dy dy

qr a%~%—xy, f(x)d:c = %,

where f(z) is continuous, everywhere positive, and unbounded as x — 0o, is unbounded as  — oo

if a > 0.

[HINT: Form a second order equation for y and then solve the corresponding equation (9) for the
Wronskian of its solutions.]
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Exercise 8 Describe how equation (9) of Exercise 5 may be used to find the general solution of
(1) when one (nowhere zero) solution y = u is known. Compare this method with the one given
in section (5) of the Appendix by showing that, if y = « and y = uv are solutions of (1), then (9)
for W = W (u, uv) gives rise to

pouv” + (2uu/py + pru)v’ = 0.



4 The Non-Homogeneous
Linear Equation

In this chapter we shall consider the non-homogeneous second-order linear equation

(1) p2(2)y" + p1(@)y +po(2)y = f(a), (z € [a,0])

where f : [a,b] — R and each p; : [a,b] — R are continuous, and p2(xz) > 0, for each
x in [a,b]. Any particular solution of (1) (or, indeed, of any differential equation) is
called a particular integral of the equation, whereas the general solution ciy; + cayo of
the corresponding homogeneous equation

(2) p2(x)y” +p1(x)y +po(x)y = 0, (z € [a,b])

given by Proposition 6 of Chapter 3 (where yi,ys are linearly independent solutions
of (2) and ¢y, ¢ are arbitrary real constants) is called the complementary function of
(1). If yp is any particular integral and yc denotes the complementary function of (1),
yo +yp is called the general solution of (1). We justify this terminology by the following
proposition, which shows that, once two linearly independent solutions of (2) are found,
all that remains to be done in solving (1) is to find one particular integral.
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Proposition 1 Suppose that yp is any particular integral of the non-homogeneous
linear equation (1) and that y;, yo are linearly independent solutions of the corresponding
homogeneous equation (2). Then

(a) c1y1 + coy2 + yp is a solution of (1) for any choice of the constants ¢y, ca,

(b) if y is any solution (that is, any particular integral) of (1), there exist (particular)
real constants C7, C5 such that

y = Ciy1 + Caya +yp.

Proof (a) As c1y1 + cays is a solution of (2) for any real choice of ¢, co by Proposition
2 of Chapter 3, all we need to show is that, if Y is a solution of (2) and yp a solution of
(1), then Y + yp is a solution of (1). In these circumstances, we have

pY" + oY +pY = 0

and
(3) P2y + Pyp +poyp = f.
By adding,

p2(Y +yp)" +p1(Y +yp) +po(Y +yp) = f;
and thus, Y + yp is a solution of (1) as required.
(b) As well as (3) above, we are given that
(4) p2y" +p1y +poy = f.
Subtracting,

p2(y—yp) +p1(y—yp) +poly —yp) = 0;

so that, y — yp solves (2). Proposition 6 of Chapter 3 then finds real constants C7, Co
such that

y—yp = Ciy + Cayo.

The proposition is established. [l
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4.1 The method of variation of parameters

The reader will probably already have encountered methods for finding particular
integrals for certain (benign!) functions f(x) occurring on the right-hand side of equation
(1). This section produces a systematic method for finding particular integrals once one
has determined two linearly independent solutions of (2), that is, once one has already
determined the complementary function of (1).

All there really is to the method is to note that, if y1,ys are linearly independent
solutions of (2), then a particular integral of (1) is kjy; + koyo, where k; : [a,b] — R
(i = 1,2) are the continuously differentiable functions on [a,b] defined, for any real
constants «, (3 in [a, b], by

®  n = - [ Erm ke = [ @ el

where
W = W(y,y2) = yivh — vy

is the Wronskian of y; and y2. (Notice that W (t) # 0 for each t in [a, b] because y1,y2
are linearly independent.) To see that this is true, we differentiate k1 and ks as given by

(5):
o w@f@) o w@iE

and notice that k|, k) must therefore satisfy the simultaneous linear equations

ki(@)yi(z) + ky(2)y2(z) = 0,
(6) (z € [a, b])
ki(@)yi(z) + ky(@)ya(x) = f(x)/p2(z).

(The reader should check this.) Hence, putting

y = kiyr + koyo,
we have
Y = kil + kayh

and
1

y' = kil +kays + f/p2.
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So,

poy’ + 01y +poy = ki(payi + p1yh + poyr) + ka(p2ys + prys +poy2) + f = f,

since y1, ya solve (2). Thus, y = k1y1 + kay2 solves (1) and the general solution of (1) is

M vle) = o)+ et - [ ’ pylﬁf))é’;gg F(t) di + /B ’ pyggiv(g o1

where ¢; and ¢y are real constants and = € [a, b].

The constants «, 8 should not be regarded as arbitrary in the sense that ci,co are.
Rather, they should be considered as part of the definition of k; and k3. Notice that, if
y = y(x) is the particular integral given by formula (7) with ¢; = C; and ca = Cs, and
if o/, ' are in [a, b] then

o) = Clinle) + Clunle) = [ LR sy e+ [ o)

for each z in [a,b], where Cf{, C} are the constants given by

;o “ ya()f(2) ;o EEIONO)
(8) 01_01—/0 mdt, 02_c2+/ﬁ mdt.

Thus, changes in o, 3 just make corresponding changes in Cq, Cs.
An appropriate choice of «, # can often depend on conditions applied to the solution
of (1).

(a) Initial conditions Suppose we are given values for y(a) and y/(a). Then it can be
most convenient to choose a« = 3 = a. The particular integral in (7) is then

) /I (W1(Dy2(z) = y1(2)y2(t)) ftydt = /”‘“ (W1 ()ya(x) = y1(x)y

SO0
PO (1 (11 (Duh(0) — (B84 ¢

))p2(t)

The reader should check that this particular integral and its derivative with respect to x
are both zero at x = a. This is technically useful when given the above initial conditions,
making it easier to calculate the constants c1, co in this case.

(b) Boundary conditions Suppose now that we are given values for y(a) and y(b).
Convenient choices for «;, 3 are often o = b, 8 = a. The particular integral then becomes
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(10) /byl(@wf(t)dtnt/myl(t)wf(t)dt _ /bG(x,t)f(t)dt,

p2(t)W (1) p2(t)W (1)
where
y1(@)y2(t)
m, fora<xz<t<hb,
G(z,t) =
Y1 (t)y2(z
(W (D)’ fora<t<z<hb.

Notice that, at « = a, the first integral on the left-hand side of (10) is a multiple of y;(a)
and the second integral vanishes. At x = b, it is the first integral that vanishes and the
second is a multiple of y2(b). This can be especially useful if the linearly independent
functions y1, y2 can be chosen so that y1(a) = y(a) and y2(b) = y(b). We shall return to
these matters and the function G = G(z,t) in our discussion of Green’s functions in the
next section.

An alternative view of the method

A commonly found presentation of the method of variation of parameters is the following.

Suppose that y; and yo are linearly independent solutions of (2). As y = c1y1 + coy2
is a solution (the general solution) of the homogeneous equation (2), ‘it is natural’ to
seek a solution to the non-homogeneous equation (1) by ‘varying the parameters’ ¢; and
co. So, we seek functions k1, ko such that y = k1y1 + kayo is a particular solution of (1)
(where k; and ko are continuously differentiable). Then

(11) Y = kiyy + kovh + ki1 + kyyo.

The next step in the argument is to stipulate that k1 and ko are to be chosen in order
that

(12) Kiyr + khyya = 0.

(Yes, this is possiblel We are often told that there is sufficient freedom in our choice
of k1 and ko to allow this and hence, of course, to simplify the subsequent ‘working’.)
Differentiating again and using (12),

(13) y" = Kyl + kol + Kyl + khyb.
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In order to derive a further condition to permit y = kjy; + kay2 to be a solution to (1), we
must substitute for this y, for ¥’ given by (11) subject to (12), and for y” given by (13)
in equation (1). The reader should check that, since y; and yy solve (2), it is necessary
that

(14) Ky +ksys = f/p2.

Equations (12) and (14) are of course just equations (6). These may be solved for k]
and k) as the determinant of the coefficients is the Wronskian W (y1,y2) of the linearly
independent solutions y;, y2 and hence is non-zero everywhere in [a,b]. Reversing steps
in our earlier discussion of the method,

o) ko) = = [ 2 a k) k) - [

for each x in [a, b]. Thus, the general solution of (1) is given by

y(r) = ayi(z) + coya(w) + ki(z)y1(z) + k2(2)y2(z)

= chnla) + cante) - [ p s [T ) a

where ¢} = ¢1 + k1(a) and ¢, = ca + ka2(3) are constants and x € [a, b].

This alternative view of the variation of parameters method does not present a purely
deductive argument (in particular, it is necessary to stipulate (12)), but the reader may
care to use it to aid his recall of k1 and kg as defined in (5). The condition (12) will then
need to be remembered!

It is our experience that computational errors in applying the method to practical
problems are more easily avoided by deducing the general formula (7) before introducing
particular functions y;, y2 and calculating W (y1,y2).

It is also worth recalling that the variation of parameters particular integral is only
one of many possible particular integrals. Practically, one should see if a particular
integral can be more easily found otherwise. The Green’s function method described in
the next section, when applicable, is remarkably efficient.
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Exercise 1 Check the following details:
(a) that equations (6) are satisfied by k] (x) and kb(x),
(b) that the values given for Cf and C} in (8) are correct,

(c) that the integral (9) and its derivative with respect to x are both zero at z = a.
Use the method of variation of parameters to solve the following three problems.
Exercise 2 Find the general solution of 4" +y = tanuz, 0<z<m/2
Exercise 3 Show that the solution of the equation
y'+2y +2y = f(a),

with f continuous and initial conditions y(0) = 3’(0) = 1, can be written in the form

y(z) = e *(cosx+2sinz) + / e” "D sin(z — t) f(t) dt.
0

Exercise 4 Find the necessary condition on the continuous function g for there to exist a solution
of the equation

y'+y = g(z),
satisfying y(0) = y(7) = 0.
Exercise 5 The function y = y(z) satisfies the homogeneous differential equation
y'+ (1 —h(x))y =0, (0<z<K)
where h is a continuous function and K is a positive constant, together with the initial conditions

y(0) = 0, ¢'(0) = 1. Using the variation of parameters method, show that y also satisfies the
integral equation

y(x) = sinz+ /O-T y(t)h(t) sin(z — t) dt (0<z<K).

If |h(z)| < H for 0 < 2 < K and some positive constant H, show that
y(x)l < " (0<z<K).
[HINTS: Re-write the differential equation in the form
y'+y = h(z)y.

For the last part, use Picard’s iterative method described in Chapter 1.]
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4.2 Green’s functions

Up to this point, in order to find the solution of a problem consisting of a differential
equation together with initial or boundary conditions, we have first found a general
solution of the equation and later fitted the other conditions (by finding values for
constants occurring in the general solution in order that the conditions be met). The
method produced by the theorem of this section builds the boundary condition into
finding the solution from the start.

Theorem 1 Suppose that the operator L is defined by

d

Ly = — <p(m);li> +q(x)y = (p)y) +q(x)y,

where y is twice continuously differentiable, p is continuously differentiable, ¢ is contin-
uous and p(z) > 0 for all z in [a, b]. Suppose further that the homogeneous equation

(H) Ly = 0 (z€la,b])

has only the trivial solution (that is, the solution y = 0 identically on [a, b]) when subject
to both boundary conditions

(@) Ary(a) + Bry'(a) = 0
(B) Agy(b) + Bay'(b) = 0

where Ay, A, By, By are constants (A;, By not both zero and Ay, Bz not both zero).
If f is continuous on [a, b], then the non-homogeneous equation

(N) Ly = f(z),  (z€la,b])

taken together with both conditions («) and (), has a unique solution which may be
written in the form

b
y(z) = / Ga.t)f (W) dt, (€ [a,b)

where G is continuous on [a, b]?, is twice continuously differentiable on {(z,v) € [a, b]? :
x # y}, and satisfies

oG oG 1
oo (0 === (t=01) = — (t € [a,b]).
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[We have used the notation: when f = f(x,t),

fE+0,t) = hIlrtlf(xat)a f(t—=0,t) = h%lf(x’t)]

The linear equations (H) and (N) here, with their left-hand sides written in the form
(py') + qy, are said to be in self-adjoint form.

Note The problem consisting of trying to find solutions of (N) together with («) and (3),
conditions applying at the two distinct points a and b, is called a two-point boundary
value problem (2-point BVP). It is to be distinguished from the 1-point BVP or
initial value problem (IVP) considered in Chapter 2, where y and 3y’ are only given
at the single point a and where, unlike here, a unique solution can, under very general
conditions, always be found. The example in Exercise 4 of the previous section underlines
the need to extend our theory.

The conditions («), () are referred to as homogeneous boundary conditions, as
it is only the ratios A;: B and As: By that matter, not the actual values of Ay, Ao, B,
Bs.

The function G = G(z,t) occurring in the theorem is called the Green’s function
for the problem consisting of (N) together with the boundary conditions («), (5). Such
Green’s functions appear throughout the theory of ordinary and partial differential
equations. They are always defined (as below) in terms of solutions of a homogeneous
equation and allow a solution of the corresponding non-homogeneous equation to be given
(as in Theorem 1 here) in integral form.

Aside On the face of it, the equation (N) would seem to be a special case of the non-
homogeneous equation (1) specified at the start of this chapter. In fact, any equation of
the form (1) may be written in the form (N) by first ‘multiplying it through’ by

nia (o )

The reader should check that the resulting equation is

(o ([ 3) &) i oo ([ R = a@ e )
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where each [ “is the indefinite integral. The equation is now in self-adjoint form and
the coefficient functions satisfy the continuity, differentiability and positivity conditions
of Theorem 1.

Before proceeding to the proof of the theorem, we shall establish two lemmas. The
conditions of the theorem will continue to apply.

Lemma 1 Suppose that y; and yo are solutions of (H) and that W denotes the
Wronskian W (yi,y2). Then

p(z)W(x) = A, foreachz € [a,b],

where A is a real constant. If y; and y, are linearly independent, then A is non-zero.

Proof Since yi, y2 solve (H), we have
Lyt = (py1) +ay = 0,
(15)
Lys = (pyp) +ay2 = 0.
Hence, on [a,b] we have
W) = (p(y1yz — you1))’
= (y1(py2) — y2(py1))’

= yi(pys) — y2(pyy)

= yi(—aqy2) — y2(—qu1), using (15),

Thus pW is constant on [a,b]. If y; and yy are linearly independent on [a,b], then
Proposition 4 of Chapter 3 tells us that W is never zero in [a,b], and (since we have
insisted that po is never zero in [a, b]) the proof is complete. O

Note An alternative proof can be based on Exercise 5 of Chapter 3, with

o = en( )

as in the Aside above.
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Lemma 2 There is a solution y = u of Ly = 0 satisfying («) and a solution y = v of
Ly = 0 satisfying () such that v and v are linearly independent over [a, b].

Proof Noting that Ly = 0 is the linear equation

p(@)y" +p'(2)y +qlx)y = 0,  (z € [a,b])
where p, p’ and ¢ are continuous on [a, b] and p(x) > 0 for each x in [a, b], we see that we

may apply the existence part of Theorem 4 of Chapter 2 to find functions u, v solving

Lu = 0, wu(a) = By, u(a) = —A,

Lv = 0, wv(b) = By, V(b)) = —As.

Then, certainly y = u solves Ly = 0 taken with () and y = v solves Ly = 0 taken with
(8). Further, u,v must both be not identically zero in [a, b], because of the conditions
placed on Ay, By, Ao, Bs.

Suppose that C, D are constants such that
(16) Cu(z) + Dv(z) = 0, for each x in [a, b].
As u,v solve Ly = 0, they must be differentiable and hence we may deduce
(17) Cu'(z) + Dv'(z) = 0, foreach x in [a,b].
Multiplying (16) by A2 and (17) by B, adding and evaluating at x = b gives
C(Aqu(b) + Bou! (b)) = 0.

If C # 0, u satisfies (), as well as Ly = 0 and («), and must be the trivial solution
u = 0 by one of the hypotheses of the theorem. This contradicts the fact that v is not
identically zero in [a, b]. Similarly, we can show that

D(Ayv(a) + B1v'(a)) = 0

and hence, if D # 0, that v = 0 in [a, b, also giving a contradiction. So, C' and D must
both be zero and u, v must be linearly independent over [a, b]. O

Proof of Theorem 1 We first establish uniqueness of the solution. Suppose that yi,yo
solve

Ly = f(z) together with («), ().
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Then, it is easy to see that y = y; — ys solves
Ly = 0 together with (a), (3).

By hypothesis, y must be the trivial solution y = 0. So, y; = y2 and, if a solution to (N)
together with («), () exists, it must be unique.

Letting u, v be the functions given by Lemma 2, we can deduce from Lemma 1 that
p(z)W(x) = A, foreach zin [a,b],

where A is a non-zero constant and W is the Wronskian W (u,v). We may therefore
define G : [a,b)? — R by

W, fora <ax <t<hb,
G(z,t) =
u(t)Av(x)’ fora<t<z<b.

Then G is continuous on [a, b]?, as can be seen by letting ¢ tend to = both from above and
below. Clearly, G is also twice continuously differentiable when = < t and when = > ¢,
and

oG oG o (u) () W (z)v(t)
o (t+0.) =22 (t-0,1) = iﬂ( e
_ W@
A
1 ing L 1
= —, using Lemma 1,
p(t) °

for each t in [a, b]. It thus remains to prove that, for z in [a, b],

b
y() = / Gl 1) f(t) d;

that is,

v(z T b
(18) viw) = 22 [uswa+ ™2 [owr
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solves (N) and satisfies the boundary conditions («), (3). First, note that y is well defined
(as G is continuous) and that

u(a) [° v b
(19) o) = D [or = 2 [
Using [G] of Chapter 0 to differentiate (18),

v(z) [T v(z)u(z) f(x o' (z) [P u(z)v(z) f(x
Sy = P [Myp M) ) [ st

A
= U:(f)/:uf+ u:(;)/:vf,

for each z in [a, b]. So,
ula b v b
(20) O IO Ly

From (19), (20),

1 b
Ay(a) + Bif(a) = 7 (Aru(a) + Biul(a) / of = 0,

since u satisfies (o). Thus, y satisfies (). Similarly, y satisfies (), using the fact that v
satisfies this latter condition. Now,

: @v) (7. P [
play/ (@) = P [ PR [,

and so, differentiating again,

0@V E) = 5 G @) [ uf + e e

_l’_
o | =
Q.
S~
=
8
SN—
Q\
D
SN—
N—
a\
o
<
Kﬁ
|
o |
i)
—~
8
S—
I
—~
8
SN—
<
—~
8
S—
=
&
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Hence, as pW = p(uv’ —v'v) = A and Lu = Lv = 0,

Lv [* Lu [°
Ly = — - —
and our proof is complete. [l

Note The Green’s function, G = G(z,t), as constructed in the above proof, is inde-
pendent of the function f on the right-hand side of (N). Put another way: the same G
‘works’ for every continuous f.

The triviality condition We should like to make three points concerning the
theorem’s hypotheses that (H), together with («), (), only has the identically zero
solution.

(i) The condition is used in two places in the proof, in the deduction of Lemma 2 and
the proof of uniqueness.

(ii) The condition is by no means always met. The reader should check that

y'+y =0, y0) = y(m) =0
does not satisfy it. Variation of parameters is a tool in this case, as a solution of Exercise 4
above will have discovered.

(iii) The condition may be recovered from the linear independence of functions u satisfying
Lu = 0 together with («) and v satisfying Lv = 0 together with (3); that is, the converse
of Lemma, 2 is also true, as we shall now show.

Suppose that u satisfies (H) and («), that v satisfies (H) and (), and that u,v are
linearly independent, so that the Wronskian W = W (u, v) is never zero in [a, b]. Further,
suppose y satisfies both («) and (3) as well as (H). Then, by Proposition 6 of Chapter
3, there are constants c1, co such that

Yy = Clu+cou

and hence

y/ = ClU/+CQU/

on [a,b]. Therefore,
Ary(a) + Biy'(a) = c1(Aru(a) + Biu'(a)) + c2(Arv(a) + Biv'(a))
and since both u and y satisfy («),

c2(Av(a) + Biv'(a)) = 0,
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as well as
c2(Aju(a) + Biu'(a)) = 0.
The reader should check that both
co A1 (u(a)v'(a) —v(a)u/'(a)) = cgA1W(a) = 0

and
caBi(u(a)v'(a) —v(a)u'(a)) = caBiW(a) = 0.

However, W (a) # 0 (as already noted) and Ay, B; are assumed not both zero. So, co =0
and similarly ¢; = 0. Thus, y is identically zero on [a,b] and the triviality condition is
met. (Il

The method of proof of Theorem 1 actually gives a technique for solving equations of
the form (N), with boundary conditions («), (), which we now outline and exemplify.
(i)  Find u satisfying (H), () and v satisfying (H), (53).

(ii) Calculate W = W (u,v). If it is non-zero, the method applies and A = pW is also
nON-Zero.

(iii) Write down the unique solution

b
y(z) = / Gr.t)f(t)dt,  (x € [a,D])

where

fora <x <t<hb,

fora<t<z<hb.

(Note that G is well-defined if and only if A is non-zero.)

Example 1 Find a Green’s function G(x,t) which allows the unique solution of the
problem

v'+y = fl@), y0) = y(x/2) =0, (ze0,7/2])

where f is continuous on [0, 7/2], to be expressed in the form

y(z) = /O Gl O)fBdt (0<z<r/2).



56 CHAPTER 4: THE NON-HOMOGENEOUS LINEAR EQUATION

We proceed as above.

(i) The function u = sin x satisfies
v'+y =0,

and v = cos x satisfies

(ii) The Wronskian W = W (u,v) is given by

sin
W(u,v)(z) = cos T
so that A=pW = -1 (asp=1).
(iii) The required Green’s function is
—sinx cost,
G(xv t) =
—sintcosz,

CcoS T
—sinx

for 0 <z <t<m/2

for 0 <t <ax<m7/2.

O

The reader will notice that the method does not apply if the second boundary
condition in the above example is changed to y(w) = 0 (and a solution is sought in
[0,7]). For then u and v would both need to be multiples of sinz and their Wronskian

would be zero.

In Exercises 6 and 9 below, the relevant Wronskians will have been determined in

attempts at Exercise 3 of Chapter 3.

Exercise 6 Given that f:[—1,1] — R is continuous, determine a Green’s function G(z,t) such
that the equation
y' = fl@),  (-l<z<1)
together with the boundary conditions
y(=1) = y(1) =0

has the solution
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Exercise 7 By constructing a suitable Green’s function G(z,t), show that the solution y = y(x)
of the boundary value problem

(2y') == = f(=), y@) = y(2) =0,

SEESS

Find the solution when f(z) = 3/, for z € [1,2].

Exercise 8 Suppose that
Ly = «*y" —a(z+2)y + (z +2)y.
Given that y = x is a solution of Ly = 0, solve the equation Ly = x* with boundary conditions

y(1) = y(2) = 0 by first constructing an appropriate Green’s function.

Exercise 9 If f : [0, 7] — R is continuous, find a Green’s function for the problem
y'+2y + A+ Ky = fx),  y(0) = y(n) = 0

whenever the positive constant k is not an integer. When k is an integer, use the method of
variation of parameters to determine a condition which permits a solution, and determine all
solutions in this case.

Exercise 10 By constructing a Green’s function, show that the solution to the problem consist-
ing of the equation
y' -2y +2y = f(z), (0<z<m)

together with the boundary conditions y(0) = 0 and y/(7) = 0, can be expressed in the form
vo) = [ K@of®d  ©0<o<n)
0

The second boundary condition is now replaced by y(7) = 0. Find a condition that f(z) must
satisfy in order that the modified problem can have a solution. Determine all the solutions in
this case.

[Comment: the solution of the unmodified problem can be used as a particular integral for the
modified problem, obviating the need to use the method of variation of parameters.]

Exercise 11 Let K(x,t) be the function defined by

rt lsinzcost (0<z<t),
K(z,t) =

xt~lsintcosz (0 <t<uz).
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Show that the function y = y(x) defined by
va) = [ K
0
is a solution of the inhomogeneous differential equation
1! 2 / 2
(IDE) y—;y—i— ﬁ—i-l y = —f(x) O<z<m)

which satisfies the boundary condition

(BC1) li?gy’(x) = 0.

Show that y satisfies the second boundary condition
(BC2) y(mr) = 0
provided that

/’Tf(x)sinx dx = 0.
0

T

Is y the only solution of (IDE) that satisfies (BC1) and (BC2) in these circumstances? Give
reasons.

[Note that y(z) = zsinx and y(z) = z cos x are linearly independent solutions of the homogeneous
differential equation

2 2
(——T — +1 =0 > 0).
y xy+<x2+>y (x >0).]
Exercise 12 A twice continuously differentiable function u, defined on the real interval [a, b],
satisfies u(a) = 0,u’(b) # 0 and the differential equation
Lu = (pu') +qu = 0,

where p’ and ¢ are continuous functions and p(z) > 0 for all z in [a, b]. Another such function v
satisfies v/(b) = 0 and Lv = 0. Neither u nor v is identically zero on [a, b].

(i) Prove that v(a) # 0 and w, v are linearly independent on [a, b].

(ii) Use the functions u, v to show that the problem

Ly = f(@), yla) =0, ¢ =0  (z€lad])

where f is a given continuous function, has a unique twice continuously differentiable solution
expressible in the form

y(z) = / Gl ) f(t) dt.

[HINTS: Consider pW at a and b. Also, use the uniqueness given by Theorem 4 of Chapter 2.]



5 First-Order Partial Differential
Equations

This chapter considers the equation

(1) Pp+Qq = R,

where p, ¢ denote the partial derivatives

0z 0z
= Z = =, = Z = —
p v ox 9 Y oy
of the real-valued function z = z(z,y) and P, @, R are continuous real-valued functions
of r = (z,y,2) in an appropriate domain in R3. The equation is linear in p,q and
quasi-linear because, in addition, P, ), R are functions of z as well as of z and y.

We search for real-valued solutions z = z(x, y) of (1). It is often useful to visualise our
methods geometrically, and we shall refer to such solutions, because of the objects they
represent, as solution surfaces. There is one important picture to hold in one’s mind,
and this is illustrated in section 5.5, where it forms an integral part of our discussion.
Otherwise, our aim is to encourage the reader’s analytic intuition.

The main problem, the Cauchy problem, is to discover whether there is a unique
solution surface which contains (‘passes through’) a given ‘boundary’ curve. This is in
general not possible and when it is, there is usually a restriction to be placed on the
domain of the independent variables x,y in order that such a unique solution exists. The
restricted domain is called the domain of definition of the solution.

In this respect, the theory is not as tidy as with ordinary differential equations. The
justification of all the claims we shall make are beyond the scope of this book. Not only
will we omit a complete set of proofs, but we shall often argue by example. Nevertheless, it
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should be possible for the reader to gain a feel for the subject and the technique necessary
to solve elementary examples which may arise, say, in probability theory, together with
an awareness as to when solutions are going to break down.

Throughout our theoretical considerations, the functions P, @), R will be assumed to
satisfy Lipschitz conditions of the form (e) of section 2.2; that is, P, @, R will satisfy such
inequalities as

|P(x1,y1,21) — P(x2,y2,22)] < Amax(|z1 — 22, |[y1 — v2|, |21 — 22])

(for some positive constant A) in an appropriate domain in R3.

5.1 Characteristics and some geometrical considerations

Our discussion of solutions of equation (1) will involve an associated family of
continuously differentiable curves, with equation r = r(s) = (z(s),y(s), 2(s)), called
characteristic curves, or just characteristics. These curves are defined as those satisfying
the characteristic equations

dzx @ B dz

() L= Pa(s) ), 26D, = QUals) (), 2(), G = Rla(s)y(s), 2(5)).

(A solution of (2) is guaranteed by the obvious three-dimensional extension of Theorem

2 of section 2.2; more about this later.) Sometimes, to be concise, we shall re-write the
characteristic equations as

2/ iR A

which some authors call auziliary equations. It should be emphasised that (2') will be
considered only as an abbreviation of (2); there will be no need to discuss differentials
dx,dy,dz as such.

Note One interprets a zero denominator in (2') as implying a zero numerator: for

example, P = 0 implies ;l—x =0 (see (2)).
s

We now remind the reader of an elementary result from the theory of surfaces.
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Lemma 1 Suppose that the surface defined by f(z,y,2) = A, where f is continuously
differentiable and A is constant, has a well-defined tangent plane at ro = (x¢, yo, 20),

so that (grad f)(ro) = (fz(z0,v0, 20), fy(x0, Y0, 20), f=(x0, Y0, 20)) is non-zero. Then the
normal to the surface at rg is in the direction (grad f)(ro).

Corollary 1 If the continuously differentiable surface z = z(z,y) has a well-defined
tangent plane at ro = (x0, yo, 20), then the normal to the surface at ry is in the direction

(p(w0,v0), (w0, y0), —1).

Exercise 1 Show that the problem of finding a surface z = z(x, y) which cuts orthogonally each
member of the one-parameter family of surfaces f(x,y,z) = A (A varying) can be reduced, for
continuously differentiable f, to finding a (continuously differentiable) solution z = z(x,y) of the
partial differential equation

fxp+fyq = f..

Equation (1) displays the fact that the two vectors (P, @, R) and (p, ¢, —1) are orthog-
onal, and by (2) we thus have that the tangent dr/ds to the characteristic is perpendicular
to the surface normal (p, ¢, —1). We certainly know therefore that, where a characteristic
meets a solution surface, its tangent lies in the surface’s tangent plane. We can in fact
do rather better, as the next result demonstrates.

Proposition 1 Suppose that S is a solution surface of (1), with equation z = z(x,y) and
containing ro = (o, y0, 20), and that C' is a characteristic curve for the equation through
ro. Assuming P,Q, R are continuous and satisfy appropriate Lipschitz conditions, the
curve C' lies on S.

Proof Using the existence part of Cauchy—Picard’s two-dimensional theorem (Chapter
2, Theorem 2), find a solution (z,y) = (X(s), Y (s)) of

% = P(-"L'(S)ay(s),Z(x(s),y(s)))7 113(0) = 0,
dy
ds
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Putting Z(s) = 2(X(s),Y(s)), we have

L Px(s).Y(5), 205), X(0) = o,
% = Q(X(s),Y(s),Z(s)), Y(0) = vo
and
dz dX dy
= a(X(9).Y(9) -+ (X ()Y ()
= 2(X(),Y(s)) . P(X(5), Y (), Z(5)) + 2(X(s), Y (5)) . Q(X(5), Y (s), Z(5))
Hence,
W RX(). Y (5), 2(5), 2(0) = 2

So, the curve C’; with equation r = R(s) = (X (s),Y(s), Z(s)), is a characteristic curve
through ry. Using the uniqueness part of Cauchy—Picard’s theorem, C’ must be C. But,
by construction, C’ lies on S; so, C' must also. U

All characteristics meeting a solution surface thus lie on it. Since every point in space
lies on a characteristic, a solution surface must be made up of characteristic curves — a
matter to which we shall return later in the chapter.

5.2 Solving characteristic equations

We shall give two methods of finding a solution surface of the partial differential equation
(1), containing a given boundary curve. Both depend on first solving the corresponding
characteristic equations. They relate directly to two methods for finding characteristic
curves:

(A) in parametric form,

(B) as the intersection of two families of surfaces.
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Example 1 Find the characteristics of the partial differential equation xp + yq = z.

Method (A): The characteristic equations are

o dy d:
ds

ds =Y

— = z
ds
These may be integrated directly to give a solution in parametric form, viz

X

[
o
mo:

where A, B, C' are constants.

These are half-lines and may be shown to lie on the intersections of pairs of planes
by eliminating s:

SRS

(with appropriate modification if any of A, B,C are zero). Note that only two of the
constants are independent.

(Il
Method (B): One may re-write the characteristic equations ‘in auxiliary form’:
d d d
Lo 4o & dv _ dy _ dz
= = or =
x y z

say (any two different equations will do), we find, on integrating with respect to s, that

y = axz, zZ = .,

where c1, co are constants. Both these equations must be satisfied, and we again arrive
at straight lines, here given by

with two arbitrary constants.
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Which of the methods (A) or (B) is chosen may depend on
(i) the functions P, Q, R,
(ii) the boundary conditions to be fitted (which we shall come to below),
but it is also often just a question of personal preference.

We shall conclude this section by developing some techniques for solving characteristic
equations in auxiliary form. The abbreviated notation gives, with practice, the chance
of spotting solutions quickly. This often arises with the use of the following lemma.

Lemma 2 (‘Componendo dividendo’) If

p=2_20%_c
l m n
then
Aa + pb+ ve
A+ pm +vn’
for all A, p,v.

The proof of this result is, of course, trivial (in any appropriate field). The elements
A, 1, v can be functions (not just constants), and we can even allow zero denominators
which give zero numerators by means of the equality

Aa+ pb+ve = E(N+ pm+vn).

We can thus extend our methods beyond the ‘separable’, or ‘separated’, case

as the following example shows. The use of ‘componendo dividendo’, of course,
corresponds precisely to linear manipulation of the characteristic equations (2), and zero
denominators again imply zero numerators (see Note after equations (2')).

Example 2 For each of the following equations, find two families of surfaces that
generate the characteristics of

(a) By—22)p+(2—3x)qg = 2x—y,

3
T —y

(b)

(r—q = 2 (x #y)

() Br—2)p+@By—2)g = v+y.
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Ad (a): The auxiliary equations

dx dy dz

3y—22  z—3z 20 —y

give rise to

dr + 2dy +3dz = 0, A=1,pup=2v=23)
zdx +ydy + 2zdz = 0, A=z, u=y, v=12)
which integrate to the two families of surfaces
r+2y+32z = c,
372 + y2 + 22 = (2,
where ¢y, co are constants.
Ad (b): The auxiliary equations

(r—y)de _ (z—y)dy _ dz
3 -3 2
give rise to

de = —dy, (separated already)

(x—y)(gx—dy) _ %7 (A=1, p=—1, v=0on left)

which integrate to

Ty = c1,
(x—y)* =62 = co.

Ad (c): The auxiliary equations
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give rise to

de —dy  de+dy—dz  dx+dy—2dz
3(z—y)  2z+y-—z2)  zt+y-—2z

Y

when one chooses, in turn,

A =1, o= -1, = 0
A =1, po= 1 -1
A =1, w =1, v = =2

The new equations are in separable form (in the variables x —y, v +y — 2z, * + y — 2z)
and can be integrated immediately (using logarithms) to give

(ety-2 _
(e—y?
(z+y—22)°
- = (2,
r—y
whenever x # y. O

If one can only spot one integrable equation, the following ‘trick’ can sometimes be
used to derive a second family of surfaces.

Ad (b) — alternative method: suppose one has found only

giving the one-parameter family

Substitute for ¥, so that

Integrating:
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and substitute for ¢; to give a second one-parameter family
3z+2xy = .
The curves generated by
r+y = c, (z—y)?—62 = c
are, of course, the same as those generated by
r+y = ¢, 3z+2xy = d.

(In the second pair of equations, substract twice the second from the square of the first,
etc.) O

Exercise 2 Use both methods (A) and (B) to find the characteristics of the equation
zpt+q+rz = 0, 0<A<1).

(Be wary of the position of the second z.)

Exercise 3 Find the characteristics of the equations

(@) (W+2p—(z+z)g+(r—y) = O

(b) (I+z)p+2(1-2)qg = 2%

()  zy+2)p+y@®—22)g+ 22 +y) = 0.

5.3 General solutions

With ordinary differential equations, an n-th order equation can be integrated to a
‘general solution’ containing n arbitrary constants. Conversely, n constants in an
equation can often be eliminated by forming an appropriate n-th order ordinary
differential equation. For example, the differential equation

22y =22y +2 = 0
can be solved (by the methods of (7) of the Appendix) to give

y = Az?+ Bz,
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where A, B are arbitrary constants. The second-order equation can be recovered (as the
reader may verify directly) by eliminating these constants.

In the case of partial differential equations, the arbitrary constants are replaced by
arbitrary (suitably differentiable) functions. For example, by successive integrations, the
second-order partial differential equation

0%z
0xdy

gives rise to

% = h(x)7

and then
z = f(z)+9(y),

where f, g are arbitrary functions with f/(x) = h(z). Clearly, partial differentiation, first
with respect to z and then with respect to y (or in the other order), eliminates the two
arbitrary functions f, g and recovers the second-order equation.

Definition 1 A general solution of an n-th order partial differential equation is a solution
containing n arbitrary (suitably differentiable) functions.

So, in looking for solutions of the first-order equations studied in this chapter, we shall
be looking for solutions containing one arbitrary continuously differentiable function. The
following theorem gives a mechanism for finding such a solution.

Theorem 1 Suppose that the characteristics of the partial differential equation

(1) Pp+Qq = R

are represented as the intersection-curves of the two families of surfaces with equations
wz,y,2) = a, v(zyz) = c,

where u = u(z,y,z) and v = v(z,y, z) are continuously differentiable functions. Then a
general solution of (1) can be written in the form

F(u,v) = 0,

where F' is an arbitrary continuously differentiable function of two variables, with partial
derivatives Fy,, F, not both zero at any given point of their domain.
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Proof We have to show that if z = z(z,y) is continuously differentiable, then the
elimination of the arbitrary continuously differentiable function F' gives rise to z
satisfying (1).

Using the chain rule ([C] of Chapter 0) to differentiate

F(u(z,y, 2(z,y)),v(z,y, 2(z,y))) = 0,
with respect to z and with respect to y, we have
Fu(ux + Uzp) + Fv'(vm + 'Uzp) = 0,
Fy.(uy +uzq) + Fy.(vy +v.q) = 0.

Elimination of F), : F, gives (and the reader should check that)

) Ny, 2)

= Uy — ULy,

etc. (Notice that in (3) the Jacobian with y, z in its denominator is taken with the partial
derivative p of z with respect to z, with appropriate cyclic interchange of the variables
in the other determinants.)

We now use the fact that the characteristics r = r(s) = (z(s),y(s), 2(s)) of the
original partial differential equation must lie on a member of each of the given families
of surfaces; so that

u(z(s),y(s),z2(s)) = e, v(z(s),y(s),z(s)) = c2
and hence, by the chain rule,

ud—x—l—u@—i-u% —O—vd—x—kvd—y#—v%
T ds Yds “ds - ds Yds “ds’

But the characteristics also satisfy the characteristic equation (2), and hence

U$P+UyQ+uZR == 0 = UmP+UyQ+UzR~
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These last two equations may be re-written

P Q R
(4) w,0) — I(u,v)  A(u,v)

Combining (3) and (4), we see that z = z(z,y) must satisfy (1), and the proof
is complete. O

Note The equations (4) follow from the elementary result:

a1x +asy+azz = 0 L = Y = Z
if and only if az as asz ai ap az
by b3 by D1 by by

bix +boy +b3z = 0

The reader might note the cyclic permutations of the a;’s and b;’s in the determinants.

Example 3 Find general solutions of each of the equations of Example 2.

By the theorem, general solutions are

(a) F(z+2y+3z,22+y2+2%) = 0,
(b) Gz +y,(z—y)?—62) = 0 or H(x+vy,3z+2zy) = 0,

(x4+y—2)7° (x+y—22)>
(x—y? = x-y

O ) =0 @ty

where F, G, H, K are arbitrary continuously differentiable functions. U

Exercise 4 Find a general solution of each of the equations of Exercise 3.

5.4 Fitting boundary conditions to general solutions

As we noted at the start of this chapter, the main problem in the theory of the partial
differential equation (1) is to discover whether there is a (unique) solution surface which
contains a given ‘boundary’ curve. In this section, we concentrate attention on finding
the surface when the curve permits such a solution to exist. We shall turn to theoretical
considerations, as to when this is possible, in the next section.

The techniques we wish to impart here will be clear from the following worked
examples.
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Example 4 Find the solution to
By —22)p+(2—3x)g = 2x—y

which contains the line of intersection of the two planes x =y, z = 0.

By Example 3(a), a general solution of the partial differential equation is
F(x+2y+3z,22 +1y2+22) = 0,

where F' is an arbitrary continuously differentiable function. For this to contain the curve
xr =1y, z =0, we must have

F(3z,22%) = 0,
for every x. This suggests
F(u,v) = 2u*—9%

as a possible solution. This in turn gives

20z +2y+32)2 922 +12 + 2% = 0. O

Alternatively, try to find a solution in the form
(5) 2P+ 22 = f(r+2y+32).

This equation represents a cone with axis (1,2,3). It can be solved for z in terms of z
and y to give either the ‘upper’ or the ‘lower’ points of the surface of the cone. Only one
contains the line x = y, z = 0 for some continuously differentiable function f. Putting
r=1y,z=0,

f(3z) = 22%

and so, with 3x = t, the function f is given by

f) =2

Hence, substituting « + 2y + 3z for ¢, we find the required solution

2
(6) Py’ 2 = O (et 2y +32)%,

as above. O
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Note Though the choice of method above is very much a matter of personal preference
(ours is for the second), the reader will find that having both methods available can be
of great use. In the second method, we have sought a solution F'(cj,cy) = 0, where

F(Cl,CQ) = f(Cl)—CQ.

The trial solution (6) involves expressing the more ‘complicated’ v = 22+ + 22 in terms
of the ‘simpler’ u = x + 2y + 3z. Such organisation can simplify the working. The reader
will notice that we have not bothered to ‘reduce’ the solution to z = z(x, y) form. Whilst
doing this, consider what kind of quadratic surface is represented by (7), containing, as
it must, the line z = y,z = 0.

Example 5 Find a surface cutting each member of the family
3log(x —y)+2z = A (y<z, —00<A<0)

orthogonally and containing the y-axis.

By virtue of Exercise 1, we need to solve

3
T =Y

(p—q = 2

Example 2(b) provides the characteristics as the intersection curves of the families
T+y = c, (x—y)* =62 = co.
So, we search for a solution in the form

(z—y)* -6z = glz+y).

On the y-axis, x = z = 0, and so

The solution is therefore

or
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Note If we had worked with the alternative general solution given in Example 3(b) and
tried

3z+2xy = h(zx+y),

we should have discovered, on putting x = z = 0, that h is identically 0. But this gives
the same solution (8), which should comfort the reader.

Example 6 The same as Example 5, save that the boundary curve is the line-segment
given by x =2=0,0<y <1.

The analysis is the same as far as

which now holds only for 0 < y < 1. The solution now is therefore

_2zy
3

which is certainly valid for 0 < x +y < 1 (as it is the substitution of x + y for y which
allows the derivation of the solution from the functional form for g). In fact, the solution
still satisfies the equation everywhere. [l

Exercise 5 Solve the equations of Exercise 3 when subject to the (respective) boundary
conditions:

(a) r =z = 0
(b) r =y, z = Il
(c) r+z =0, y = L
Answers may be left in implicit form. Note any restrictions on the validity of the solutions you
give.
Exercise 6 Find a surface cutting each member of the family
(+y)z = A
orthogonally and containing the line-segment given by

y+z = x = 1, 0<y<l1.

Exercise 7 Find the solution surface in the half-plane y > 0 of the equation of Example 2(c),
which contains the half-line given by y = z = 0, < 0. (You should not expect the technicalities
to be trivial.)
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Exercise 8 (Harder) Find the implicit solution of the equation
zp+q+ iz = 0, (<A<
of Exercise 2, satisfying z(z,0) = f(z), for every x. Show that, when f(x) = sinx, the first

positive value yy of y for which p = 9z/0x is not finite is

Yo = —% log(1 — ).

[HINT: Use the auxiliary equations technique to derive two families of surfaces, u = ¢; and
v = ¢, which give rise to the characteristics. Insert the boundary values directly and eliminate x
to derive a relationship F'(c1,c3) = 0 between the constants ¢; and cy. Substitute ¢; = u, ca = v
to obtain the general solution F'(u,v) = 0. (Implicitly) differentiate this equation partially with
respect to x without more ado, to give an expression for p.]

Exercise 9 Find the solution of

yp — 2xyq = 2zxz2

that satisfies z = y> when = 0 and 1 < y < 2. What is the domain of definition of your solution
(in terms of x and y)?

Exercise 10 Find the solutions of the equation
zap—yzq = z°—y°
in zy > 0 which pass through

(@) =z =y =z

(b) =z =y, z =0
Describe each solution geometrically.

Exercise 11 (from probability theory) The functions py(t) satisfy the simultaneous ordinary
differential equations

dpr.

dt = kpk,1 — (2k+1)pk+(k+l)pk+17 (k:0,1,27...).

Obtain formally a first-order partial differential equation for their generating function
oo
P(z,t) = Zpk(t)xk, (lz| < 1).
k=0

Solve the partial differential equation. Hence, evaluate pg(¢) for k > 0 and ¢ > 0, when po(0) =1
and px(0) =0 for k& > 0.
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5.5 Parametric solutions and domains of definition

In this section, we investigate the problem of when a solution surface of (1) can be found
which contains a given boundary curve. The discussion gives rise, in our view, to one
of the best examples in elementary mathematics where an abstract analytic condition
translates to a vivid geometrical one (see section 5.6).

In contrast to the procedure described in section 5.4, where a general solution was
found first and the boundary curve fitted after, we shall be concerned now with the
‘building’ of a solution surface directly on the boundary curve.

We again consider the partial differential equation

(1) Pp+Qq = R,

where P,(Q, R are continuous functions of z,y, z and satisfy the Lipschitz conditions of
the form (e) of section 2.2 (see our comments at the end of the introduction to this
chapter). The boundary curve I' will have the notation

ro=r(t) = (z(t),y(t),2(t), (€A

with r(¢) continuously differentiable and (&(t), y(¢)) never zero for any value of t in A C R.
(Throughout this chapter the dot will denote differentiation with respect to t. Further,
A will normally denote a finite or infinite interval in R.)

For each fized t in A the results of Chapter 2 allow us uniquely to solve the
characteristic equations

dx @ dz

2 _ = P = _— =
( ) dS (:U7y7z)7 dS Q(x7yﬁz)? dS R(x7y7z)7

when subject to the condition of passing through the point

which, if we suppose that s can be chosen to be zero at the point where the characteristic
meets the boundary curve, satisfies
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v boundary curve I'
r(t)=r (0)

We now allow ¢ to vary in A, so that r(¢) varies along I'. Writing r(s,t) for r!(s), the
equation

(8) r = r(s,t)

determines a geometrical object in terms of two parameters (which we hope is a solution
surface of (1)). By construction, it contains the boundary curve I' (when s = 0) and each
characteristic emanating from it. (For given s, ¢, the point r(s, t) is found ‘by going ¢ along
the boundary curve and s up the characteristic that “starts” there’.) By Proposition 1
of section 5.1, if there exists a solution surface containing the boundary curve, then it
must contain the object given by (8).

We shall not display the existence of a solution surface containing the boundary curve.
But we will discuss now when (8) can be written as a continuously differentiable surface in
the form z = z(x,y). In this case, when the given functions have power series expansions,
a famous result, the Cauchy—Kowalewski Theorem, guarantees a unique solution, at least
in a neighbourhood of each point on the boundary curve. The reader will discover that
when such a function z = z(z,y) can be constructed, it is often the solution for a
wider range of values of its independent variables. This range, known as the domain
of definition of the (unique) solution, will appear in examples and exercises below. On
deriving a solution, one should always try to determine its domain of definition.
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Suppose now that we have determined

r = r(s,t) = (x(s,t),y(s,t), 2(s,1t))

as above for a certain range of s and ¢ with

r(0,¢) = r(t) = (x(t),y(t),2(1)).

Working only formally for the present, we solve

(9) r = ‘T(Sat)7 Yy = y(S,t)
to give
(10) s = 8(.%‘,3/), t = t(x,y),

and then substitute in z = z(s, t), to obtain

(11) 2 = 2ny) = 2s(zy)H@y))

For this z = z(x, y) to be continuously differentiable, it is sufficient, by the chain rule, for
s = s(x,y) and t = t(x,y) to be continuously differentiable. So, to justify our procedure,
we need to justify the ‘inversion’ from equations (9) to equations (10). Note that, as
P and @ are continuous, the partial derivatives xg,ys of the solution (9) exist and are
continuous. Assuming the existence and continuity of x:,y:, we now invoke the Inverse
Function Theorem! of multi-variable calculus which allows inversion in a neighbourhood
N (so,to) of a point (so,to), to give continuously differentiable functions of form (10),
provided the Jacobian

(12) J = = TsYt — TtYs ?’é 0,

when evaluated at (s, fp). The resulting function z = z(z,y) = 2(z, vy, so, to) of (11) then
defines a continuously differentiable surface in a neighbourhood of (zg,yo), where

o = x(s0,%0), Yo = y(so,to).

Note A corresponding ‘one-dimensional’ example may clarify the need for the condition
(12). Consider the function

1See, for example, T.M. Apostol, Mathematical Analysis, 2nd Edition, Addison—Wesley, 1975,
Theorem 13.6, page 272.



78 CHAPTER 5: FIRST-ORDER PARTIAL DIFFERENTIAL EQUATIONS

This function is a (1-1) onto continuously differentiable function on the whole line R,
with inverse )

r = y3.
However, this latter function fails to be differentiable at y = 0 (since h'/3/h has no limit
as h tends to 0). This corresponds to

dy 2
-2 =3
dzx v

being zero at = 0. Thus, y = 23 only has a continuously differentiable inverse at points
d
where d—y is non-zero. In general, one can only achieve an inverse locally, and the
x

‘two-dimensional analogue’ of this result is the Inverse Function Theorem used above.

The hope in the above analysis is that one might at least be able to find one func-
tion z = z(x,y) which will define a continuously differentiable solution in an (as large as
possible) neighbourhood of the boundary curve, and that the surface it defines,
containing, as it does, sections of characteristics meeting the boundary curve, is a
solution to our partial differential equation (1). So, we should require that the
Jacobian J = J(s,t) satisfy (12) along the boundary curve; that is

J(0,t) # 0,

for every t € A. Our hope may then be expressed as a desire that there is a solution
surface z = z(z,y) of (1) which agrees with z = z(z,y,0,t) on N(0,t), for every t € A.

There are two things that can go wrong with the geometrical construction outlined in
this section. One is that the boundary curve I is tangential to the characteristics. If this
occurs at an isolated point, then the point is just a ‘singularity’ of the surface. However,
if it occurs over an interval (a rather special case), then I' is the characteristic and there
is no surface at all. The other difficulty is that we may derive a perfectly good surface,
but its tangent plane is parallel to the z-axis and so is not given locally by an equation
of the form z = z(z,y) with continuously differentiable z(z,y). The discussion on the
Jacobian above bears on these difficulties and section 5.6 throws further light on them.

The reader may assume in the following examples and exercises that, if r = r(s,t)
describes, as above, a family of characteristics passing through a boundary curve in a
neighbourhood of the boundary curve in which condition (12) holds, then r = r(s,t)
represents a solution surface of (1) in parametric form in that neighbourhood.

Example 7 Show that there is a solution surface of

zpt+qg+ Xz = 0, <A<
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containing the boundary curve given by

y = 0, 2z = sinz,
provided
1 1
log((1+A)"x) < y < log((1—X)"x).

Choosing the parametrisation r(t) = (¢,0,sint) for the boundary curve, we solve the
(corresponding) characteristic equations

dx dy dz
_ = — = 1 _— = —
ds = ds ’ ds AZ,

parametrically. The second and third equations integrate immediately to give
y = s+ B(t), z = CO(t)e ™,

where the ‘constants of integration’ B(t), C(t) vary with the point r(¢) on the boundary
curve which the t-th characteristic contains. Substituting in the first equation, we find
that

dx

e —As
I C(t)e .

On integration (with respect to s with ¢ fixed), we thus have characteristics

1
r= O™+ AW,  y = stBl), == ClHe.

Taking s = 0 on the boundary, where r(t) = (¢,0,sint), this reduces to

1
r = t+X(1—e_’\5)sint, y = s, z = e Msint.

The Jacobian

1
J(s,t) = zyr —mys = —(1+ X (1 —e ) cost)

is certainly non-zero on the boundary (when s = 0). As |sect| > 1 and A > 0, it remains
non-zero when
I1—e ™ < A,

that is, when
1-XA < e™ < 1+

As y = s, the result follows. O
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Example 8 Discuss the existence of a solution surface to the equation
ptq = z

containing the curve x =y, z = 1.

Choosing the parametrisation r(¢) = (¢,t¢,1) for the boundary curve, we solve the
characteristic equations

de oy e
ds 7 ds 7 ds
parametrically, to obtain

x = s+A({t), y = s+B(t), z = C(t)e’.

Taking s = 0 (or any value) on the boundary, where r(t) = (¢,t,1), we see that

s

r = s+t y = s+t, z = e

The variables x, y are clearly not independent, it is impossible to solve for s or ¢ in terms
of z,y, and J(s,t) is always zero.

The auxiliary equations route is just as fruitless. In this case, those equations are

leading to characteristics as intersections of the families
y—xr = a,

ze Y = co.
A trial solution of the form
y—z = f(ze),
with f continuously differentiable and x = y when z = 1, gives f(u) = 0 when u = e™Y;
so, © =y when z > 0 (all because e™¥ is always positive).

Note that in the parametric ‘solution’, z = e° is always positive. ‘Geometrically’,
the ‘solution’ is = y (z > 0), but this cannot, of course, be represented in the form
z = z(x,y).

Notice also that, in this example, the projection of the boundary curve on to the (z, y)-
plane coincides with the characteristic given by ¢; = co = 0. In these circumstances, it
is unrealistic to expect to be able to ‘build a surface on the boundary curve’ using the
characteristics. This point is discussed further in section 5.6. O
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Example 9 Find a function z = z(x,y) which solves

(13) pt+zqg = 1,

where z = %a: on x = y whenever 0 < z < 1. Discuss the domain of definition of your

solution.
Choosing the parametrisation r(t) = (¢, t, % t), 0 <t <1, for the boundary curve, we
solve the characteristic equations

A d
ds 7 ds 7 ds

parametrically to give

2

o= s+A{), y = %JrsC(t)JrB(t), = s+C(t),

where A, B,C are arbitrary (suitably differentiable) functions of ¢. Incorporating the
boundary conditions at s = 0 yields

2
t t
r = s+t y = %—f—%—f—t, 225—1—5, (0<t<).

Solving for s,t in terms of x,y then gives

2(y — =) a? — 2y
— = 2).
Hence,
(14) _ 2?2 —dx + 2y (0<x2—2y<1 £9)
T Tow-2) =g =0T
Notice, that the Jacobian
A(z,y) s+t
t) = = = 1-
J(S7 ) a(S,t) TsYt TtYs 92 9

is zero only when . = s+t = 2.

Second, we find that z given in (14) satisfies the partial differential equation (13) for
all values of x,y, save x = 2.
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Third, the boundary curve lies in the half-space x < 2. Any solution surface in x > 2
(corresponding to arbitrary continuously differentiable A(t), B(t), C(t) such that
J(s,t) # 0) may be matched with z given, for z < 2, in (14). The reader is asked
to ponder whether any other continuously differentiable solutions exist for x < 2.
(Certainly, there is the unique solution (14) given in 0 < 2y — 22 <2 — x.) O

Exercise 12 Fill in the details in Example 9, giving also an alternative solution by means of the
general solution/auxiliary equations method.

Exercise 13 Solve parametrically
(x—2)p+q+z = 0,

where z=1onx =y for 0 <z < %, showing that your solution must be unique in the domain
defined by

1
e2"Y

2

—sinhy < z <

Exercise 14 Find solutions z = z(z,y) of the following problems, each valid in the positive
quadrant (z > 0,y > 0) save on a curve C' which should in each case be specified:

(a) p—zq+z = 0, where 2(0,y) = min(1,y),
(b) p4+2zg = 1, where z=0ony =0 forz >0, and z=y on z =0 for y > 0.

Show further that in each case the partial derivatives p, ¢ are discontinuous across a characteristic
C, but that the solution to (b) requires an extra condition (such as continuity of z across C) to
ensure that it is unique. (For practice, find solutions by both characteristic and auxiliary equations
methods.)

Note Discontinuities of z and its partial derivatives can occur only across characteristic
curves, as in Exercise 14. Finite (‘jump’) discontinuities in z are known as shocks because
of an application of first-order partial differential equations with such discontinuities to
gas dynamics.

Suppose that the partial differential equation is in conservation form

oL oM

1 il
(15) (9:1:+6y

= R,

making the equation a conservation law, where L, M, N are functions of x,y,z (for
example, 222, + 2, = (22); + 2, = 0).
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One can then define a weak solution z = z(x,y) as one which satisfies
(16) //(wa + Mw, — Rw) dzdy = /w(L dy — M dz)

for all appropriate ‘test functions’ w = w(z,y), where the boundary conditions for
solutions z of (1) are given on the curve I' which forms part of the boundary 0D of
the region D in R%. The functions w must be continuously differentiable in D and zero
on 0D\ T, the part of the boundary of D outside I. Using Green’s Theorem in the Plane
(see page 144), it can easily be shown that this weak solution not only agrees with the
usual solution of (1) when z is continuously differentiable, but exists on characteristics
in D across which discontinuities produce shocks.

5.6 A geometric interpretation of an analytic condition

The Jacobian condition

(12) J(Svt) = TsYt — Yst 7& 0,

when applied along the boundary curve, where we have taken s = 0, allows an interesting
interpretation in geometrical terms. To see this, note that x4, the partial derivative with
respect to s (keeping t constant), must, by definition of z(s,t), be

d

e _
ds

of the characteristic equations. Similarly, ys = Q. Further, using the boundary condition

r(0,t) = r(t), we see that x; = @(t),y: = y(t) when the partial derivatives are evaluated

at s = 0. So, on s =0, (12) may be re-written as

Py(t) —Qz(t) # 0

and is equivalent to saying that the directions determined by the ratios

% : % and  @(t) : §(t)
are different. We have thus shown that the analytic condition (12) may be expressed
by saying that the tangents to the projections on the (z,y)-plane of characteristic and
boundary curves must, where they meet, be always in different directions.
We conclude with a set of exercises, which covers a range of the more important ideas
and techniques introduced in this chapter.
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Exercise 15 Find the solution z = z(z,y) of the equation
Yyzp—x2q = T—Y
which satisfies the conditions
z = 1—2, when 1<z<2 and y=1

On what domain is the solution uniquely determined by these conditions?

Exercise 16 Consider the equation
ap+z2q = 1,

where a is a real number. For a # 1, find, in explicit form, the unique solution z = z(z,y) of
this equation which satisfies z = —1 when z + y = 1, and determine the region in the (x,y)-
plane where the solution is defined. Show that, if a = 1, there are two solutions of this equation
satisfying z = —1 when x + y = 1, and explain why uniqueness fails in this case.

Exercise 17 Determine the characteristics of the equation
p+z2q = 2

which intersect the curve I' given by (z,y,2) = (¢,¢,1) for ¢ < 0. Sketch the projection in the
(z,y)-plane of the characteristic through (¢,¢,1) and show that it touches the line 2 = y+ 1. Find
the solution surface z = z(x, y) which passes through T, determine the region of the (z,y)-plane
in which it is defined and indicate this region on your sketch.

Exercise 18 For the equation
ptzq = 0,

show that the projections of the characteristics on the (x,y)-plane are straight lines and obtain
the solution satisfying z = f(y) when 2 = 0 in the implicit form F(z,y,z) = 0. Deduce that |q|
becomes infinite when 1+ zf'(y — zz) = 0.

Solve explicitly for z = z(z,y) when f(y) = y?, showing carefully that the solution z — y? as
x — 0. Show also that |¢| — oo as we approach the curve with equation 4oy = —1 and that each
characteristic projection touches this curve once.

Exercise 19 Use the method of characteristics to show that
z(z,y) = log(y + exp(tanh(z — y*/2)))

solves the problem consisting in the equation

yp+q = e 7, (—oo<z<oo, y>0)
together with the boundary condition

z(xz,0) = tanhux, (—o0 < < 00).

Sketch the projections of the characteristics in the (x,y)-plane passing through the points (1,0),
(0,0) and (—1,0). For fixed y > 0, does the solution have limits as x — +00? What is the first
positive value yg of y for which the solution is positive for all y > yo?



6 Second-Order Partial
Differential Equations

This chapter discusses the equation
(1) AT+2BS+Ct = ¢($,y7zapaQ)a

where p, g, 7, s,t denote the partial derivatives

0z 0z
p T ax 9 q Yy ay )
0%z 0%z 0%z
r = ZzZ = _— S = Z = Z = = 5
o 0x?’ Y e Oxdy Oyox

0%z
=W = gy

of the twice continuously differentiable real-valued function z = z(x,y) (which implies
Zyy = Zyz) and A, B, C are real-valued functions of (z,y) in an appropriate domain in R2.
The function ¢ is a continuous function of the ‘lower order’ (and necessarily continuous)
functions z,p, ¢, as well as of the variables x,y. Note immediately that A, B, C' are not
functions of z (unlike the functions P, @, R of Chapter 5). An equation such as (1), where
the terms involving the highest-order derivatives are linear in those derivatives (as here,
on the left-hand side of (1)), is said to have linear principal part. Equation (1) is linear

if the function ¢ is given in the form
¢(x7yaz7p7Q) = Dp+EQ+FZ+G7

where D, E, F, G are functions of x and y.
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By an appropriate change of independent variables

§ = §(:c,y), n = n(xay)a

equation (1) in z = z(x, y) can be transformed to an equation in Z = Z(£,n) in canonical
form, where

2,y) = Z(E(x,y),n(z,y))-

In fact, there are three posssible canonical forms, according to when the functions A, B, C
of (z,y) satisfy B2 > AC, B2 < AC or B? = AC. In this way, one classifies the partial
differential equation (1). Details of this classification now follow.

B2 > AC at (z,y): equation (1) is then hyperbolic at (z,y) and the canonical

form is
@) PL_ e 7, PQ)
0E0n
where Y4 07
P=Z= G Q=1Zy= %

A classic example of such an equation is the (one-dimensional) wave equation

0%z 1 0%z
®) o~ Eor

for a function z = z(x,y) and positive constant ¢, modelling the transverse motion of a
string performing small oscillations.

B2 < AC at (x,y): equation (1) is then elliptic at (x,y) and the canonical form
is

0%z  0*Z

An example of such an equation is (two-dimensional) Laplace’s equation

0’z 0%z
5) e
ox dy
for a function z = z(x, y), modelling the gravitational, electromagnetic or fluid potential
in steady state. Solutions of Laplace’s equation are called harmonic functions.
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B? = AC at (z,y): equation (1) is then parabolic at (x,y) and the canonical
form is

9*Z
(6) 677]2 = \Il(é-?naZanQ)

An example of a parabolic equation is the (one-dimensional) diffusion (or heat) equation

0T oT
(7) Forr = ot

satisfied by the temperature function T' = T'(x,t), where k represents constant thermal
conductivity.

This chapter concerns itself with the reduction to canonical form and with some
important techniques for finding solutions. One important topic, as in Chapter 5, will
be to discuss which boundary conditions are appropriate and lead to the existence of a
unique solution. We leave this discussion to the next chapter.

6.1 Characteristics

As with first-order equations, certain curves, this time in the (x, y)-plane but still carrying
the name of characteristic, are central to the discussion. We emphasise at once that the
characteristic curves involved in the reduction of the second-order equation to canonical
form have no relation to those three-dimensional characteristic curves lying on a solution
surface of equations of first-order.

Suppose that the curve I' (r = r(0) = (z(0),y(0))) is regular in the sense that it
has a continuous second derivative, non-zero at every point of its domain and hence with
well-defined and non-parallel tangent and normal lying in the (z,y)-plane. Suppose we
also know the values of a solution z = z(x,y) of (1) and its normal derivative

0z
(8) o n.grad z = nip+ negq,

where n = (n1,ng2) is the unit normal to the curve, at each point of I' (that is, ‘we know
z and 0z/0n along I' as functions of o). Such boundary conditions are called Cauchy
data and are often appropriate in examples from physics. By applying the chain rule to
z = z(x(0),y(0)), we see that

dz dx dy
9) 1o p%~l—q%
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as well as (1) and (8) along I'. Since z = z(0) and y = y(o) are given functions and
since we have assumed the curve has non-parallel tangents and normals (and hence the
determinant of the coefficients of p, ¢ on the right-hand side of (8) and (9) is non-zero),
we can solve (8) and (9) for p and ¢, which are themselves therefore known along I" and
thus as functions p = p(0), ¢ = q(o) of 0. Again, using the chain rule and noting that

op dp 9q 9q
r = — s § = — = — R t = —,
ox oy ox oy
differentiation of p and ¢ gives
dp dx dy
1 e = —_— <
(10) do Tda + Sda
and
dq dx dy
11 B S
(11) do Sda + do
along I'. We have therefore three equations in (r, s, t)
(1) Ar+2Bs+Ct = ¢,
dx dy dp
1 i Je = £
(10) do + do ° do’
dx dy dq
11 - = 2
(11) do * + do do’
where r, s and ¢ are the only unknowns.
Definition 1 The curve I' is a characteristic if
*) we cannot determine r, s, t along I" from (1), (10) and (11).

A necessary and sufficient condition for (*) is that the determinant of the coefficients of
r,s,tin (1), (10) and (11) is zero:

A 2B C
doody
do do = 0,
) dody

do do
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that is,

dy 2 dx dy dz\?
12 A== —2B— C|— =0
(12) <da> dodo (da) ’

which determines the characteristics when they are given in the parametric form
x = z(0), y = y(o). Notice that, whilst we retain the coefficients on the left-hand
side of (1), the sign of the second term has become reversed.

Remark The reader should notice that if I' is not a characteristic, one can, in view
of the fact that all the functions involved are continuous, determine 7,s,t even in a
neighbourhood of I', where the determinant remains non-zero.

We now seek a differential equation for the characteristics when they are expressed in
explicit form y = y(z). In that form, dy/dx is given in terms of the parametric equations

r=x(0),y =y(o) by

dy — dy [Jdx
de ~ do/ do

whenever dz/do # 0. Equation (12) then reduces to

dy\? dy

the equation giving the characteristics in explicit form.

Notice that the equations (12) and (13) are quadratic in dy/do : dz/do and dy/dx,
respectively; and so, there are two families of characteristics, corresponding to varying
the constants of integration in the two solutions to the equations.

Suppose these two families, real or possibly co-incident (in the parabolic case) or
complex conjugate (when the partial differential equation (1) which has real coefficients
is elliptic), are given in the implicit form

£(x,y) = o, n(z,y) = c2,
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where c¢1,co are constants (which can be varied to give the different curves in each
characteristic family). Then, since x = z(0), y = y(o) along a characteristic, we may use
the chain rule to show that

dx
gm%“‘gy% =0 = Ne——

In this case, (12) gives rise to

(14) K = A& +2B&,6,+C& = 0,

(15) M = An? + 2Bn,n, + C’n; = 0,

which are the differential equations for the characteristics when expressed in implicit
form and which define the expressions K and M. Note that we have now recovered the
positive sign for the second term in both equations.

Notes

(a) Whereas the equations for the characteristics in implicit form will be invaluable to
us in deriving canonical forms in the next section, the most convenient equation
for calculating the characteristic families is (13): one just solves for dy/dx and
integrates each of the two solutions with respect to x.

(b) When A = 0 # B, one may be led to suppose from (13) that there is just one
family of characteristics, found by integrating dy/dx = C'/2B. However, we have
to remember that in deriving (13), we have assumed that dz/do # 0. If we go back
to (what can be taken to be) the defining equation (12), we see immediately that
A = 0 implies that dz/do is a factor of the left-hand side of (12) and x = ¢; has
to be one family of characteristics. Of course, the lines with these equations (as ¢;
varies) cannot be expressed in the form y = y(x).
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Example 1 The curve I' in the (z, y)-plane has equation y = 22. Find the unit tangent
and the unit ‘upward-drawn’ normal at each point of I'. If the function z = z(z,y)
satisfies

15) 2
z = x and g9z _ _ x

on V1 + 422

along T', determine p = 9z/0x and g = 0z/0y along T.

The curve I' can be given the parametrisation « = o, y = 02. The tangent
(dz/do,dy/do) is (1,20), so that the unit tangent t (that is, the tangent of length one)
is given by

¢ — ( 1 20 )
V1+402 \/1+402)

By inspection, the unit upward-drawn normal n must be

( 20 1 )
n = (- ,
V14402 1+ 402

— ‘upward’ determines where the minus sign must be put (here, in order that the
y-component is positive). Equations (8) and (9) above give

20 1 20

_ + =
\/1+402p \/1+402q V14402

p+20q=1,

as z = o on I'. The reader will see that these simultaneous linear equations are solved
by p=1,¢=0. O

Example 2 Determine where each of the following two equations are hyperbolic and,
where this is the case, find the characteristic families.

(i) ’r —y*t = yq—ap,
(ii) Ys+yt = q+y°.

In each case, it is only the terms on the left-hand side of the equation, involving as
they do the coefficients of r, s, t, that interest us.
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In case (i), the condition B2 — AC > 0, necessary for the equation to be hyperbolic, is
satisfied at any point not on the co-ordinate axes. Equation (13) for the characteristics

1S )
dy
2 2
2 —2 =0
(%) v

which factorises as

dy dy B
<xdx —y) <xdm+y> = 0.

Hence the characteristic families are
_ y _
Yy = ci, = = co.
x
For case (ii), B2 — AC > 0 implies that the equation is hyperbolic when y # 0. This
time, equation (13) is

dy
— 27 —
Y dw—i—y 0.

Note (b) above reminds us, as A = 0, that one family of characteristics is * = ¢;. When
the differential equation is hyperbolic we may cancel through by the non-zero quantity
y and solve the resulting ordinary differential equation to give the second characteristic
family y? — 22 = co. ]
Exercise 1 Determine whether the equation

22r + 2zys +y’t —a’p—ayqg = 0

is hyperbolic, elliptic or parabolic (that is, classify the equation), and find its characteristics.

Exercise 2 Consider the problem consisting of the equation

zr+ (x—y)s —yt = (i;z) (r+aq)

together with the boundary conditions z = 0, p = 3y along the curve I' with equation x = 2y
when y > 0. Determine where the equation is hyperbolic and find the characteristic families.
Also, determine ¢ and 9z/0n along T" as functions of y.
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6.2 Reduction to canonical form

The reduction of the second-order equation
(1) Ar+2Bs+Ct = ¢(z,y,2,p,q)

to canonical form is to be achieved by a transformation

£ = &xy), n = nzy)

from independent real variables z,y to independent real variables &,7. So, as well as
requiring &(x, y) and n(z, y) to be real-valued functions (and as the reader may be familiar
from the theory of change of variable in double integration), it is necessary for the change
to be proper, that is for the Jacobian J of the transformation to be non-zero; in symbols,

a&mn) _ 0£an 9€n
d(z,y)  Oxdy Oyox

J =

This assures us that the new variables £, n are independent. We also want to be confident
that the second-order partial derivatives exist and are continuous, in particular so that
Exy = Eyzs Ny = Nya- S0, for the rest of this section we require the following.

The functions £ = &(x,y), n = n(x,y) are twice continuously differentiable and real-
valued in a domain D of R? where the Jacobian (¢,7)/0(z,y) is never zero.

Of course, the change of variables changes the functional form of z: the point is made
immediately by the example z = 22 — y? with the change of variable E =z +y, n =2 —y
(with Jacobian —2). The function z is changed to the function Z given by Z(&,n) = &n.
In general, when z = z(z, y) is a twice continuously differentiable and real-valued function
of the independent real variables z,y in a domain D, we define Z = Z(£,n) by

Z(f(x>y)777(x7y>) = z(w,y), (x,y) eD.

In these circumstances, Z is also twice continuously differentiable, and so Z¢, = Z,.
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For convenience, we adopt the notation

YA oz
0’z 0*Z 0’z 0*Z
R_Zﬁﬁ_aiég7 S_ZE”_Zﬁﬁ_agan_W’ T_Z,m_a—nz.

We now use the change of variables £ = £(z,y), n = n(z,y) to convert the partial
differential equation (1) in z to an equation in Z. It is important that a reader fresh to
the theory perform the details of the following calculations: we give them in an appendix
to this chapter. Differentiating z = z(z,y) with respect to x and y, the calculations give

p = &P+mQ,
q = &P +nyQ,
(16) 1= (axP +12Q) + (R + 260005 + 07T),
s = (SayP +m2yQ) + (&R + (&amy + &yna) S + mamyT),

t = (&P +nyQ)+ (sz + 28y S + W;T)-

Hence,

(17)  Ar+2Bs+Ct = (KR+2LS+ MT)
+ (A&yz + 2By + C&yy) P + (Anpy + 2By + Cnyy)Q,

where

(18) L = A&n. + B(&xny + gynw) + C&ymy

and K and M are the expressions defined in (14), (15) in section 6.1. This suggests that
if the functions &(x, y), n(x, y) giving the characteristics can be taken to define the change
of variables (so that K = M = 0), and if the expression L is non-zero (which we show
below), then (1) is hyperbolic. That L # 0 cannot surprise, for we should not expect
a proper change of variables to leave no second-order partial derivatives in the reduced
equation!

First note that the ratios dy/do : dz/do for the characteristic families in parametric
form z = z(0), y = y(o), as given by (12) in section 6.1, are distinct, if and only if
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B? # AC (a fact that can also be deduced by considering this tangent direction dy/dx
from equation (13), in the case dx/do # 0). If {(z,y) = c1 is one characteristic family,
we must have {(z(0),y(0)) = ¢ and hence, using the chain rule,

dx dy
§x% =+ Ey% = 0.

So, for this family,

dy dx

e
Similarly, for the other family n(x,y) = c2,

dy dv

do " do =

As the ratios for the two families are distinct, &,ny # &n.; that is, 9(€,n)/0(x,y) # 0.
So, the change of variables £ = &(x,y),n = n(x,y), when &(z,y) = ¢1 and n(z,y) = c2
are the characteristic families and B? # AC, is a proper change which, further, gives
dy/do : dx/do real and hence real-valued functions £ = £(z,y), n = n(z,y) in the
hyperbolic case B2 > AC.

A further calculation, which the reader should perform and detail of which will be
found in the chapter’s Appendix, shows that

(19) [~ KM = (B*— AC) <g§i Z;)Q

So, in the hyperbolic case with £, derived from the equations of characteristic
functions, both bracketed terms on the right-hand side are non-zero, whereas K = M =0
from (14), (15). Hence, L is non-zero and, using (17), equation (1) reduces to

(2) S = ¥ Z PQ)

which is known as the canonical form for the hyperbolic equation. The function V¥ is given
by

(20) 2L\Ij(€, 7, Za Pv Q) = Qb(x(f, n)a y(éa 77)3 Za ELEP + 779:Q, gyP + UyQ)
- (Af;rz + 2B§xy + ngy)P - (Anzz + 2B77my + Cnyy)Q7
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once one uses equations (16) and solves £ = &(x,y), n = n(x,y), for z,y as continuously
differentiable functions of &, 7. (This is possible by the Inverse Function Theorem of the
calculus, as 9(&,7n)/0(z,y) is non-zero.)

Example 3 Reduce each of the equations (i), (ii) of Example 2 of section 6.1 to canonical
form wherever they are hyperbolic.

The reduction of
(i) ?’r—y’t = yqg—ap

is to be performed at all points (,y) not on the co-ordinate axes in R%. The characteristic
families were shown to be xy = ¢1, y/x = c2; so, we make the change of variables

Y
5 = xy, 77 = —
T

(permissible, as x is never zero). One soon calculates ¢ = 2@ and deduces that ¥ =0
by (20). The canonical form for (i) is therefore S = 0.

Similarly, the appropriate change of variables for
(ii) vs+yt = q+1y°

when y # 0 (and (ii) is hyperbolic) is

One calculates

N |

and hence the canonical form is S = 1/2. O

Notes

(a) Faced with a particular partial differential equation to reduce to canonical form,
I would suggest attacking the problem ab initio, performing the calculations from
which (16), (17) above are derived, for the functions given.

(b) Beware that the second-order partial derivatives in the original equation (1) do in
general contribute both first- and second-order terms to the reduced equation: it
is a common error to forget some first-order terms.
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(c) It is often convenient, during the working, at first to leave the coefficients of
P,Q, R, S, T as functions of x and y (rather than of £ and 1), converting to functions
of £ and n at the last stage, when writing down the reduced equation.

In order to find the (real) canonical form in the elliptic case B?> < AC, we note
first that, as the functions A, B, C' are real-valued, the two solutions for the ratio dy/do :
dx/do in (12) must be complex conjugates. Thus, the functions & = £(z,y), n = n(z,y)
solving (14), (15) can be taken to be complex conjugates. As B # AC, they must also
be distinct and the change of variables (z,y) — (§,7) must be proper.

This suggests making the further change of variables (£,1) — (&,7'), where &', 7/ are
twice the real and imaginary parts of &, n

¢ = (&+n), 0o = in-29),

in order to find real functions &, i’ and hence to make the change of variables
(z,y) — (&,7), defined as the composition of the changes (z,y) — (£,n) followed by
(&,n) — (¢,1), a real change. Defining Z' = Z'(¢',n') by

Z(&mn) = Z'((E+n)i(n—¢))

and with an obvious extension of our notation, the reader will quickly show that

P = P —iQ,
Q = P +iQ,
S = R+1T.

In this way, we can convert the hyperbolic canonical form (2) to

(@) R4T = Vo, 7, P.Q)

where ¥’ is defined by
U((&n Z,P,Q) = V(E+n,i(n—¢§),Z, P —iQ, P +iQ').

Equation (4') is known as the canonical form for the elliptic equation.
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The reader will want to be assured that the composite change of variables (z,y) —
(&',n') is itself both real and proper. Justification of the above procedure in going from
the hyperbolic canonical form to the elliptic through complex variables, though not
given here, is relatively straightforward if there exist analytic functions' of two complex
independent variables x,y which reduce to P = P(z,y), Q = Q(z,y), R = R(x,y) when
x,y are real. When such an extension of P, @), R to complex variables is not possible,
proof is quite hard and subtle.

Example 4 Reduce the equation
(iii) yr4+a’t = 0

to canonical form.

Clearly, the equation (iii) is elliptic at all points (z,y) not on the co-ordinate axes.
The characteristics can be quickly determined from (13): we write down

du\ 2
y? <di> +22 =0
to find the complex conjugate families of solutions
Ey) = v+ = o, ey = ¥ -id’ = o
Proceeding as above, with ' =& +n, ' = i(n — &), we make the change of variables
¢ =27 o =2

Hence,
p = 42Q,

q = 4yP',
r o= 4Q + 162°T",

t = 4P +16y*R/,
and using (iii),

1622y%(R' +T') = —42*P' — 4°Q'.

LA function of two independent complex variables is analytic if it can be expressed as a convergent
power series expansion in the pair of variables x,y about every point of its domain.



6.2 REDUCTION TO CANONICAL FORM 99

Thus, the canonical form for (iii) is

1/1 1
R+T = _2<§’Pl+n’Q/>' O

Finally, for the parabolic case where B? = AC, when there is just one distinct (real)
family £(x,y) = ¢1 of characteristics, we need to find a (twice continuously differentiable)
function n = n(z,y) which, together with the function £ = £(z,y), will give us a proper
real change of variables (z,y) — (§,7). But this is easy: just pick any real-valued
twice continuously differentiable n = n(z,y) such that 9(¢,n)/0(z,y) # 0. Note that
n(z,y) = co cannot then be a characteristic family, and so the expression M in (15) is
non-zero, whereas £(x,y) = ¢ representing a characteristic family still ensures that K
in (14) remains zero. Therefore, from (19) we see that L = 0 and, using (17), that (1)
reduces to the canonical form in the parabolic case

(6) T = V(n Z PQ).

In the same way as we defined ¥ in the hyperbolic case, the function " is given by letting
MY (&,m, Z, P, Q) be the expression on the right-hand side of (20) for the functions &, 7
defined for this parabolic case.

Example 5 Reduce the equation
(iv) r—2s+t = 0

to canonical form.

Equation (iv) is immediately parabolic everywhere in the plane. Equation (13) gives

dy\?  dy dy |\’
—= 2—=+4+1 = — +1 =0
(dw) * dx + <dw *

and hence the only characteristic family is  +y = ¢1. So, we take

§ = x+y, n = x-—uy,
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the function n having been chosen so that 9(§,n)/0(x,y) # 0. Hence,

p = P+Q,

t = R—28+T,

from which equation (iv) reduces to the canonical form 7' = 0 at once.

Alternatively, and even more simply, we could take
£ =xty, n ==z

givingp=P+4+Q,q=P,r=R+25+T,s=R+S5,t= R and T = 0 very quickly
indeed. O

Exercise 3 Reduce the equations in Exercises 1 and 2 to canonical form.
Exercise 4 Reduce the following two equations to canonical form:

(a)  s+t+aptyg+(+ay—a)z = 0,

(b)  5r+48xs+5x’t = 0.

6.3 General solutions

According to the definition of section 5.3, a general solution of a second-order partial
differential equation is a solution containing two arbitrary (suitably differentiable)
functions. We now proceed by example to find general solutions to some widely
occurring hyperbolic and parabolic equations, where the method is most useful.
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Example 6 For each of the following second-order equations satisfied by the function
Z = Z(&,n), find the general solution:

@) S =0,

1

1 1
© §=jtEe (>0
d T =0

where S = 02Z/0¢0n, T = 0%2/0n? and Q = 9z/0n.

Equation (a) has already been discussed in section 5.3. The general solution is

Z = [(&)+g),

valid for arbitrary (suitably differentiable — a phrase we shall henceforth omit) functions
f=1&),9=9).

We specify two methods for tackling (b). The first uses the complementary function/
particular integral method common to the study of ordinary differential equations: we add
to a solution, the complementary function, of the corresponding homogeneous equation
S = 0 one particular solution, found ‘by inspection’, of the given non-homogeneous
equation (b). Here, by inspection, it is clear that Z = &n/2 is a particular solution; so,
using the complementary function determined for (a) above, we can already write down
the general solution of (b),

(21) Z = J€)+9)+ 56

valid for arbitrary f,g.

The second method uses what might be called ‘partial integration’. It gives us a more
general way of tackling not only such differential equations as (b), but also such others
as (c¢) and (d) (see below).

Write W = 0Z/9n. Then (b) can be written

ow 1

o 27
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Integrate with respect to £ (thinking of it, if you like, as if it were an ordinary differential
equation in &) to give

oz 1

where the arbitrary constant of ordinary differential equation integration is replaced by
an arbitrary (integrable) function h of 7. Notice that the differential of this function
with respect to £ is zero. Now integrate again, this time with respect to n (thinking of
the equation as if it were an ordinary differential equation in 7, with £ constant). This

again gives the solution (21) above, where f is an arbitrary function of £ and g(n) is the
indefinite integral

or equivalently, g is a differentiable function satisfying ¢’(n) = h(n). Note that, as (21)
is a solution with two arbitrary functions f and g (just differentiate, to check), it is the
general solution.

We proceed in the same way, but now more briefly, to solve (¢). With W = 0Z/0n,
re-write the equation as

ow 1 1

o 26 4’

Viewed as an equation in &, the integrating factor (Appendix (1)) is

€ d 1 1
o (_/ 2§> - (_21°g§> = eXp(logﬁ‘”z):gﬁ.

This is valid, as £ > 0. Hence,

and so, integrating with respect to &,

1 1 07
— W

g g

where h is an arbitrary integrable function. Integrating now with respect to n (keeping

& constant)
1

a Z = Z&in+gn) + f6),

1
2
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where f is arbitrary and ¢'(n) = h(n). Thus, the general solution is

(5() + g(m) + 5

[

(22) Z = ¢

for arbitrary f,g and £ > 0.

For (d), we just integrate twice with respect to 1 to obtain a general solution in terms
of two arbitrary functions f, g of &:

07

o f(€)

and hence

(23) Z = nf(&) +9(&). =

We are now ready to consider how we can take account of given boundary conditions,
the subject of the next section.

Exercise 5 Determine general solutions to the equations specified in Exercise 1 and 4(a). Notice
that, in the latter exercise, the canonical form can be written, when £ = x and n = x — y, as

ow 0Z
8—§—nW =0 where W = 8—7]—52

Note Using operator notation, the last equation above may be expressed as

The term

is known as a factorisation of this canonical form operator.

6.4 Problems involving boundary conditions

We have already commented on the desirability of determining not only where a solution
to a problem consisting of a differential equation with appropriate boundary conditions
can be found, but also where it can be shown to be unique. Existence and uniqueness
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will be addressed in the next chapter in the context of some celebrated problems
originating from mathematical physics. In this section, we shall concern ourselves solely
with the technique of ‘fitting’ boundary conditions in some cases which ‘work’. We again
proceed by example.

Example 7 Find the solution z = z(x,y) of the equation
(iv) r—2s+t = 0
when subject to the boundary conditions
z =p =y atx =0, for0<y<1,

specifying the domain in which the solution is determined.

In Example 5, we showed that the canonical form for this parabolic equation is T" = 0,
where £ = z + y and n = z, and in Example 6, we deduced that the general solution of
T=0is

Z(&m) = nf(&)+g(&).

Hence, in (z,y) co-ordinates, the general solution to (iv) can be written
(24) z(zy) = wf(z+y)+gle+y)
Partial differentiation with respect to x gives
w(n,y) = flet+y)+af(@+y) +d(@+y).
Applying the boundary conditions, we have
gly) =y = fy)+g'(y), for 0<y<l,
and hence f(y) =y — 1 and g(y) =y for 0 < y < 1. Therefore,
fle+y) = z4+y—1 and gz+y) = z+y, for O<z+y<l.

So, the solution of the problem consisting of equation (iv), together with the given
boundary conditions, is, from (24),

z(z,y) = z(z+y—1)+(x+y) = 2?4+ zy+ vy,

which is determined in
{(z,y) : 0 <z +y <1},

the shaded area in the diagram below. O
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X+y=1
A={(0,y): O<y<1}

(0,1)
X+y=0

(1,0) X

(0,0

Notes

(a) The reader should note how the boundary condition valid for 0 < y < 1 translates
to a solution ‘determined’ for 0 < z +y < 1.

(b) To say that a solution is ‘determined’ in a domain A means that the solution exists
and is unique in A.

(c) Notice that the set of points
{(z,y):2=0,0<y <1}
in R? where the boundary conditions are given is contained in the domain
{(z,y):x2=0,0<z+y<1}

in which the solution is determined (see the diagram).
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(d) If we had worked with n = x — y, rather than n = x, the general solution would
have been given, for arbitrary f; and ¢;, in the form

2(z,y) = -y filz+y)+al@e+y) = 2f(z+y)+g9(x+y),

if we put f(x+y) = 2f1(x+y) and g(z+y) = g1(z+y)— (x+y) fi(x+y). This is the
form of the general solution given in (24). Going ‘the other way’, if we start with

(24) and put fi(z+y) = f(x+y)/2 and g1(z+y) = ((x+y) f(z+y) +29(x+y))/2,
we easily recover

2(z,y) = (z—y)filz+y)+g(r+y).

Thus, the two forms of the general solution are equivalent.
Example 8 Find the solution z = z(z,y) to the equation
Vst+yt = gy’

which satisfies z = ¢ = 0 when y? = z, specifying the domain in which the solution is
determined.

In Example 3(ii), we showed that the canonical form for this equation, hyperbolic off
the co-ordinate axes, is S = 1/2, where ¢ = x and n = y? — 2. We deduced, in Example
6(b), that the general solution of S =1/2 is

&n

Z(&m) = f&)+gn)+5

which can be expressed in Cartesian co-ordinates as

2
z(y* — 2z
day) = fle) ol - 20 + T2
Hence,
¢ = 2yg'(y* - 22) + zy.
By applying the boundary conditions,
z? 1.,
fl@)+g(-z)-5 = 0 = 22(2¢(-2) +2).
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These equations are valid only for z > 0, as = = y? on the boundary. When y? = x > 0,

we can cancel 2 to give ¢’(—z) = —x/2 and hence, with ¢ constant,
2 2
—g(—x) = —F e f@) = T+e
for x > 0. So,
2
x
g(x) - Z -G

for x < 0 and the solution

ey) = @ Wr-22)  a(y?-2e) _ (2—y?)?
’ 1 1 2 1

is therefore determined when z > 0 and 32 — 22 < 0, the shaded area in the next diagram
(x > 0 is clearly redundant). O

yo=x
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Example 9 Find a continuous solution z = z(z,y) to the equation

J)2T—y2t = f(xayapaq)

in each of the following two cases:
(a) where the solution is required in
A= {wy) o=1y>1)
and satisfies
2(z,1) = 2(x—1)%, qz,1) = 0 forz>1, and z(1,y) = 0 fory>1,
and the function f is given by
flz,y,p,q) = yg—ap,

(b) where f(z,y,p,q) = > and the solution satisfies

z =22 ¢ =0 ony=1, for0 <z < 1.

The domain in which the solution is determined should be specified.

In case (a), we refer back to Example 3(i), where we determined the canonical form
S =0 when & = zy,n = y/z, and to Example 6(a), where we found the general solution
of S =0 to be
z2(&mn) = f(&)+a9(n)

or, equivalently,

(25) say) = Sy +9(2).
Hence,
q = fﬂf’(évy)+ég’ (%)

and so, applying the first pair of boundary conditions,
1 3 , 1 ,/1
(26) f@+e(2) = 2-1%  wf@g (L) =0

for z > 1. Hence,
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from which it follows that

(27) f@)—g (1) "

for z > 1, and so,

and

(0,1)

(0,0

C={(x,1): x>1}

109
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The function
T 3
(28) Ay = <xy—1>3+(y—1)

provides a solution to the problem when both zy > 1 and 0 < y/x < 1, shown as the
shaded region in the diagram above.

To determine the solution ‘above’ the line y = x, we apply the last boundary condition
to the general solution (25) to give

fly) +g(y) = 0, fory>1.

Hence, on substituting for g,
_ Y Y
(29) @) = fay) - f (L), for =1
x x

However, we are specifically asked to find a continuous solution for x > 1,y > 1. So, the
solutions (28) and (29) must agree on y = x for > 1. Hence,

fz®) - f1) = (@*=1)3, forz>1

and thus the solution (29), valid for y > x and zy > 1, is
3 Yy 3
(30) s@y) = (@y—1°—(2-1)".
x

The equations (28) and (30) certainly determine a solution in A for case (a).
In case (b), a small variant of the calculation in Example 3(i) produces the canonical

form

1 1
(31) S-5Q =

with the variables £ = xy, n = z/y (as the equation has the same second-order terms and

hence the same characteristics). The general solution of (31) was deduced in Example
6(c) as

e 3

Z6m) = (7€) +gm)+5

or, in Cartesian co-ordinates,

2(z,y) = (ay)? (f(:vy) +9 (;)) + x;
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111
Hence,
1
1 /x\?2 T 1 T T
¢ = 5(=) (flay +g<>>+ xy?(fvf’xy —s/())
:(5) (oo (5)) + ot (oron 50 (G
and, applying the boundary conditions, both
1 CCQ 2
(i) o)+ T =
and .
xr2 1
2 (f@) + 9(a)) + 2 (@ (@) - 2 (@) = 0,
for 0 < x < 1. These simultaneous equations are easily solved:
f@)="+e  ga)=TF—c

for 0 <z < 1.

y=x

B={(x,y): O<x<1, y=1}
0,1

(0,0)
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Hence, it would, at a first glance, seem that the solution

z? 1 (1 3 1 x% z?
o) = T (o) (6<:cy>2+3(y) ) = L+

would be determined when both 0 < zy < 1 and 0 < z/y < 1. However, the solution is
not valid on y = 0 and so, there is no way in which the boundary values given on y = 1
can determine the values of the functions f and ¢ for y < 0 and hence give a unique
solution there. Thus, the solution is determined only for y > 0,0 <zy <1,0<z/y <1
which give the shaded region in the diagram above. O

Notes

(a) The reader should note the argument in the last paragraph, restricting the solution
to y > 0.

(b) As in the examples considered, a diagram can often help to clarify one’s thinking.

The assiduous reader will already have carried out preliminary work on the following
when completing the exercises cited.

Exercise 6 Find the solution to the problem (differential equation and boundary conditions)
given in Exercise 2 and draw a diagram to indicate the domain in which the solution is determined.
(Use the canonical form derived in Exercise 3.)

Exercise 7 (i) (See Exercises 1, 3 and 5.) Find the solution z = z(z,y) to the equation
22r + 2xys +y’t —a’p—ayqg = 0
in {(z,y) :y > 2> 0},
1

z2 = q = E(ew—l) ony=1, for0<z <1,

and specify where the solution is determined.
(ii) (See Exercises 4(a) and 5.) Find the solution z = z(x,y) to
s+tt+aptyq+(1+ay—22)z = 0,

z=1 and ¢=0 ony=0, for0<z <1,

and show that in a certain region of the (z,y)-plane, which should be clearly specified,

(e7™ + e””y*?f).

N |
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6.5 Appendix: technique in the use of the chain rule

In this Appendix, we fulfil promises made in section 6.2 to go through the calculations
which establish equations (17) and (19) in detail. The reader is strongly encouraged to
try this now before reading on. What follows is essential technique and involves repeated
use of the chain rule from multivariable calculus. The operator idea is central to our
presentation.

To obtain (17), repeated differentiation of

z(m,y) = Z({({L‘, y)a”('rvy))

is required. Partial differentiation, first with respect to z, then y, gives (once one uses
the chain rule)

0z 0

(32) % =p = &P+ an = <£x 8& + 77:1: ) Z,
0 0 0

(33) a—; =q = LEP+nQ = (fyag + ny377> Z.

Notice that the operator d/0x acting on the function z, given as a function of x and y,

0
is equivalent to the operator £,— + nx acting on Z, the expression of z in (&,n)-

23

coordinates. We use this idea to obtain r, now differentiating (32) with respect to z.

_ afz 5'% o5 aQ
B 8P aP Q 662

= EpaP + 122 @ + ng +28:meS + 7732¢T
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Similarly, to find an expression for s, we differentiate (32) with respect to y (or,
equivalently — and the reader should check — (33) with respect to z).

opr opr ) o
5= fzyP + nny + & (fyag + nyan> + Nz <§ya§ + 773/5)

= g:vyP + "7ny + &fyR + (gzny + gynz)s + 77x77yT~

And differentiating ¢ with respect to y to obtain t:

oP oP 0 o
b= SuP +ny@+&y <£yé?§ +’7y6n> + 1y <5ya§ +77y8§72>

= &y P + 1y Q@ + ij + 2§y S + 775T-

Equation (17) now follows quickly.

To establish (19) is straightforward algebraic manipulation.

[P~ KM = (A&nutB(&any + &ne) + CEymy)>

— (A& + 2B, + CE)(An2 + 2Bnany + Cn?).
The coefficients of A%, C%, AB and BC are easily seen to be zero, leaving

L~ KM = BQ((gmny + Sym«)z — 4&:Eynamy) + AC(2E:Eymany — 3773 - 577923)

= (B~ AC)(&ny — &)’

which is (19).



7 The Diffusion and Wave
Equations and the Equation
of Laplace

The material in this chapter is in many ways of considerable significance. The equations
under consideration arise from classical, and classic, problems in mathematical physics.
They have provoked some of the finest work in classical analysis. The range of theory
and techniques that have been invented to tackle the various instances that arise is
extraordinary and has occupied some of the most celebrated figures in the history of
mathematics.

We have necessarily had to have rather limited objectives here. The aim is to find
some important, if elementary, solutions to the equations which in turn will expose some
of their main properties. Our main tool is indeed an elementary one which may already
be familiar to the reader: the method of separation of variables. However, even with
this tool, we find ourselves working with such well-known analytical objects as Bessel
functions and Legendre polynomials. Later chapters discuss other aspects of the subject
in the context of the calculus of variations, of the Sturm—Liouville equation, of complex
analysis and of transform theory.

The final section of this chapter fulfils a promise made in the last: we shall discuss
existence and uniqueness of solutions and, what is so important these days when numeri-
cal analysis and the computer provide approximate solutions to otherwise intractable
equations, whether a problem is ‘well-posed’, that is, whether its possible solutions are
‘continuously dependent on the boundary conditions’, and so, approximations are likely
to be accurate.
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7.1 The equations to be considered

This section specifies the notation and co-ordinate systems we shall use in the main text.
Some of the exercises will lead the reader further afield.

We make two purely notational points at the outset.

(a) We shall consistently use u (or U) as the dependent variable (rather than z (or Z)
as in the last two chapters) because of the extension beyond the context of Chapter 6 to
the three-dimensional Laplace equation, where we use z as an independent variable.

(b) For the diffusion and wave equations, we shall use t, rather than z, y or z, as the
second independent variable, to stress the fact that our interest is restricted to ¢ > 0.
Of course, the reason is that many classical applications traditionally employ ¢ as the
time variable and attempt to discover subsequent motion in problems containing initial
conditions at t = 0. The range of values taken by the space co-ordinate, or co-ordinates,
will vary.

Taking the above comments into account, two of the equations for functions
u = u(x,t) may be written down at once; namely, the parabolic equation

0%u ou
(1) b =

the one-dimensional diffusion, or heat, equation

and hyperbolic equation

d%u 1 0%
2 - =
(2) 0z2 2 Ot?

the one-dimensional wave equation

where k£ and c are positive constants.

Laplace’s equation, an elliptic equation, will be considered in polar co-ordinates. In
two dimensions, the equation for u = u(z,y),
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9%u

9%u
02 o2

2 — _
V’LL: ayQ_O

(3)

the two-dimensional Laplace’s equation in Cartesian co-ordinates

translates, once one changes variables, (z,y) — (r,0) from Cartesian to circular polar
co-ordinates defined by

r = rcos#,
= rsinf
forr > 0,0 <6< 27m and
U(r,0) = wu(rcosf,rsind)
to
U 10U 1 9*U
@ o "o trae = O

the two-dimensional Laplace’s equation in circular polar co-ordinates

for r # 0. Similarly, in three dimensions, moving from

9%u

Oy?

9%u

_ 0% 9%u
T Ox2

2
Veu +622

=0

the three-dimensional Laplace’s equation in Cartesian co-ordinates

for u = wu(x,y,z), by the change (z,y,z) — (r,0,¢) of Cartesian to spherical polar
co-ordinates defined by

r = rsinfcos @,
= rsinfsin ¢, (r>0,0<6<m 0<¢<2m)
z = rcosb
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and, when

U(r,0,¢) = wu(rsinfcos¢,rsinfsin ¢, rcosb),
gives, for 7 #£ 0 and 0 # 0, 7,

(6) ig QaiU_i_ 1 QS‘QGE+ 1 @_0
2 ar \' or 2sing 00 \° r2sin?6 0¢%

the three-dimensional Laplace’s equation in spherical polar co-ordinates

In the same way, using circular polar co-ordinates to replace the space variables in the
two-dimensional wave equation for u = u(x,y,t),

Pu, w10
ox2 oy 2 ot?

(7) Viu =

the two-dimensional wave equation in Cartesian co-ordinates

one obtains, for r # 0,

02U 10U 1 o*U 1 92U

o i or TR e T @ o

the two-dimensional wave equation in circular polar co-ordinates

Notes

(a) We leave the derivation of (4) from (3) (and thus (8) from (7)) and of (6) from (5)
as exercises for the reader. The first follows quickly from the initial result proved
in the Appendix to Chapter 6. The others are deduced similarly.

(b) The reader should remember that the symbols r and 6, used for both circular and
spherical co-ordinates here (as is commonplace), represent quite different quantities
in the two cases. Some authors will make this point by using p and v, say, for
circular polars.
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(c) Bessel’s, respectively Legendre’s, equation follows from using the separation of
variables technique on equation (8), respectively (6), as we shall show in later
sections of this chapter.

We shall be assuming some elementary working knowledge of the use of Fourier series
below. The Bibliography provides references for revision of this material.

7.2 One-dimensional heat conduction

The temperature u = u(z,t) of a thin rod, or bar, of constant cross-section and homoge-
neous material, lying along the z-axis and perfectly insulated laterally, may be modelled
by the one-dimensional heat equation

0%u ou
(1) 2 = o

Rather than describe the separation of variables technique in any abstract sense, we will
now apply it to find a solution to (1). We seek such a solution in the (separated) form

(9) u(z,t) = X(2)T(),

where X, T are suitably differentiable functions — we will denote the derivatives with
dashes: X' = dX/dr, X" = d>X/dx?, etc. Then, for u to satisfy (1), we need
EX"T = XT' or

X// T/

(10) ¥ = T

The left-hand side of (10) is a function only of x, where the right-hand side is only of ¢.
Hence, both must be equal to a (real) separation constant X\, say. Thus, we have separate
differential equations satisfied by X = X (z) and T' = T'(¢); namely,

(11) X" —AX = 0,
(12) T — kT = 0.

Finite rod Suppose that the rod lies along the part of the z-axis between z = (
and x = L > 0 is kept at zero temperature at its ends and that, at each of its points =,
starts off with temperature f(x) arising from a twice continuously differentiable function
f = f(x). Thus, we have boundary conditions

(13) u(0,t) = 0, w(L,t) = 0  fort>0
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and an initial condition
(14) u(z,0) = f(z), for 0 <z < L.

From (9), the boundary conditions (13) imply X (0)7(t) = X(L)T'(t) = 0 for all ¢ > 0.
To exclude the possibility that 7" is identically zero, we must have

(15) X(0) = X(L) = o

The reader will easily show that the general solutions X = ax + b (for A = 0) and
X = cexp (VAz) + dexp (—vVAz) (for A > 0) of (11), where a, b, c,d are constants, lead
to X = 0 (and hence u = 0) once the boundary conditions (15) are applied. So, to find
an interesting solution, we must insist that A is negative, say A = —u?, where p > 0.
Then

X = Asinpux + Bcospux,

where A and B are constants. Conditions (15) then imply B = 0 and (again excluding
A =0 giving X =0) sinuL = 0 and hence uL. = nw, where n € Z, the set of all integers.
Thus, for each integer n, we have shown that

(16) X(x) = Xp(z) = AnsinT,

with A,, constant, is a solution of (11) subject to (15), where

derived from \ = —p? and p = nw/L.
Solving (12) with A = A, and hence integrating factor exp (\,kt), we obtain, for each
integer n,
n2n2kt
(17) T(t) = To(t) = Cpe 17

Combining (16) and (17), we have found, for each integer n, a separated solution

nrr _n2x2kt
L2

(18n) u(z,t) = DnsinTe

with D,, constant.

To incorporate the initial condition (14), we will try to fit a certain combination of
solutions (14) to it. This will be justified by its success. The combination we choose is
that infinite sum corresponding to positive n; namely,
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27!'2
(19) ZDnsmme e
Condition (14) then implies
ZD Slnw = f(x).

For a fixed positive integer m, we multiply through by sin(mmz/L) and integrate along
the rod, that is, from 0 to L, so that

L L
/Z n Sin TT in U g = /f(x) sin m;mc dzx.
0 0

n=1

We now interchange the sum and integral (which may be justified by uniform convergence
— but see our Note at the very end of Chapter 0) and, using the trigonometric identity

2sin Psin@ = cos(P — Q) — cos(P + Q),

the reader will quickly deduce that

L 07 (m 7é n):
/ sin nmwT de —
L L

0 5 ) (m = TL)

Hence,
0 L
(20m) L/f sm— dx
0

for every positive integer m. We have thus found a solution to the problem consisting of
the expression (19) with constants Dy, given by (20m).
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Notes

(a)

(b)

Those readers familiar with Fourier series will see that we have sufficient continuity
and differentiability assumptions to justify convergence and the interchangeability
of sum and integral.

A natural question is: are there solutions which are not in this separated form? The
answer is in the negative, as there is a uniqueness theorem for this problem. Indeed,
such a theorem pertains when u(0,¢) and u(L,t) are any continuous functions of t.

Another question is: why should we choose an infinite number of solutions of the
form (18n), but only those corresponding to positive n? A full answer to this
question would lead us naturally into a study of vector spaces of functions and
which collections of vectors form spanning sets, that is, allow any function in the
space (here, any solution of the finite bar problem) to be expressed as a linear
combination of basis vectors (here, in (18n)).

It is worth noting that separated solutions again allow us to tackle the problem
of the infinite bar, though boundary conditions need especial attention. An
appropriate place for discussion of the existence of solutions is in the application
of transform methods and complex analysis (see Chapter 14).

Exercise 1 Suppose that the boundary conditions (13) are replaced by

uz(0,1) = 0, ug(L,t) = 0

(corresponding to the ends being insulated), but that in all other respects the problem remains
the same. Obtain an expression for u(z,t).

Exercise 2 Solve the heat equation (1) for the finite bar when subject to

and

w(0,t) = wux(L,t) = 0 fort >0

u(z,0) = Tox for0<xz <L,

where T is a non-zero constant.

Exercise 3 Solve the heat equation (1) for the finite bar when subject to

and

u(0,t) = 0, u(L,t) = 1 fort >0

u(z,0) = h(z) for0<z <L,

where h(0) =0 and h(L) = 1.

[HINT: First find a substitution of the form v(z,t) = u(z,t) + f(z), where v(z, t) satisfies (1) and
v(0,t) = v(L,t) = 0.]
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7.3 Transverse waves in a finite string

A string of constant density, performing small transverse vibrations and with constant
tension along its length may be modelled by a function u = wu(z,t) satisfying the
one-dimensional wave equation

0%u 1 0%u
® o = 2ame 70

For the case of a finite string, lying when in equilibrium along the z-axis for 0 < x < L,
fixed at its ends and with given initial position and transverse velocity, appropriate
conditions on the boundary are

(21) uw(0,t) = 0 and wu(L,t) = 0, fort >0

and initially both
(22) u(z,0) = ¢(x) and 88?:(3;, 0) = ¥(x), for 0 <z <L,

where ¢ and v are twice continuously differentiable functions.

Separation of variables is again useful and, as for the heat equation in section 7.2,
putting
u(z,t) = X(x)T(t)

leads to
X// T//

X a7
and, with separation constant A, to the equations
(23) X"—AX =0,
(24) T" = \*T = 0.
Again, as with the heat equation, exclusion of the case © = 0 implies first that

(25) X(0) = X(L) = 0
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from the boundary conditions (21), and then that the only solutions of (23) we can
consider are of the form

X(x) = Asinpuzx + Bcos ux,

where A = —p? is negative and A and B are constants. The conditions (25) then give
solutions to (23) in the form

for 0 < & < L and each integer n, where each A, is constant. Correspondingly, the
solution of (24) is
nmct nmct

T = T,(t) = CnsinT+Dncos 7

for t > 0 and constants C),, D,,. We seek a solution u = u(z,t) as a sum,

(26) u(a,t) = Y un(x,t),
n=1

of the normal modes

t 1)
(27) unp(x,t) = (E sin % + F), cos mIr/c > sin n—zx

of frequency (nm/L)(1/27) = n/2L, where E,, F,, are constants. Hence,

0 > t t
01: (x,t) = Z nme <En cos nzc — F,sin m;c ) Sin%

oo
z:ansinnzx = ¢(r) and ZmTCE sinm = ¢Y(x)
n=

for 0 < x < L. Referring to our work in the last section, we can immediately write down
values for F,, and Fj,:

L
2
28) B, = .L/zp(x)sinnzx dv, F, =
0
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valid for every positive integer n. The assumption we have made can easily be shown
(from the theory of Fourier series) to establish rigorously that u(x,t), as given by (26),
(27) and (28), is a solution of the problem consisting of equation (2) with boundary
conditions (21) and initial conditions (22).

Exercise 4 The function v = u(z, t) solves equation (2) when subject to the boundary condition
(21). Find w in each of the following cases:

(a) u(xz,0) = 0 for0<z<L
and I
0 for 0<a < —,
4
ou L 3L
Z(r.0) = = °F
8t($a) Vo for4<33< 1
L
0 for %gng,

where V) is a small positive constant. (Assume the above analysis remains valid, despite the
discontinuities of du/0t.)

(b) u(z,0) = ex(L—z) and — (z,0) = 0

for 0 < z < L, where ¢ is a small positive constant.

Exercise 5 By first transforming the equation to canonical form (as in Chapter 6), show that
the solution to (2) when subject only to the initial conditions (22) may be written in d’Alembert’s
form

x+ct

(p(x + ct) + ¢p(x — ct)) + 2% / Y(u) du

r—ct

(29) u(z,t) =

[N

and specify the domain in the (z,t)-plane in which this solution is determined.

Now consider the special case ¥ = 0. Show that, if in addition we apply the boundary
conditions (21), then ¢ must be an odd function (¢(z) = —¢(—x), all ) of period 2L. Also, by
first re-writing the solution (26) in this special case, using the identity

cos PsinQ = % (sin(P + Q) —sin(P — Q)),

compare (26) with (29).
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Note Further discussion of examples, such as in Exercise 4, and the application of
d’Alembert’s formula (29) in Exercise 5 (including to the propagation of waves) may
be found in any book on wave motion, examples of which may be found in the Bibliog-
raphy.

7.4 Separated solutions of Laplace’s equation in polar
co-ordinates and Legendre’s equation

Our real interest in this section is in applying the method of separation of variables to
three-dimensional Laplace’s equation in spherical polar co-ordinates and in the derivation
of Legendre’s equation. As a curtain-raiser, which in a simpler way shows some of the
techniques involved, we shall look at the two-dimensional Laplace equation in circular
polar co-ordinates (r, )

U 10U 19U

@ o "o TR o

= 0 (r #0)

and seek separated solutions U = U(r, 0) in the form
U(r,0) = R(r)©(0),

where R = R(r) and © = O(0) have continuous second derivatives. This leads quickly to

for a separation constant A, and hence

(30) PR +rR—AR = 0
and

(31) 0" +X0 = 0.

Requirement For the purposes of many applications, especially in physics, it is natural
to insist, as (r,6) and (r, 0+ 27) represent the same points in the plane, that the function
© be periodic of period divisible by 27. This requires A = n? where n is an integer
— a requirement we now adopt.
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The solutions of (31) are then

Cob + Dy (n=0),
o) =
Cy sinnb + Dy, cos nf (n #0),

for integers n. The constant Cy will be taken to be zero for the same reason as we put
A = n2. Equation (30) becomes

(32) PR +rR —n’R = 0 (r>0)

which is of Euler type (see Appendix (7)). When n =0, R = a + blogn (a,b constants)
is a solution. For n # 0, the trial solution R = 7 leads to the auxiliary equation p? = n?
and hence the general solution of (32) is given by

Ag + Bylogr (TL:O),
R(r) = (r>0)

B,
Apr™ + ey (n #0).

As solutions for n < 0 are already present in the list for n > 0, we ignore them and, to
match boundary conditions, seek solutions to (4) in the form

00 B,
(33) U(r,0) = Ayp+ Bplogr + E <Anrn + n) (Cpsinnd + D, cosnb).
T

n=1

In practice, with the simpler boundary conditions, one may try to fit the conditions
by choosing only the (seemingly) appropriate terms in (33). The following example gives
a case in point.

Example 1 Find a continuous function u = wu(x,y) which satisfies Laplace’s equation
inside the circle I' = {(x,y) : % + y? = 1} but equals 1+ 2y% on T.

Noting that on I'; as y = sin# and hence
(34) 142y = 1+2sin?6 =2 — cos 26,

we seek solutions in the form

B
U(r,0) = (Ap+ Bologr) + <A2r2 + r;) (Cysin 20 + Do cos 20).
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As we require a continuous solution, valid at the origin, we must have By = By = 0.
(Co = Dy = 0 cannot give a solution which satisfies the boundary condition on I'.) Hence,
having regard to (34), a natural ‘trial solution’ is

(35) U(r,0) = a-+br?cos?26,
where a and b are constants. To equal 1 4 2y on I', we must by (34) have
a+bcos20 = 2— cos20 (0 <0< 2m).

For this to hold when 6 = /4, a has to be 2, and hence b = —1. With these values for
a and b, the trial solution (35) becomes

U(r,0) = 2—71%cos20 =2 —r%(1 —2sin?0) = 2 — 72 + 2(rsin )?

and thus
w(z,y) = 2— (@ +y7)+ 27 =2—2+y° O

Exercise 6 The change of variables (z,y,z) — (r,0, z) into cylindrical polar co-ordinates given
by

r = rcosb,
= rsiné,
z = z

forr > 0,0 < 6 < 27, and U(r,0,z) = u(rcosf,rsind, z) translates the three-dimensional
Laplace equation (5) for u = u(z,y, z) into

2 2
(36) 18(8(]) 1 0°U @ 0°U

e ) traEtar =0 070

Show that separated solutions of the form U(r,8) = R(r)O() which are independent of z again

give rise to equations (30) and (31), and hence to the solution (33) if we require A = n?.

Find a solution of (36) inside the cylinder » = a (a is a positive constant) which satisfies

. . . oU 3
7113%) U(r, ) finite, }1_1)1(11 I (r,0) = cos’ 6

for 0 < 6 < 2x. Is the solution unique?

For three-dimensional Laplace’s equation in spherical polar co-ordinates and r # 0,

0#£0#m,

(6) 19 7"26—[] +71 9 sinea—U —1-71 LQU =0
r2 Or or r2sin@ 00 r2sin20 042
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we shall only seek separated solutions U = U(r, 0, ¢) independent of the co-ordinate ¢
and therefore in the form

U(r,0) = R(r)©(0).

Substitution leads directly to

(sinf.0"” +cos.0") = A

1 2 ol / 1
- ) - _
g TR A2 sinf.0

for a separation constant A, and hence to

(37) R"+2rR — AR = 0
and
(38) 0" +coth.0 + 10 = 0.

Requirement In order that a solution © = ©(6) of (38) is continuously differentiable,
it is necessary (but we shall not show here) that A\ = n(n+1) where n is a positive integer
or zero. We make this a requirement.

With A = n(n + 1), equation (37) becomes
(39) R’ +2rR —n(n+1)R = 0,

an equation again of Euler type: the trial solution R = r* leading to the general solution

B
R=R,(r) = A"+ —rnfl
valid for n a positive integer or zero.
The corresponding equation in © is
(40) 0" +cot®.0 +n(n+1)© = 0.

The substitution « = cos# transforms (40) into an equation in L = L(z) by means of
O(f0) = L(cosb), ©'(f) = —sinf.L'(cosh)

0"(#) = sin?6.L"(cosf) — cosf.L (cosb)
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and resulting, after minor re-arrangement, in Legendre’s equation

(41) (1—2*)L" —22L' +n(n+1)L = 0.

As we shall see in Chapter 13, solutions to this equation, the Legendre functions, come
in two kinds. Corresponding to each n, there is a polynomial solution L = P,(x), called
a Legendre polynomial and, linearly independent of P, = P,(x), a solution which is a
Legendre function of the second kind @, = Qn(x). The Legendre functions of the second
kind are often not useful in analysing practical problems, as they are undefined at z = 1
(corresponding to # = 0). For example,

Qo(z) = ;log<1+x>, Qi(z) = 1xlog<1+x)—1.

1—=x

Before taking up a more general discussion later on, and in order to tackle some realistic
problems, we specify here the first four Legendre polynomials, which the reader may
easily check solve equation (41):

(42) Py(z) = 1, Py(z) = x, Py(z) = %(3#—1), Py(z) = = (52> — 3x).

DN | =

Of course, as (41) is a homogeneous equation, constant multiples of these functions also
solve it. It is, however, usual to choose the multiples, as we have here, so that P,(1) =1
(corresponding to ©(0) = 1).

Exercise 7 For integers m,n ranging over 0, 1,2, 3, verify the following identities:

(0 Pae) = oo @ 1),
(b) JE@ra = o2
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Note Equation (a) is known as Rodrigues’s Formula and (c) is referred to as the orthog-
onality property of Legendre polynomials (corresponding to orthogonality of vectors in
the appropriate inner product space of functions, as studied in linear algebra).

As with circular polars in the plane discussed above, we might in the general case seek
solutions of three-dimensional Laplace’s equation, which are independent of the angle ¢,
in the form

U(r,0) = Z (Anr,»n + 7511) (CpPp(cos ) + DpQp(cosh)).
n=0

For simple problems, such as in the example now following, it may be possible to limit
ourselves to sums of the following four functions:

B B
(Ao—i- O)Po(cosﬁ) = Ao—i—TO,

r

B B
(Alr + 21> Pi(cos) = (Alr + 21) cos 6,
r r

(43)
B By 1
2 2 _ 2 2 2
<A2r + 7“3> Py(cost) = (Agr + 73) 3 (3cos® 6 — 1),
B B3\ 1
3 3 _ 3 3 3
<A37' + 7*4) P3(cosf) = <A3r + r4> 3 (5cos” @ — 3cosb).
Example 2 In three-dimensional Euclidean space, u = wu(x,y,z) satisfies Laplace’s

equation outside the sphere S = {(x,y,2) : 22 +y? + 2% = 1} and is equal to 3 + 42 +
5(x2 +y?) on S. Find a solution to this problem, given that u — 0 as 2% + y? + 22 — oco.

In spherical polars (7, 6, ¢), the problem may be expressed as seeking to find a solution
U of Laplace’s equation for » > 1, which is independent of ¢, equals 3 + 4 cos 6 + 5sin® @
when r = 1 and tends to zero as r — co. Now, the reader will quickly show that

1 1
(44) 3+4cos+5sin’f = 39 Py(cos ) + 4Py (cos ) — EO Py(cosb).

It is natural to seek a solution involving just the first three functions in (43). Further,
we shall discard terms involving 7™ (n = 0, 1,2) which do not tend to zero as r — oo.
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So, our trial solution is

b
U(r,0) = % Py(cosb) + ) Py(cos ) + r% Ps(cos 0)

for constants a, b, c. Comparing this with (44) when r = 1 gives a = 19/3, b = 4,
¢ = —10/3 (justified, for example, by using (b) and (c) of Exercise 7). A solution to the
problem is hence found to be

19 4z 5(x% + 9% — 222
U(IL‘,y, Z) = 1 + 3 + §) )
32 +y?+22)2 (2242 +2Y)2 3(a? +y? +22)2
once one uses z = rcosf and 2 = 22 + y? + 2. O

Exercise 8 Find a continuous function u = u(x,y, z) which satisfies Laplace’s equation within
the sphere S = {(z,y, 2) : 22 + y*> + 22 = 1} and equals 23 on S.

Exercise 9 Investigate separated solutions mot independent of ¢,
U(r,0,6) = R(r)©(0)®(¢),

of three-dimensional Laplace’s equation in spherical polar co-ordinates (r, 6, ¢) as follows. First
write

U(r,0,6) = R(r)K(0,¢)

and choose your separation constant so that the equation in R is (39). Then write

choosing a second separation constant so that the equation in ® is
" +m’® = 0.

Show that if we write z = cos @ and ©(6) = M (cos6), then the equation satisfied by M = M (x)
is

(45) (1—22)M" — 22 M’ + {n(n 1) -5 m* }M )

— 2

Note Solutions of (45) are linear combinations of the so-called associated Legendre
functions P = P"(x) and Q' = Q1'(x) not discussed further here.
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7.5 The Dirichlet problem and its solution for the disc

In a number of examples and exercises in the last section, solutions of Laplace’s equation,
harmonic functions, were sought which satisfied specified conditions on the boundary 9D
of a region D in which the equation was valid. For instance, in Example 1, a solution
of two-dimensional Laplace’s equation in the interior of the unit disc, which equalled a
given function on the unit circle, was required, whereas in Example 2, the solution of
three-dimensional Laplace’s equation outside the unit sphere had to have specific values
on the sphere.

Definition 1 The problem of finding a harmonic function in a region D of Euclidean
space, which equals a given function on the boundary 9D of D, is called the Dirichlet
problem for D.

Because of its great importance in applications, the Dirichlet problem has received
considerable attention, especially in a number of areas of classical mathematical physics,
such as gravitation, electromagnetism and hydrodynamics. In this section, we show that
the Dirichlet problem for the disc has a solution in integral form. We work in circular
polar co-ordinates, so that the problem can be expressed as follows: to find U = U(r, )
for 0 <r <R, 0<#6 < 2m, such that

09U 10U 1 9*U
(46) — +

o o T =0 070

lin}%U(r, 0) = f(0), (0<0<2m)

where we assume that f is a continuous function of §. As we require our solution to exist
in the whole disc, and in particular at the origin, we reject solutions containing log r and
r~" for all positive integers n, and use the trial solution (33) in the restricted form

o0
U(r,0) = Ap—+ Z r"(Cy sinnf + D,, cosnb).
n=1

Hence,

fO) = Ap+ Z R™(Cy, sinnb + Dy, cosnb),

n=1

for 0 < 0 < 2m,
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where
2
1
A = 5 [ Foras
0
and
2m 2m
Cp, = 7T;%n/f(gb) sin ng do, D, = 7T;%n/f(qﬁ) cos neg do
0 0

for every positive integer n. Therefore, using the uniform convergence of the sum for
f(0) to interchange sum and integral, we have

2 2 00
U0) = o [ f@)do+ 7 | ( (;)"cosn<e_¢>> £(6) do

and hence

(47) U(r,6) = — <1+22<;)ncosn(0—¢)> £() do,
0

all for 0 <r < R, 0 <0 < 27. Two elementary lemmas now aid our discussion.

Lemma 1 (Mean Value Theorem) Under the conditions of the given Dirichlet
problem, the value of U at the origin is

2

o [ H@)do,

0
that is, the average value of f over the circle on which it is defined.

The proof of Lemma 1, which relies on Green’s Theorem in the Plane (the two-dimensional
Divergence Theorem) and techniques not central to this chapter, is given in an appendix.

Lemma 2 For 0 < p <1

2

o
pcost —p
48 g " t =
(48) n,lp cosm 1—2pcost + p?

for all real ¢.
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Proof Noting that, as a convergent geometric series,

o it it —it
: pe pe' (1 —pe™™)
49 § hHn = _ = : :
(49) (pe") 1 — pett (1 —pet)(1 = pe~™)

n=1

peit — p?

1— p(eit + e—it) + p2 )

all we need to do is recall that

cost = Re(e) = =~ (e +e7%)

N | =

and take real parts. O

Corollary 1 With the same conditions,

1—p?
1—2pcost+ p?~

o0
1+2Zp"cosnt =

n=1

Lemma 1 tells us that equation (47) represents U = U(r,0) even when r = 0, and
hence Lemma 2 allows us to deduce, when writing p = /R and t = 6 — ¢, that

27
1 R2 _ 2
(50) ur9) = prs / R?2 —2rR cos(g— @) +r? f(9)de
0

for 0 <r < R, 0 <6 < 2m, once one multiplies both numerator and denominator of the
integrand by R2.

Thus, equation (50) solves the Dirichlet problem for the disc, presenting the harmonic
function U = U(r, 8) as Poisson’s integral. The function

R2 o T2
2m(R? — 2rRcos(0 — ¢) + r?)

multiplying f(¢) in the integrand is known as Poisson’s kernel.

Note The reader will have noticed that we have re-formulated the usual form of the
boundary condition, using lim,_, g u(r,0) = f(#) rather than u(R,0) = f(0), to ensure
that Poisson’s integral will continue to give us a solution as we approach the boundary.
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7.6 Radially symmetric solutions of the two-dimensional
wave equation and Bessel’s equation

We have noted in the introduction to this chapter that when we change the Carte-
sian space variables (z,y) to circular polar co-ordinates (r,6), the two-dimensional wave
equation becomes

(51) 82U+187U+i82U 19U
or2 o or  r2 002 2 o2’

where c¢ is a positive constant. Here we look for radially symmetric separated solutions
U(r,t) = R(r)T(t),

that is, separated solutions which are independent of . Quickly we find

1 1
9 L ot ot —
(5) R(‘R +TR> 2T ’

for a separation constant .

We now impose conditions which correspond to those useful for the analysis of small
transverse vibrations of a circular membrane, fixed along the whole of its rim; namely,
the boundary condition

(53) U(R,t) = 0, forallt >0

and, where ¢ = ¢(r) and ¥ = 1(r) are continuous, initial conditions

(54) U(r,0) = o(r), 88? (r,0) = (r), for 0 <r <R.

Requirement In order to ensure oscillatory motion, we insist that A = —pu? (u is a
positive constant), so that the differential equation in 7' = T'(¢) arising from (52)

T —\2T = T+ 12AT = 0,

has solutions
T(t) = Asinpct + B cos uct, (A, B constants).
The corresponding equation in R = R(r), again from (52), is

rR" + R + p?>rR = 0,
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which, after making the ‘normalising’ substitution = ur, gives an equation in y = y(x),
through
R(r) = y(ur),  R(r) = w/(ur), R" = p*y"(ur).

This equation is Bessel’s equation of order zero:
(55) oy +y +xy = 0.

Solutions of this equation (discussed in Chapters 12, 13 and 14) are linear combinations
of the zero order Bessel functions Jo = Jo(x), respectively Yy = Yy(x), of the first,
respectively, second kind. As Yy — oo as ¢ — 0, for the purposes of our problem Y must
be excluded. Thus, we want constant multiples of

Jo = Jo(z) = Jo(ur)

and hence have found a separated solution of the two-dimensional wave equation in the
form
U(r,t) = Jo(ur)(Asin pct + B cos uct).

In order for this to satisfy the boundary condition (53), we must have
Jo(uR) = 0,

as otherwise T' = 0 implying U = 0, which is only possible for the uninteresting initial
conditions given by ¢ = 1) = 0. It is known (but not established here) that Jy = Jy(z) has
a countably infinite number of positive zeros which we arrange as an increasing sequence
(o), where

ap < ar < < oap <
Correspondingly, we may write p = u, = ay, /R, for each n. So, in line with earlier work

in this chapter and in order to fit the initial conditions, we choose a trial solution in the
form

d anT . anCt Oénct
U(r,0) = ,;JO <?) <Ans1nR + B, cos 7 > .

The Fourier analysis (valid for differentiable ¢,1) which we used in sections 7.2 and
7.3 may then be employed to determine the constants A,, B, as integrals involving
Jo(anr/R).
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Exercise 10 Investigate the same problem (including the same boundary and initial conditions)
when the (non-zero) solution U = U(r, §,t) sought varies with 6, as well as with  and ¢.

[Plan of action: first write U(r,0,t) = f(r,0)T(t) and, as above, write down equations for
f=f(r,0) and T = T'(¢) involving f(r,8) = R(r)©(#) and, for consistency, choose a separation
constant so that the resulting equation in © is ©” + n?0 = 0, for positive integers n. Supposing
that R(r) = J,(ur), where J, = J,(x) is the n-th order Bessel function, ‘well-behaved’ at = = 0,
and that ¢ (r) = 0, write down a natural trial solution.]

Exercise 11 Investigate the two-dimensional wave equation in Cartesian co-ordinates

Pu  OPu 1 0%

- + = = —,
0x?2 = Oy? 2 Ot2
seeking solutions u = u(x, y,t) satisfying the boundary conditions

u(z,0,t) = wu(x,b,t) = 0 for 0 <z <a,

u(0,y,t) = u(a,y,t) = 0 for 0 <y < b,
both for all ¢ > 0, and the initial conditions
u(z,y,0) = é(z,y),

ou

a(xvyao) = 1/)(1’,y),

both for 0 < x < a, 0 < y < b. This corresponds to small transverse vibrations of a rectangular
membrane fixed at every point of its rim.

[You should expect your solution to be expressed in terms of a ‘double’ Fourier series.]

7.7 Existence and uniqueness of solutions, well-posed
problems

The topics heading this section represent an area where pure mathematics has the most
profound and useful application, to assure applied mathematicians that their models of
the real world produce problems where solutions may be found (existence), or where a
solution, once found, covers all possibilities (uniqueness), or where a computer approx-
imation of a problem produces solutions near the true solution of the real (well-posed)
problem.

Our remarks split naturally along the lines of the classification of second-order partial
differential equations with linear principal part given in Chapter 6. However, we make
one general comment concerning well-posed problems first.
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If a problem is well-posed, then the continuity of a solution dependent on continuously
varying the boundary conditions necessitates that r, s, can be defined as continuous
functions along the boundary curve. Hence, the boundary cannot, by definition, be a
characteristic.

It is only for hyperbolic equations that one can say something general and positive.
The Cauchy problem, consisting of the hyperbolic equation in canonical form

0%u ou Ou
0 gy = ¢ (20505
together with Cauchy boundary data
(67) u(@().y(@) = h(e). D (2(0)u(0) = hlo) o (a(e)u(@) = filo)

ox

given along a regular curve C with equation r = r(o) = r(z(0),y(0)), where fi, f2, f3 are
continuous functions of ¢, permits an elegant solution locally, in the following manner.

Theorem 1 Suppose that ¢ = ¢(x,y, u,p,q) is continuous in a neighbourhood N of
(20, Y0, f1(00), f2(00), f3(00))

in R, where r(og) = (z(00),y(00)) = (70, 0), a point on C. Further, suppose that no
tangent of C' is parallel to either the z- or y-axis and that ¢ satisfies Lipschitz conditions
in each of the variables u, p, ¢ (see Chapter 2). Then, in a sufficiently small neighbourhood
of (xo,yo), there exists a unique solution of (56) satisfying the Cauchy data (57).

Notes

a 1s Cauchy problem 1s ‘stable’, in the sense that slight changes in the Cauchy data
This Cauch: blem is ‘stable’; in th hat slight ch in the Cauchy d
(57) produce only slight changes in the solution. Thus, the problem is well-posed.

(b) The proof' of Theorem 1 parallels, with its use of Lipschitz conditions and the
Weierstrass M-test, the proof of the Cauchy—Picard Theorem given in Chapter 2.

(¢) When the equation is linear and ¢(z,y, u,p,q) may be written in the form

o(z,y,u,p,q) = a(z,y)p +b(z,y)q + c(x,y)u + d(z,y),

one can use the particularly elegant method of Riemann to write down a global
solution of the Cauchy problem in terms of the values along the boundary curve
and the integral of d = d(z, y) over a region bounded by characteristic and boundary
curves. The exercises at the end of this section consider special cases.

'See, for example, Epstein, Partial Differential Equations, Chapter 3.
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We can often find solutions of the parabolic equation and, when the solution is
unique, this can be expected to arise alongside a well-posed problem in a bounded region.

Example 3 The one-dimensional heat equation

9%u ou

1 RO _ ou
(1) 0z? ot’

for u = u(x,t), taken together with the appropriate Cauchy data

u(07t) = fl(t)7 U(L7t) = fQ(t)v u(:c,O) = f3(x)

(compare section 7.2) is a well-posed problem producing a unique solution.

However, in infinite domains, uniqueness can fail. To furnish an example, we allow z
to range over the whole real line and specify an initial condition in the limit form

li = for all x.
t_l}I(?)ﬂ_i_u(.flJ,t) f(z), or all =

If u; = w(x,t), for i = 1,2, are two solutions of the problem, then u = u; — ug clearly
also solves (1) and u(z,t) — 0 as t — 0+, for all z. If the problem had a unique solution,
u would have to be the identically zero function. However, the reader may easily show
that if we take u = u(x,t) to be the function defined by

x x?
u(z,t) = 1373 OXP (—4“), (t >0, all x)

then

li =

Jm u(z,6) =0, (z#0)
whereas u(0,t) = 0, for all ¢. Note that u(x,t) goes to infinity as (z,¢) approaches (0, 0)
along the curve z2 = 4t. O

Note Uniqueness is retrieved if we know that « must remain bounded; but the proof is
technically demanding (and not given here).

The elliptic equation is far less tractable; hence the importance of solutions to the
Dirichlet problem. We now give some classical examples to show that Cauchy data may
be prescribed for which Laplace’s equation has no solution, and also for which, though a
solution can be found, it is extremely unstable.
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Example 4 We consider two-dimensional Laplace’s equation

Pu  Pu _
ox? = 0y2
with Cauchy data
_ Ou B ou 3

It can be shown (but not here) that any solution must have derivatives of every order on
y = 0. However, the third derivative of |z|* does not exist at x = 0. g

Example 5 The same as Example 4, save this time

ou sin nx
aiy (LE, 0) - N )

for positive integers n. The right-hand side of this equation tends uniformly to zero as
n — 00, but the solution to the problem, given by

sinh ny sin nx

u(z,y) = 2z

does not tend to zero as n — oco. However, if

ou
a. 70 = 07
3y (2,0)
then the solution is u = 0. The problem is not well-posed. (I

It is conjectured that all problems involving elliptic equations are ill-posed.

Exercise 12 (The Dirichlet problem is not soluble for the hyperbolic equation.) Show that if
u = u(x,y) is a solution of the hyperbolic equation u,, = 0, valid in the closed rectangle, the
sides of which are given by the equations

where a and b are positive constants, then
u(0,0) + u(a,b) = wu(a,0)+ u(0,b).

Hence, show that it is not in general possible to solve a hyperbolic equation with prescribed values
on the boundary of a given region.
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Exercise 13 Show that v(z,y) = Jo((zy)?), with Jo(0) = 1, is a Riemann function for the
telegraphy equation

0%u 1
Lu = —u =
U= gy 1t f(z,y),
that is, that it satisfies
Ov v

for x # 0, y # 0 and v(0,0) = 1.
[HINT: Recall that the Bessel function Jy = Jy(t) of zero order satisfies Bessel’s equation

tJ) + Jy+tJo = 0.

Note By translation, the origin (0, 0) can be replaced by any point (X,Y") in the domain
of the problem. The Riemann function would then be v(z,y) = Jo((z — X)%(y - Y)%)
and would correspond to boundary conditions

ov ov

%(x’Y) = 7(X>y) = 0,

Lv = 0
v , By

forz # X,y #Y and v(X,Y) = 1.
Exercise 14 Consider the problem consisting of the hyperbolic equation

9?u  O%u
2 o f(z, 1),

with Cauchy data

ou

u(z,0) = ¢(z), E(mvo) = P(z), (a<z<b)

to be satisfied by a twice continuously differentiable function v = u(z,t) and continuous functions
¢ = ¢(x), ¥ = P(x). By using Green’s Theorem in the Plane (see the Appendix to this chapter),
as applied to the triangular region A, bounded by segments of the characteristics L1, respectively
Lo, given by x —t = X — T, respectively x + ¢t = X + T, passing through the point (X,T), and
the boundary curve L3, given by t =0, where T'# 0, a < X — T and X + T < b, show that

Oudr Oudt
t)dxdt = —— 4+ —— ] ds.
//A flz,t)do /1:1+L2+L3< ot ds + Ox ds) 5
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N X
(@0 (X-T,0) L, (X+T,0) _ 7 (b,0)
AN / 7
N N ) /
N N ) /
Deduce that

X+T T X+T-t
(X, T) = (X -T)+6(X+T)+ / V() de — / / (z,t) dxdt.

- 0 X—T+t

Hence, show that a solution to the problem both exists and is unique. Show further that if ¢ and
1) are also continuous functions of a parameter A, then so is u.

[HINT: Notice that dz/ds = —dt/ds on Ly, dz/ds = dt/ds on Ly and dt/ds = 0 on L3, and hence
that the integrand for L; is (—du/ds) and for Lo is du/ds.]
Notes

(a) The reader will have noticed that u(X,T") can be determined by the above method
whenever (X, T) lies in the square bounded by the dotted lines in the diagram; that
is, by the lines with equations

X-T =a, X-T =05b X+T =a, X+T = b

We only know ¢ and v on the interval [a,b]. The square is called the domain of
dependence on the boundary /initial conditions.
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(b) In the terminology of the note following Exercise 13, a Riemann function for the
problem in Exercise 14 is v = 1.

7.8 Appendix: proof of the Mean Value Theorem for
harmonic functions

We here deduce Lemma 1 of section 7.5 as a corollary of Green’s Theorem in the Plane
(the two-dimensional Divergence Theorem), a result which we shall assume. We consider
only the three cases where the region A is

(i) the interior of the circle I'p of radius R, centred at the origin 0,
(ii) the interior of the circle I'; of radius €, centred at the origin (0 < ¢ < R),

(iii) the region between I'c and I'g.

Theorem 2 (Green’s Theorem in the Plane) Suppose that P and @ are continu-
ously differentiable functions on A U 0A; that is, on A taken together with its boundary
0A. Then

(58) / /A (P, + Q) dudy = /a ) (PZZ— fl”;) s,

where s is arc-length measured along 0A and the integral on the right-hand side is the
corresponding line-integral.

Notice that a curve r = r(s) = (z(s), y(s)) with unit tangent vector t = (dx/ds, dy/ds)
has (outward-drawn) normal n = (dy/ds, —dx/ds), as this latter vector is clearly also of
unit length and such that t.n = 0. So, using vector notation, Green’s identity (58) may
be re-written

(59) / /A (Py+ Q) dady — /3 (P.Qumds

in ‘Divergence Theorem form’.
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r=r(s)=(x(s),y(s))

t= t(s)=(dx/ds,dy/ds)

n= n(s)=(dy/ds,—dx/ds)

Suppose now that u = u(z,y) and v = v(x,y) are twice continuously differentiable
harmonic functions in A U dA. We may apply Green’s Theorem to the continuously
differentiable functions

The reader will quickly calculate that P, + @ is zero and hence, as

ou ov

= n. (ug, uy), = n. (vg,vy),

that (59) reduces in this case to

ov ou
(60) /6A (uan - U@n) ds = 0.

For the rest of this section, suppose v is harmonic in all of region (i), and hence in
regions (ii) and (iii) as well.
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Taking A to be, in turn, region (i) and then region (ii), and taking v = 1 on A, we
see at once that

(61) — ds = — ds =
Now take A to be region (iii), so that 0A = I'r UT, and let v = logr which (as we
saw in section 7.4) is harmonic in all of A, a region not containing the origin. As d/0n

is 9/0r on ' and (—0/0r) on I'; (where the outward-drawn normal points towards the
origin), equation (60) gives

1 ou 1 ou
2 —u—1 — ) d —= 1 — ) ds=
(62) /FR<RU og R 87“) s—l—/rg< €u+ oge 8r> s=0

which reduces at once to

1 1
(63) <(:_/Euds =7 FRuals

once one applies (61) to the second term in each integral in (62). The length of the
circumference of I'; is

ds = 2me.
e

So, if ug is the value of uw at the origin,

/uds—27r5uo = ‘/ (u—up)ds

where sup |u — ug| is the maximum value of |u — ug| on I'.. Therefore, the left-hand side
of (63) tends to 27wug as € — 0 and, if u = f(#) on I'r, where 6 is the circular polar angle,

< 2mesup |u — ug|,
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Exercise 15 Using Green’s Theorem, with P = wu,, @ = wuuy, derive another of Green’s
identities:

// (uV?u + (grad u)?) dady = / ua—u ds.
A pa On

Hence, show that, if u is a twice continuously differentiable harmonic function on A U QA, which
is zero on JA, then u = 0 on AU 0A. Hence, show that, if there is a solution to the Dirichlet
problem in A, with values given on 0A, then it is unique.

Exercise 16 Use Exercise 15 to show that the integral with respect to 6, from 0 to 27, of the
Poisson kernel is one (see section 7.5).

[HINT: Note that U = 1 solves the Dirichlet problem for the disc if U is given as 1 on its
boundary.]
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8 The Fredholm Alternative

The Fredholm Alternative analyses the solutions of the non-homogeneous Fredholm
equation

b
y(x) = flz)+ A / Ko tyt)ydt, (€ [a,b])

where f : [a,b] — R and K : [a,b]> — R are continuous and \ is a constant. We shall
only establish it in the special and useful case when K = K(x,t) is degenerate (some
authors say, of finite rank), that is, when

K(z,t) = Zgj(w)hj(t), (z,t € [a,b])

and g; : [a,b] — R, h; : [a,b] — R are continuous (j = 1,...,n). Note that the
summation is a finite one. As with Green’s functions in Chapter 4, the method of proof
we shall employ also gives a practical method for solving problems.

8.1 A simple case

In order to motivate both the statement and proof of the Fredholm Alternative Theorem,
we now discuss an equation with perhaps the simplest degenerate kernel K = K (z,t) of
any interest; namely,

K(z,t) = g(z)h(t), (z,t € [a,b])

where g and h are continuous on [a, b] and neither of which is identically zero on [a, b].
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The equation is

b
) y(@) = fl2)+A / g(2)h(tyy(t) dt

b
= f(z)+ A Xg(x), where X = / h(t)y(t)dt.

We note immediately that the constant X depends on y. We discuss the equation in
terms of its (non-homogeneous) transpose

b

(NT) va) = J@) 4 [ Kl
b

= f(2)+ A / g(Oh(z)y(t) dt

b
= f(z) + AYh(x), where Y = / g(t)y(t) dt,

the corresponding homogeneous equation

b
(1) y(@) = A / gDyt dt = AXg(z),

and that equation’s (homogeneous) transpose
b
() va) = A [ gl = AYhia).
a
Multiplying (N) by h(z) and integrating with respect to x gives

(1) (1—>\/abgh>X _ /abfh.

Similar consideration of (NT) results in

(2) <1—)\/abgh>Y: /abfg.
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Provided A fab gh # 1, these equations allow the determination of (unique) X and Y and
hence unique continuous solutions

_ L
y(x) = f(z)+ A [ gh g9(z), (z € [a,b])
of (N) and
_ N, fg
y(x) = f(x)+ L oh h(z), (z € [a,b])

of (NT). However, if )\f; gh = 1, then neither (N) nor (NT) permits a unique solution.
Indeed, from (1), (N) cannot then have a solution unless

3) /abfh _ o

and, from (2), (NT) cannot have a solution unless

/abfg = 0.

Now, every solution of (H), from its very statement, must be of the form
(4) y(@) = cg(z),  (z€la,b])

where ¢ is a constant. Further, if y = cg on [a, b], for some constant ¢, and A fab gh =1,
then

b
AXg() = ehglx) / gty dt = cole) = ylx)

for each x in [a, b]; and so, (4) is the (only) solution of (H). Similarly, if )\f; gh=1,
y(x) = dh(z),  (z€[a,b])

where d is a constant, is the (only) solution of (H'). Thus, if there does not exist a unique
solution to (N) (which occurs here if A f; gh = 1) then there are non-zero solutions of
(H) and (HT); and there can only be solutions of (N) provided ‘the integral of f times
the solution of (HT)’ is zero (here f; fh=0).
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In the case of this particularly simple kernel and when the ‘consistency condition’
f; fh =0 is met, it is clear (by simple substitution) that y = f is a particular solution
of (N). Further, if y = Y is any solution of (N), then y = Y — f is a solution of (H).
So, provided the consistency condition is met and there is no unique solution of (N), the
complete solution of (N) is given, with arbitrary constant ¢, by

y(x) = fle) +eg(x),  (z€la,b])

(a particular solution plus the complete solution of (H)).

Example 1 Find the complete solution to each of the following Fredholm equations:

1
(8) (@) = x+A1;&“mwﬁ, (x € [0,1]):
em 1
(b)  ylx) = x— 622_ T+ )\/0 e"Thy(t) dt, (x €10,1]).

t

Consider first the equation (a): the kernel e* = e%e! is symmetric, and so

(N) = (NT) y(xr) = =+ AXe", where X = /1 ely(t) dt.
0

1 1
/Oxemdx = 1, /0 edr = (e - 1)

(we always find it useful to carry out such manipulations first), multiplying (N) by e*
and integrating gives

Since

(5) (1-Xe*=1)/2)X = 1.

So, provided A # 2/(e? — 1) and substituting for X, (N) has the unique continuous
solution
B 2\ - )
W) = a4 g (e,
When A = 2/(e? — 1), (5) shows that there can be no solution to (N). That is the end of
the story for (a)!

Now turning to (b), we have

2¢” !
(N) = (NT) ylz) = x— 626_ . + AXe", where X = /0 ely(t) dt.
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Corresponding to (5) there is
(6) (1-Xe*-1)/2)X = 0,
and hence, provided A # 2/(e? — 1), (N) has the unique continuous solution

2e*

—. (@eo)

When A = 2/(e? — 1), (6) provides no restriction on X and the complete solution to (N)
is given as
2e”

5 1—|—cex = x+ce”, (x €0,1])
2 _

y(@) = z—

where ¢, ¢’ are arbitrary (though, of course, related) constants.

For both (a) and (b) the homogeneous/transposed-homogeneous equation is
(H) = (H") ylz) = AXe,
having the unique solution y = 0 when A # 2/(e? — 1), and when X\ = 2/(e? — 1) the

complete solution
x

y(z) = ce

where ¢ is an arbitrary constant. So, the consistency condition f; fh = 0 in the above
discussion is not met in case (a), as

1
/a:exdx % 0,
0

whereas it is met in case (b), where

1 x
2
/ (w—626 1>exdx = 0.
0 _

These correspond to the ‘right-hand sides’ of (5) and (6) being 1 and 0 respectively. [

Exercise 1 Solve the equation
1 3 3
ylz) = (e—1)z" —x+ )\/ xte” Ty(t) dt, (z €[0,1))
0

for the cases n =1 and n = 4.
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8.2 Some algebraic preliminaries

In our proof of the Fredholm Alternative Theorem, we shall need to rely on the reader’s

acquaintance with some further elementary results from linear algebra.

/

Suppose A is the n x n matrix A = (a;;) and that AT = (ai;), where

/ . .
a; = aji, fori=1,...,nand j=1,...,n,

is the transpose of A. The system of linear equations

a11x1 + ... + aipxn = b

api1 + ... + aumTn = by

may be conveniently expressed as
n
Zai]’l’j == bi, (izl,...,n)
j=1

or more compactly as
Ar = b,

where x = (z;) and b = (b;) are column vectors.

Proposition 1
(a) Rank(4) = Rank(AT).
(b) If Rank(A) = n, then det A # 0 and the non-homogeneous systems
Ax = b, Aty = b
have unique solutions z = (z;), y = (y;).

(c) If 1 <Rank(A) =n —r <n —1, then det A = 0 and the systems of homogeneous
equations
Ar = 0, Aty =0

both have maximal linearly independent sets of solutions consisting of r elements. If
a (yf), k=1,...,r, is such a set for ATy = 0, then Az = b has solutions if and
only if

bTyk = bly]{:++bny2 = 0, (k‘:l,...,r).
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Proposition 2 The number of distinct solutions p of the characteristic equation of A,

det(pul — A) = 0,

is at most n.

8.3 The Fredholm Alternative Theorem

The theorem analyses the solutions of the equation

b
(N) y(z) = f($)+/\/ K (, t)y(t) dt, (z € [a, b])

in terms of the solutions of the corresponding equations

b
(NT) y(@) = f(x)+ A / Kt 2)y(t) dt, (x € [a,5)
b
(1) y(x) = A / K (., t)y(t) dt, (z € [a,8])
b
(HT) y(z) = A / K (¢, 2)y(t) dr, (x € [a,B])

where f : [a,b] — R and the kernel K : [a,b]> — R are continuous and \ is a constant.

Theorem 1 (The Fredholm Alternative) For each (fixed) A\ exactly one of the
following statements is true:

(F1) The equation (N) possesses a unique continuous solution and, in particular, f =0
on [a,b] implies that y = 0 on [a,b]. In this case, (NT) also possesses a unique
continuous solution.

(F2) The equation (H) possesses a finite maximal linearly independent set of, say,
7 continuous solutions yi, . .., y, (r > 0). In this case, (HT) also possesses a maximal
linearly independent set of r continuous solutions z1, ..., 2z, and (N) has solutions
if and only if the ‘consistency conditions’

b
/f(a:)zk(x)dx = 0, (k=1,...,7)
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are all met. When they are, the complete solution of (N) is given by

y(@) = gl@)+ Y cyilz),  (z€fab])
i=1

where c1, ..., ¢, are arbitrary constants and g : [a,b] — R is any continuous solution
of (N).
The above is true for general kernels, but when K = K(x,t) is the degenerate kernel
given by
n
(D) K(,t) = Y gj(@)hi(t),  (z,t € [a,0])

j=1
there are at most n values of A at which (F2) occurs.

The reader is at once encouraged to commit the statement of Theorem 1 to memory!
We prove the result only in an important special case.

Proof of Theorem 1 when K is given by (D) We may assume that each of the sets of

functions (g1,...,9n), (h1,...,hy) is linearly independent on [a,b]; otherwise, we may
express each of their elements in terms of linearly independent subsets to reach the
required form. (For instance, if (g1,...,gy) is linearly independent but h,, is dependent

on the linearly independent subset (hi,...,h,—1) and
n—1
= Y d;h(t),  (t€ab])
j=1
where d; is a constant (j =1,...,n — 1), then

K(z,t) = Zgj t) + gn( Zdh

n—1

= > (g;(x) + dign(@))hy(t),
j=1
for each x and each ¢ in [a,b]. The reader may easily verify that each of the sets
(7) (1 +dign, -, gn-1+ dn—19n), (h1,.. . hn1)

is linearly independent on [a, b].)
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For K given by (D), the equations (N), (NT), (H), (HT) may be written

n b
() @) = f@ AN gl where X5 = [ (OO de, G =1....on,
Jj=1 e

n b
(NT) y(@) = f(@)+A)_ Yihj(x),  whereY; = / giytydt, j=1,...,n,
i=1 a
(H) ylz) =AY Xjg;),
j=1

(HY) y(z) = A Yjh(@),
j=1

for « in [a,b]. So, a solution of (N) is determined once we know the values of the X;’s
(which are, of course, defined in terms of the unknown quantity y).

First, let us note that A\ = 0 corresponds to the unique continuous solution y = f of
both (N) and (NT): (F1) occurs. From this point in the proof, we assume that A # 0.

We now convert the problem to one of algebra, involving a system of simultaneous
linear equations. Multiplying (N7) through by h;(z) and integrating with respect to x
gives, on slight re-arrangement,

n
,Uin_Zainj = bi, (7,:1,,71,)
j=1

once we define

b b
o= 1/, ajj = /gj(a:)hi(x)dx, by = u/ f(x)hi(z) dx

fori=1,...,nand j =1,...,n. These n equations in the X;’s may be rewritten in the
compact form

(N2) (nl —A)X = b,
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where [ is the identity matrix, A is the matrix A = (a;5), and X = (X;), b = (b;) are
column vectors. Similarly, working in turn with (N7), (H;) and (H{), we have

(N3) (ul =AY = (ul = AT)Y = ¢,

where AT = (aj;) is the transpose of 4, Y = (Y;), ¢ = (¢;) are column vectors, and

Ci :pfff(x)gi(x)dx (i=1,...,n),

(Ho) (ul —A)X =0,
and
(H) (I - A"Y = 0.

By Proposition 1 of section 8.2, if Rank(ul — A) = n, (N2) and (N3) have unique
solutions X = (X;) and Y = (Y;). Substitution of these values in (N7) and (NT) gives
unique solutions to (N) and (NT) in this case when (F1) occurs.

We are left with establishing that, when 1 <Rank(ul — A) =n—r <n —1, (F2)
must occur. In this case, both (Hp) and (Hi) have maximal linearly independent sets
Xk = (XF)and Y*¥ = (YF), k=1,...,r, consisting of  elements. Put

ye(z) = A Xfg;(x)
j=1

and
() = N V),
j=1
for each z in [a,b] and k = 1,...,r. Each y is clearly a solution of (H;) and each z; a

solution of (HT).

We claim now that the set (yx : K = 1,...,r) is linearly independent on [a, b]. Suppose
that
,
> ey = 0
k=1

for some constants ¢y, ...,c.. Then
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But, the g;’s are linearly independent; so

T
chXj]jc =0 forj=1,...,n;
k=1

that is,
-
Z CkX k = 0.
k=1
Since the X*’s are also linearly independent, ¢, = 0 for each k = 1,...,7 and the y;’s
are thus independent also. Similarly, (z; : & = 1,...,r) is linearly independent. These

linearly independent sets (yx), (zr) cannot be enlarged whilst remaining independent,
for the argument above could then be reversed for the augmented set to contradict the
maximality of the independent sets (X*) and (Y'*). We have thus shown that maximal
linearly independent sets of solutions of (H) and (H') have the same finite non-zero
number of elements when (F1) does not occur.

It remains to consider (N) in this (F2) case. Proposition 1 of section 8.2 asserts in
this context that (N3) has solutions if and only if

byTY*F = o, fork=1,...,r,

that is, employing the definitions of b and Y* = (Y]k) and noting that Y* corresponds to
the solution z;, of (HY), if and only if

;( / bf(sc)hjm)dx) (/ bgj<t>zk<t>dt> _ o,

for k =1,...,r. This is equivalent to
b b n
[ [ w0 ) @) swae = o
a a j=1

for kK = 1,...,r. Using again the fact that zj is a solution of (HT), the necessary and
sufficient condition for (N) to have solutions reduces to

b
/zk(x)f(m)dzn = 0, fork=1,...,r.
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Suppose finally that g is a particular continuous solution of (N) (existing because the
consistency conditions are met). Then, if y is any other solution of (N), y — g is a
solution of (H) and hence expressible as a linear combination of the elements of the
maximal independent set of solutions (y):

'
y—9 = Y i
=1

for some constants ci,...,c¢.. The Fredholm Alternative Theorem is thus established for
degenerate kernels. O

Note The reader will want to remember to distinguish between the ‘eigenvalues’ A

corresponding to non-zero solutions of (H) in the case (F2) and the eigenvalues pn = 1/
which satisfy the matrix equation (Hg).

8.4 A worked example

We now show how the method used in the proof of the Fredholm Theorem can be used
in a practical example.

Example 2 Solve the integral equation

27
(@) = f(@)+ A /0 sin(z + Oyt dt,  (x e [0,27])

in the two cases:

(@) f(z) = 1, (z€]0,27]), (b) f(z) = z, (z€l0,2n]).
The equation may be written
(N) = (NT) y(x) = f(z)+ AXisinz + AXycosz
where
2 2m
X, = / y(t) cost dt, Xy = / y(t) sint dt.
0 0

Note that

2w 2 2

/ cos?xdx = / sinfzdx = m, / rsinzxdr = -2,
0 0 0

27 27 27 2T
/ rcosxdxr = / cosrdr = / sinxdxr = / sinxcoszdr = O.
0 0 0 0
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Multiplying (N) through by cosz and integrating with respect to z and carrying out the
same operation with sinx give

27
X1 — Xy, = (x) cosz dz,
0
(8)
27
X+ Xy = (x)sinz dx.
0

When the determinant of the coefficients of the X;’s is non-zero,

1 —AT
= 1-X72% £ 0,
—AT 1
these equations have the unique solutions
1 27
X, = T ), (z)(cosx + Amsinzx) dz,
1 21
Xy = v i (z)(sinz + Am cos z) dz.

In case (a), we thus have the solution
ylx) = 1, (x € 10,2n]),
and in case (b), the solution

2T A

—TTe (Amsinx + cos x),

yx) = =

provided 1 — A\27% # 0. We have dealt with (F1).

The case (F2) can only occur when A\ = +m~!. It is easy to check that the
corresponding homogeneous equation

(H) = (HT) y(x) = AXisinz 4+ AXscosx
only has the solutions

y(zr) = c(sinz+cosz) when \=n"1, (x € ]0,2n])

y(z) = d(sinz —cosx) when A= —7 1, (z € [0,27])
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where ¢, d are constants. (To check this, consider the equations (8) with the ‘right-hand
sides’ zero, as is the case with the homogeneous equation.) The consistency conditions
which need to be met to allow solutions of (N) to exist are therefore

2m
/ (sinx 4 cosz)f(x)dr = 0, when A\ = 771,
0
and

2m
/ (sinx —cosz)f(x)dz = 0, when A = —7 1.
0

In case (a), both conditions are clearly fulfilled. As y(x) = f(x) =1 (x € [0,27]) is

a particular solution when either A = 77! or A = —7 !, the complete solution of (N) is,

when A = 771,

y(x) = 1+ c(sinx + cosx), (x € ]0,27])
1

and, when A\ = —77*,

y(x) = 1+d(sinz — cosx), (x €[0,27])
where ¢, d are arbitrary constants.

In case (b), neither condition is met and (N) has, therefore, no solution when either
A=7n"tor A= —n"1 O

Exercise 2 Find the eigenvalues and eigenfunctions of the integral equation

1
y(x) = /\/0 (9(x)h(t) + g(O)h(x))y(t) dt,  (z €[0,1])

where g and h are continuous functions satisfying

/ol(g“))% = /Ol(h(“f))zdm = 1, /Olg(x)h(x)d:v — 0.

Exercise 3 Let ¢ and 1 be continuous real-valued functions defined on the interval [a, b] which
satisfy

/abw(a:)dx = /:w(:c)dx = 1 and /abgp(x)w(aj)dx - 0.
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Show that the integral equation

b
= )\/ K(x,t)y(t)dt, (x € [a,b])

with kernel
K(z,t) = o(z)+ (1),
has a unique eigenvalue, \g say. Find )y and the associated eigenfunctions.

If f is a continuous function, determine the solution of the equation
b
va) = f@) ) [ Koo (@€ lab)

when A # A\g. If A = Ay, show that this equation has no solution unless

b
/ b(@)f(z)ds = 0

and find all the solutions when f satisfies this condition.

Exercise 4 Show that, for every continuous real-valued function f = f(z) on [0, 1], the integral
equation

y(x) = f(2)+A / (L+aey()dt (xe[0,1])

has a unique solution provided that

v (=059

Does there exist a solution of the integral equation

—_

y(@) = =+

_— /1(1 + ze)y(t) dt?
0

Exercise 5 Solve the equation

ylr) = 1—2+ )\/ — 52%t?)y(t) dt, (x €[0,1]).
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Exercise 6 Determine values of the real numbers K, L for which the integral equation
1 !
y(z) = 1+Kx—|—Lx2+§/ (14 3xt)y(¢) dt (x € [-1,1))
-1

has a solution, and find the solutions of this equation.

Exercise 7 Show that the equation

\/g a

y) = f@)+ 55 [ @tthy®d, (v €[-a,a)

a

where f is continuous and a is a positive constant, has a solution if and only if

/a (z+a/V3)f(x)de = 0,

—a
and find all solutions in this case.

Exercise 8 (i) Obtain a non-trivial restriction on |A| which ensures that the sequence (y,)
defined for z € [0,1] by

1
@) = @), @) = f@ ) [ Kadn®d 0z
0
will converge as n — oo to a continuous solution of the integral equation

1
vo) = f@) ) [ Kaoyod, (@)
0
provided f and K are continuous functions.
[HINT: Use Picard’s Method — see Chapter 1.]
(ii) Solve
1
vo) = J@) A [ @-smydn e )
0

without using the above iterative method.

Is the restriction on |A| that you have derived in part (i) the weakest possible restriction that
ensures convergence of the iterative method for this particular equation? Give reasons for your
answer.

Note We return to the subject of the last paragraph of Exercise 8 in Chapter 10.



9 Hilbert—Schmidt Theory

In this chapter, we shall recount some elements of the Hilbert—Schmidt theory of the
homogeneous Fredholm equation

b
(1) va) = A [ K@oyd,  @e o)

a
where A is a constant and the kernel K = K(x,t) is real-valued, continuous, and
symmetric:

K(z,t) = K(t,z), (z,t € [a,b)).

We recall that an eigenvalue of (H) is a value of X for which there is a continuous solution
y(z) of (H), which is not identically zero on [a,b]. Such a y(x) is an eigenfunction
corresponding to the eigenvalue A. Notice that all eigenvalues must necessarily be
non-zero.

Although the material in this chapter fits nicely into our discussion of integral
equations in Chapters 8-10, the pay-off comes in Chapter 12, as it is the widely
applicable Sturm—Liouville equation that provides an important context where symmetric
kernels naturally arise.

For the next section only, we shall consider the case where eigenfunctions can be
complex-valued. The reader will want to note how the theory for real-valued functions
fits into this general case.
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9.1 Eigenvalues are real and eigenfunctions corresponding
to distinct eigenvalues are orthogonal

Suppose that y and z are eigenfunctions of (H) corresponding, respectively, to eigenvalues
A and p. Taking the complex conjugate of

b
z(z) = u/ K(z,t)z(t) dt,
we have, as K(z,t) is real,

b -
@) = 7 / Kz, £)2(0) dt:

so that Z is an eigenfunction of (H) corresponding to the eigenvalue fi. Hence, as K is
symmetric and using Fubini’s Theorem ([F] of Chapter 0),

i Y@ @ de = g / b (r/ " K 0) it) ) o

- )\/ab <u/abK(t, 2)z(z) dm) y(t) dt

Therefore,

b
1) O [ @@ = o
When z =y, (1) reduces to

b
(A—X) / @) Pde = 0.

As y is continuous and, as an eigenfunction, not identically zero on [a,b], this implies
that A = A. Thus, each eigenvalue X is real.
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With this result behind us, we may re-write (1) as

b
(- [ @@ = o

When A, p are distinct, this implies that y, z are complezx orthogonal over [a, b]:
b
(2) / y(x)z(x)de = 0.

If we had wished, we could have chosen to work only with real-valued eigenfunctions.
For, if y is any eigenfunction corresponding to an eigenvalue A,

b
Re(y(z)) +im(y(z)) = /\/ K (z,t){Re(y(t)) + ilm(y(t))} dt.
Hence, as A and K are real,
b
Re(y(a)) = A [ K(z,ORe(y(t) di

and

b
m(y(z)) = A / Kz, )Im(y(t)) dt.

One of the two functions Re(y(z)), Im(y(x)) must be a real-valued continuous function
satisfying (H) and not identically zero on [a, b].

Choosing y and z both to be real-valued, they are real orthogonal over [a,b], as (2)
would then reduce to

/aby(x)z(ax) dr = 0,

Note The reader familiar with the theory of inner product spaces will already have
noticed that not only the language of that theory pertains here. We continue in this vein
in the next section.
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9.2 Orthonormal families of functions and Bessel’s
inequality

A finite or infinite sequence (y,) of continuous functions y, : [a,b] — R will be called
orthonormal over [a,b] if and only if

b
/ym(x)yn(l')dx = dmn,

where d,,,,, is the Kronecker delta defined, for integers m, n, by

1, ifm=n,

5’)77, n -

0, if m #n.

Suppose that f : [a,b] — R is continuous and that (y1,...,yn) is orthonormal over
[a,b]. For n =1,..., N, define

b
tr = / F(E)yn(t) dt.

Then,

(@)
IA
@\@
VR
Kﬁ
=
|
INE
o
3
<
3
=
vw
QL
~

b N b N N b
- / (F@)2dt—23 e, / FOm® dt+ 30 emen / Yon (1) (1)

m=1n=1

N N
= /(f(t))2dt—22ci+zci
n=1 n=1
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We have established Bessel’s inequality

b N
3) / ORI
a n=1

9.3 Some results about eigenvalues deducible from Bessel’s
inequality

We first note that if (\,) is a sequence of distinct eigenvalues with corresponding
eigenfunctions (y,), then we may assume that the latter sequence is orthonormal. For,
we know from section 9.1 that each pair of eigenfunctions is orthogonal; so we can be
sure they are orthonormal by replacing each ¥, with

Yn
b E
(U 1yal?)

In line with our comment in section 9.1 and for the rest of this chapter, all eigenfunctions
will be real-valued.

Suppose that (A1,...,Ay) is a finite sequence of eigenvalues with corresponding
eigenfunctions (yi,...,yn) such that the latter sequence is orthonormal. Fix z in [a, b]
and let f(t) = K(xz,t) in Bessel’s inequality (3); so that, as A, # 0 and

b
- /K(m,t)yn(t)dt ~ L@ m=1...N

we have

b N . )
/Q(K(x,t))2dt > ;W

Integrating with respect to x,

(4) M

b rb ) Noq
// (K (x,t))? dtde > ZF’
aJa n=1""

using the fact that (y,) is orthonormal.

It is the repeated use of formula (4) that will establish all the remaining results of
the section.
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Proposition 1 Each eigenvalue A of (H) has finite multiplicity (that is, there does not
exist an infinite set of eigenfunctions, each corresponding to A, for which each finite subset
is linearly independent).

Proof 1If there were such a set of eigenfunctions, then there would exist an infinite
orthonormal sequence (y,) of eigenfunctions, each corresponding to A (exercise: use the
Gram—Schmidt process from the theory of inner product spaces). We can then use (4)
to deduce, for each positive integer IV, that

N

MZF.

But M is fixed and this is therefore impossible. So, A must have finite multiplicity. [

Proposition 2 If ¢ is a limit point of the set

1
{)\ : A is an eigenvalue of (H)} ,

then a = 0.

Proof By our hypothesis, there exists an infinite sequence () of distinct eigenvalues for
which 1/, — a as n — oo. Corresponding to this sequence is an orthonormal sequence
of eigenfunctions (y,). We can therefore use (4) to deduce that

> 5
2
n=1 A”
is convergent and hence that 1/A\2 — 0 as n — oo. But then 1/\, — 0 as n — oo and a
must be zero. ]

Proposition 3 If p is a positive constant, there are only a finite number of distinct
eigenvalues of (H) in [—p, p].

Proof Suppose there were an infinite sequence (\,) of distinct eigenvalues in [—p, p].
A corresponding orthonormal sequence of eigenfunctions (y,,) exists and we may again

apply (4) to give

el =

N
MZZYQZ
n=1"T

for each V. But this is impossible. O
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Corollary There can be at most a countable number of distinct eigenvalues.

Proof For each integer n, there can be at most a finite number of eigenvalues in [—n, n].
From section 9.1, we know that each eigenvalue is real, and so the totality of eigenvalues

R = U [—n,n].

is contained in

But a countable union of finite sets is countable. O

Note We have not established the central result that (H) has at least one eigenvalue.
The proof is beyond the scope of this book.

Exercise 1 Find the eigenvalues A; and corresponding eigenfunctions of the integral equation

y(z) = )\/ sin(x + t)y(¢) dt, (x € [0,7]).
0
Show that these eigenvalues satisfy

1 s s
D= / / sin’(x + t) dxdt.
A 0Jo

Exercise 2 Show that sin?6 < 0 for 0 < § < 7. If K(z,t) = sin(xt), a = 0 and b = 7, prove
that (H) has no eigenvalues in the interval
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Verify that the equation has eigenfunctions sin mmx, where m is a positive integer, and find the
corresponding eigenvalues. Hence, show that

=1 d
> i S g
=m 90

Exercise 4 Suppose that the integral equation
b
vo) = A [ Ka@tuod (@€ lab)

has only the N distinct eigenvalues A1, ..., Ay, each A\, having multiplicity 1 and corresponding

real eigenfunction y, with fj y2 = 1. Show that any eigenfunction corresponding to the
(symmetric) kernel L = L(x,t) defined on [a, b]? by

N
Yn(2)yn ()
L(x,t) = K(x,t) — —_—
() = Kot =30
is orthogonal to all the y,, and hence show that, on [a, b]?,

N
K(n,t) = ZM (2, t € [a, ).
n=1 n

[An eigenvalue A has multiplicity 1 if and only if any two eigenfunctions corresponding to \ are
linearly dependent. You may assume, in accordance with the note above, that L = L(x,t) has at
least one eigenvalue.]

With K = K(x,t) as above and f = f(x) continuous and real-valued on [a, b], prove that the
non-homogeneous equation

b
y(@) = @)+ / K(xty(t)dt  (z € [a,b])

has a unique solution for a < & < b, if A ¢ {\1,..., Ay }. What conditions must f satisfy for a
solution to exist when A = A, (1 <m < N)? What is the general solution in this case?

Note The expansion of K (z,t) in Exercise 4 may be extended to the case of an infinite
number of eigenvalues for appropriate kernels. In this regard, see our Note following
Exercise 7 of Chapter 10, where the celebrated theorem of Mercer is stated.
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9.4 Description of the sets of all eigenvalues and all
eigenfunctions

The important result of this section is best achieved by an induction in which the first
step includes a demonstration that (H) actually possesses an eigenvalue. We do not
include a complete proof but take the view that a proper understanding of the structure
of the sets of eigenvalues and eigenfunctions requires an appreciation of an outline of the
proof.

Our discussion involves the integral

b rb
100 = [ [ Ly de,

where L is a continuous, real-valued, symmetric kernel and y : [a,b] — R is continuous.
The inductive process to be described involves finding maxima and minima of I(y, L)
under more and more restrictive hypotheses on the continuous real-valued function .

(A) Suppose that there is a continuous y : [a,b] — R for which I(y, K) > 0, where K
denotes the kernel of (H).

Step 0 One shows that I(y, K), subject to fab y? = 1, achieves a maximum M; > 0
when y = yi, say. Then y; is an eigenfunction of (H) corresponding to the eigenvalue
A =Mt
Step 1 Putting
t
Ki(at) = K- 2000

A1
which is still symmetric, continuous and real-valued, one now shows that if I(y, K1) > 0
for some continuous y : [a,b] — R, then, subject to fab y?> = 1, I(y, K1) achieves a
maximum My > 0 at the eigenfunction y = yo of (H) corresponding to the eigenvalue
Ao = Myt of (H). My is in fact the maximum value of I(y, K) when subjected to both

b b
/?f:l, /yy1=0-
a a

Therefore, M; > Ms and A\; < A\y. (The reader may now care to attempt Exercise 5 to
fix ideas.)

Step n Put
— yi(2)yi(t)
Ky(x,t) = K(a,t) — s
(0.0 = Kot = 3P
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and suppose that I(y, K, ) > 0 for some continuous y : [a,b] — R. Proceeding as in Step
2, one finds a maximum value M,, 11 < M, of I(y, K) when subject to

b b
/?f = 1, /yyZ = 0, (i=1,...,n).
a a

The maximum is achieved at the eigenfunction y = y,4+1 of (H) corresponding to the
eigenvalue \,41 = Mnjil > -

In this way, supposing that each I(y, K,) can take on positive values, one finds a
sequence () of positive eigenvalues with

A < A <0 <A <
and a corresponding orthonormal sequence (y,,) of eigenfunctions.

(B) If at the p-th stage, say, I(y, K},) takes on negative, but no positive, values, then one
finds a minimum M_; of I(y, K}) subject to fab y? = 1. If M_, is achieved at y = y_1,
then y_1 is an eigenfunction corresponding to the eigenvalue A_1; = M:ll. Proceeding
by induction for as long as the integrals I(y, K,,) take on negative values, one finds a

sequence (A_,,) of negative eigenvalues satisfying
A1 > Ao > ..0> A, >
together with a corresponding orthonormal sequence (y_,,) of eigenfunctions.

(C) If at the ¢-th stage, say, I(y, K;) = 0 for all continuous y : [a,b] — R. Then it can
be shown that K|, is identically zero on [a, b]; so, K is the degenerate kernel

q
_ Yi(@)yi(t)
Kie,p) = Yo womld,
=1
The process thus produces a sequence of eigenvalues in groups alternately positive
and negative, and termination of this sequence is governed by the following proposition.

Proposition 4 The equation (H) possesses only a finite number of eigenvalues if and
only if its kernel is degenerate.

By Proposition 1 of section 9.3, the degenerate case allows only a finite orthonormal
sequence of distinct eigenfunctions. (The converse is established as in (C) above.)

The process gives a countable number of eigenvalues and we know, by the Corollary to
Proposition 3 of section 9.3, that there can be at most a countable number. The picture is
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completed by the next result. From now on, we label the totality of eigenvalues, obtained
as in (A) and (B) above, in order of increasing modulus, so that

)

ensuring that the eigenfunctions are correspondingly labelled, ¥, corresponding to A,.

Proposition 5 If the continuous function y : [a, b] — R satisfies both (H) and ff yy; =0
for every i, then y is identically zero on [a, b], and so, cannot be an eigenfunction.

Thus, one cannot enlarge the orthonormal set (y;) of eigenfunctions without losing
orthonormality.

Arising from the proof, of which an outline is given above, are the following two
interesting results. The second will be used at a vital point of the proof of the Expansion
Theorem of the next section.

Proposition 6 I(y, K) takes only positive values if and only if all the eigenvalues of (H)
are positive.

Proposition 7 If y : [a,b] — R and z : [a,b] — R are continuous, then
b rb
// Ky (z,t)y(z)z(t) dedt — 0
aJa

as n — 0o, where K, is defined in Step n of (A).

Exercise 5 With the notation of (A) above and assuming that Ay is an eigenvalue of
b
vo) = A [ Kot de
a

with corresponding eigenfunction yo, prove that
b
(a) [, y1y2 =0,
(b) Ag is an eigenvalue of (H) with corresponding eigenfunction ys,

(c) if f; yy1 =0, then I(y, K1) = I(y, K), and so, if I(y, K1) achieves a maximum at ys, then
I(y, K) does also.
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9.5 The Expansion Theorem

We now establish a major result of the Hilbert—Schmidt theory, giving a sufficient
condition for a function to be expandable in terms of eigenfunctions of (H). The
kernel K = K(z,t) remains continuous, real-valued and symmetric, and the notation
for the sequence (\,) of eigenvalues and corresponding orthonormal sequence (y,) of
eigenfunctions is as established in the section 9.4.

Theorem 1 (Expansion Theorem) If f : [a,b] — R is the continuous function defined
by

b
(5) f@) = / Ko tg)dt, (€ [a,b])

for some continuous g : [a,b] — R, then f may be expanded in the uniformly convergent
series

o0 b
f = Zciyi, where ¢; = / fyi, (i>1)
a

i=1

on [a,b).

Note The major part of the proof of this result concerns establishing uniform conver-
gence of the expansion.

Proof  An inequality of section 9.3 implies that, for z € [a, b] and any integer N,

N ()2 b
;(yzg\?)) < xsel[lal,)b] (/a (K(:U,t))th> = P

So, for any positive integers m,n with m < n,
n ) 2
Z (yi(z)) < P

Defining
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Bessel’s inequality (section 9.2) shows that

for every N. So,
o
>_df
i=1
is convergent and hence Cauchy. Given € > 0, we may therefore find N such that

n

€
de < 2 whenever n > m > N.
i=m

Now, by the Cauchy—-Schwarz inequality,

n 2 n n
(Zdi”) . (Zd?)( @ig))?) -

i=m i=m

for each = € [a, b] and whenever n > m > N. Since a uniformly Cauchy series is uniformly

convergent, the series
o0

d;yi
Ai

i=1

is uniformly convergent on [a, b]. But notice that, using the symmetry of K and Fubini’s
Theorem ([F] of Chapter 0),

b
¢ = | [fl@)yi(x)de

_ / b ( abm, e dt> y(@)dz (b (5))

_ /a " o) < / " Kt 2y (2) dx) dt

b,
- /a (%) yl)ff) dt.
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Hence, ¢; = d;/\;, for every i. So, s : [a,b] — R defined by
s = >y
i=1

is uniformly convergent on [a, b] and is therefore, by [I] of Chapter 0, continuous.

To complete the proof, we need to show that s is identically equal to f. As in section
9.4, put

Ko(z,t) = K(x,t)—zyi(x)yi(t), (@t € [a,0])

for every positive integer n. Then, by (5),

b n (o b
[ g0 = 535 gt i

= [f(z) = sn(2),

for each x in [a, b], where s,, is the partial sum

n
Sno= ) Cil (n=1).

=1

As f — s is continuous, by Proposition 7 of section 9.4,

In

b
/ (F(2) — sn(@)) (f(2) - s(2)) da

b rb
- / / Ko(, 0)g(8)(f(2) — 5(x)) dida

tends to zero as n — oo.
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But, using the fact that s, tends uniformly to s and [I] of Chapter 0,
b
Jn—>/ (f —5)* asn— oo.
a
The continuity of f — s now ensures that f = s, and the proof is complete. O

Exercise 6 Suppose that y =Y is a solution of
b
) Wa) = 1@+ [ K@oy@d @ elab)

where K is real-valued, continuous and symmetric, and f is continuous. Considering Y — f, use
the Expansion Theorem to show that Y can be written in the form

e’} ¢
i=1""

where ¢; = fab fy; and whenever \ # \; for every i.
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10 Iterative Methods and
Neumann Series

In this chapter we take a new look at the iterative method introduced in Chapter 1. Our
goal will be to introduce the Neumann series, the terms of which involve iterations of the
kernel of an integral equation, and use this series to derive the solution of the equation.
Throughout the chapter we shall be concerned solely with the non-homogeneous Fredholm
equation

b
(N) u(@) = f(@)+A / Kyt dt,  (z € [a,b)

where K and f are real-valued continuous functions and A is a constant. The kernel
K = K(z,t) need not be symmetric.

10.1 An example of Picard’s method

We first suggest that the reader review Picard’s method as used in section 1.2 to solve
the non-homogeneous Fredholm equation.

We now introduce a simple example to which we shall return at various points in this
chapter. It is used here to continue the review of Picard’s method and will also be used
to exemplify the new procedures which will appear later.

Example Use Picard’s method to find a solution of the equation

1
y(z) = 1+ )\/0 xty(t) dt, (z €10,1]).
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The method provides the successive iterations ((9) of Chapter 1):
yO(x) = 1,

yl(x) = 1+—,

Az A A\
. — 1+ (1424, +(2 :
Yn () + 3 <+3+ +<3> )

as the reader will readily verify. The kernel K (z,t) = zt is bounded by 1 on [0,1]2. So,
using (10) of Chapter 1, y,, tends to the solution of the equation if || < 1. O

Notes In the above example:

(a) The sequence (y,) actually converges when the geometric series

> ()

n=0
converges; that is, when |\| < 3. The solution is then given by

Az A\ 3\

for z € [0,1].

(b) The solution (1), and for the widest possible range of A\, can be found most easily
by using the Fredholm Alternative method. For simple degenerate kernels, that
method is the one advised. The methods of this chapter come into their own in
more complicated situations.

Exercise 1 Provide the details which establish the form of the iterated sequence (y,) in the
above example.

Exercise 2 Use the Fredholm Alternative method to show that the Example has the solution
(1) for every A # 3.
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Exercise 3 By using (4) of Chapter 9, show that if A; is the eigenvalue of

= )\/b K(x,t)y(t)dt

of least modulus, K is symmetric and b > a, then

1
2

(//K> > (LB-a)

where L is the least upper bound of |K| on [a,b]?. Show that these inequalities hold when a = 0,
b =1 and either K(z,t) = at, or K(x,t) = 2?t?, or K(x,t) = x +t. Note when the inequalities
are strict.

10.2 Powers of an integral operator

The material of this section only provides an alternative way of looking at Picard’s
method.

The integral operator K = K[a,b] associates, with every continuous F : [a,b] — R,
the function CF defined by

/ K OF@d. (o€ lab).

Powers of IC are defined in the obvious way, using
K' = K,
K'F = KK 'F), (n > 2).

(Of course, every K™F must be continuous.) In particular,
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The Picard iteration (9) of Chapter 1 may then be written
yo(z) = f(x),
yn(z) = f(x)+ Myn—1(x), (n>1).

By an induction the reader is asked to provide,

(2) yn(z) = fla)+ > NK'f(x);
=1

so that,
Yn(x) —yn-1(x) = N"K"f(z), (n=1).

It is straightforward to show directly that
3) K f(z)| < L"M(b—a)",  (n21)

where L and M are bounds on |K| and | f|, respectively, and the proof that (y,,) converges
uniformly to the solution of (N) may then be completed as in Chapter 1. The solution
may thus be expressed

(4) y(x) = f(z)+ > NK"f(x), (v €[a,b])

n=1

which is certainly valid for [A| < [L(b— a)]~}, as it was in section 1.2.
Exercise 4 By a careful induction, establish the equation (2) and the inequality (3).

Exercise 5 If K(z,t) = at and f(z) =1, for each z and ¢ in [0, 1], as in the Example in section
10.1, calculate K™ f(x) directly when K = K]0, 1].

10.3 TIterated kernels

Instead of iterating an operator, one can ‘iterate under the integral sign’ by iterating the
kernel as follows. Define, for z,t in [a, b],

Kl(l',t) = K(l’,t)

b
Ko(z,1) = / Kz, ) Ko (u,t) du, (0> 2).
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We show by induction that

b
(5) KrF() = / Ko, ) F(¢) dt, (n>1)

for any continuous F' : [a,b] — R. The definition of K gives (5) for n = 1. So, suppose that
equality holds for n — 1. Then, using Fubini’s Theorem ([F] of Chapter 0) to interchange
the order of integration,

K'F(z) = KK 'F(x))

~ K < / K (e F(8) dt)
_ / " K(eu) ( / Kot F(D) dt) du

_ / ’ ( / K u) K (0.1) du> Ft) dt

and the formula (5) is thus generally established.

Exercise 6 For the Example in section 10.1, where K(z,t) = at and integration is over [0, 1],
show that

K,(x,t) =

for each x and ¢ in [0, 1].

Exercise 7 In the case when K is symmetric, and using the notation and Expansion Theorem
of section 9.5, show that

— vi(x)yi(t)
Kolwt) = 3 =557
i=1 ?
for each x,t in [a, b]. Hence, prove that
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converges in the mean to K(x,t); that is,

o " y@u®)]
(7) lim i lK(z,t);)\i dt = 0.

n—oo

Note If the series (6) converged uniformly in t to J = J(x,t), say, then proposition [I]
of Chapter 0 would entail that J is continuous in ¢, and then it would follow from (7)
that K = J by virtue of [IJ(b) of Chapter 0. Thus, in this case, we would have

(8) K(x,t) = Zy(xiy(t) (2.t € [a,B)).
i=1 t

More generally, for a real, continuous, symmetric kernel K = K (z,t), if all but a finite
number of eigenvalues are of the same sign, or if I(y, K) of section 9.4 takes only positive,
or only negative, values, then the expansion for K in (8) represents K as an absolutely
and uniformly convergent series. This is Mercer’s Theorem which is of importance,
both theoretically and practically.

Exercise 8 In the case when (8) holds, give a quick proof of the Expansion Theorem of section
9.5.

Exercise 9 With the notation of this section, show that, for positive integers m,n and
z,t € la,b),

b
(a‘) Km+n(xvt) = /Km(m,u)Kn(u,t)du,

(b)  [Kn(z,t)] < L"(b—a)"""

10.4 Neumann series

With the iterated kernels of section 10.3 defined and equation (5) established, we are in
a position immediately to re-write the solution of (N), given as (4) in section 10.2 in the
following form:

00 b
Wa) = @)+ SN [ Kalatif®d, (2 fab)
n=1 a
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The convergence of the series being uniform for |\| < [L(b — a)]~!, where (as before) L
is an upper bound on | K| over [a, b], we may interchange summation and integration (by
[I] of Chapter 0) to give

b
(9) va) = Fla)+ ) [ Niatid)f) dn
for x € [a,b], where
(10) N tid) = 3 W Koa(a.)
n=0

for z,t € [a,b] and |A\| < [L(b — a)]~!. The series appearing in (10), and also the
series representation of y in (9) (when the substitution is made for N(z,¢; A) from (10)),
are called Neumann series. The function N(z,t;\) is often termed the reciprocal, or
resolvent, kernel as the solution of (N), given as (9), may be written as the ‘reciprocal
integral equation’

b
f@) = ylx) - A / Nt 0 f(2) dt.

Exercise 10 In the Example of section 10.1, show that the kernel K(z,t) = xt gives rise to the

resolvent kernel
N(z,t;\) = 3at(3—A\)~!

when |A| < 3, and verify that (9) produces the solution (1).

Exercise 11 Apply the methods of Picard, integral operator powers and Neumann series in turn
to find the solution to

1
y(z) = 1+ )\/ (1 3aty()dt,  (zc[0,1]).
0
Exercise 12 Establish the identities

b
N(z,t;\) = K(z,t)+ )\/ K(z,u)N(u,t; \) du,

b
N(z,t;\) = K(z,t)+ )\/ K(u,t)N(z,u; \) du,

where x,t € [a,b] and |\| < [L(b — a)]~!. [You may find Exercise 9(a) helpful.]
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Exercise 13 (Harder) In (N), suppose that the kernel K = K (x,t) is symmetric. Extending
the first result in Exercise 7, use the Expansion Theorem of section 9.5 to show that the (symmetric
iterated kernels) K,, = K, (z,t) may be expressed in the form

(1) Kafwt) = S UEBU oy

for x,t in [a, b]. For sufficiently small |A|, deduce formally that the corresponding resolvent kernel
is

i (2)yi(t)

i )

(12) N(z,t;\) = K(x,t)—l—)\zm, (z,t € [a,b]).

[The expansions in (11) and (12) are in fact uniformly convergent in both = and ¢.]

Note (for those familiar with complex analysis) Formula (12) gives the analytic
continuation of the resolvent kernel into the complex (A-)plane. The resolvent is thus a
meromorphic function of A, and its (simple) poles are the eigenvalues of the corresponding
homogeneous equation. The reader might care to ponder the use of evaluating the
residues at the eigenvalues.

10.5 A remark on the convergence of iterative methods

When discussing an iterative method, we have given a sufficient condition, in terms of an
upper bound on |A|, for the iteration to converge. The curious reader will have wondered
about the best upper bound, about a necessary condition. The answer is a simple one:
the series provided by the iterative methods in this set of notes converge when, and only
when, |[A| < |A1|, where A1 is the eigenvalue of the corresponding homogeneous equation
of least modulus. With this in mind, the reader is encouraged to review the examples
and exercises of this chapter, taking special note of the complete solution given by the
Fredholm Alternative in the case of a degenerate kernel.

Exercise 14 Show that the equation (N) has a unique solution, expressible as a power series in
A, when its kernel K = K(x,t) is degenerate and |A| < |A\1], where \; is the eigenvalue of the
corresponding homogeneous equation of least modulus.



11 The Calculus of Variations

It is to Queen Dido of Carthage, in the ninth century B.C., that the oldest problem in
the Calculus of Variations has been attributed. The ancient Greeks certainly formulated
variational problems. Most of the more celebrated analysts of the last three centuries
have made substantial contributions to the mathematical theory and, in particular, the
names of Bernoulli, Newton, Leibnitz, de I’Hopital, Euler, Lagrange, Legendre, Dirich-
let, Riemann, Jacobi, Weierstrass and Hilbert are attached to important phenomena or
results.

Nowadays, the Calculus of Variations not only has numerous applications in rigorous
pure analysis and in physical applied mathematics (notably in classical and quantum
mechanics and potential theory), but it is also a basic tool in operations research and
control theory.

We shall in this chapter use the notation f € C"(A) to indicate that f is a real-valued
function, defined and m-times continuously differentiable on A, where A C R™ and m, n
are positive integers.

11.1 The fundamental problem

Suppose that D is an open subset of R3 that F' € C%(D), and that a, b, ¢, d are given
real constants with a < b. The problem is to find, amongst all y € C([a, b]) for which

(1) yla) = c, y(b) = d, (z,y(x),y (x)) € D, for all x € [a,b],

the function y which gives an extreme value (a maximum or a minimum) to the integral

b
) I = / F(z,y(z),y/ (z)) dz.
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We shall show that a C2-function y which gives such an extreme value must necessarily
satisfy Euler’s equation

() = Fy = F,

as well as the given boundary conditions

(B) yla) = ¢, yb) = d

A solution of (E), (B) will be called an extremal for the problem, though it need not
solve the problem. General conditions under which solutions of (E), (B) can also provide
extreme values of the integral I are harder to discuss and will not be presented here.
However, ad hoc arguments can sometimes suffice.

Some physical ‘principles’ are worded in terms of finding a function y giving a
‘stationary value’ to such an integral as I. By this will be meant finding an extremal for
the problem.

The reader should be clear as to the meaning of the term F,, appearing in Euler’s
equation (E): one treats F' = F(x,y, z) as a function of three independent variables x,
y, z; one then differentiates partially with respect to z; finally, one substitutes 3 for z
wherever the latter appears. Formally,

oF 0
Fy = a—y/(m,y,y’) — (azF(x,y,z)>

/

z=y

We may use the language of geometry to describe a variational problem. In this
language, and with the same conditions on the functions involved, the fundamental
problem is expressed as a search for curves, with equation y = y(zx), passing through
the points (a, c), (b,d) of R? and giving a stationary value to the integral I of (2).

There are many extensions of the fundamental problem, even in classical theory. For
example, the function y may be subject to a constraint which may take the form

b
J = / G(z,y.y) = v,
a
where v is a constant; or, the end-points a, b of the range of integration may vary; or the
function F' may take one of the forms
F(z,y,9,y"),  Floy,2,9,2),  Flo,tuug,u),

where y = y(x), z = z(x), u = u(x,t). After presenting some well-known examples to
motivate our discussion, we shall proceed to consider these and other cases.
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11.2 Some classical examples from mechanics
and geometry

In this section, we vary our usual practice in respect of applications because of the
historical importance of the examples discussed and because of the motivation which
such discussion gives.

Example 1 : the brachistochrone (Greek: fBpayxiocTos = shortest, xpovos = time).
This problem deserves mention, not only because it was historically the first variational
problem to be formulated mathematically, but because it serves well to illustrate the
scope of applicability of the subject to problems of an applied nature.

Let A = (a,0) and B = (b,d), with a < b, d < 0, denote two points in a vertical
plane in real space. The problem is to find, amongst all smooth wires (represented
by continuously differentiable functions) that join A to B, the one along which a bead
(represented by a mass-point), under the influence of gravity, will slide from A to B in
the shortest possible time.

In setting-up our mathematical model, we assume that the motion is frictionless, that
the bead starts from rest, and that it is subject only to gravity g as external force.

» QO

A=(a,0)




192 CHAPTER 11: THE CALCULUS OF VARIATIONS

Suppose that y = y(z) gives the equation of the curve representing the wire and that
s = s(t) measures the distance the mass-point of mass m has travelled along the curve
at time t. The situation is illustrated in the diagram above.

Conservation of energy yields

Lo(dY
2"\ at - ey

ds ds dx ds\ 2 dy 2
e d (= -1 hat:4
dt  dr dat " (dw) * <dx) ’
we can quickly derive (supposing the integral to exist)
b / 2Y 3
1 2
(3) = / {Hy(ﬂf))} .
a 2gy(x)

The brachistochrone problem reduces thus to that of finding a continuously differentiable
function y = y(z) giving a minimum to this integral. O

where g = |g|. As

Example 2 : the isoperimetric problem One version of this problem is to find,
amongst continuously differentiable curves y = y(z), joining the point A = (a,c) to the
point B = (b,d) and having a fixed given length L, the one which, together with the
r—axis and the lines x = a, x = b, encompasses the largest area I.

The problem may clearly be expressed as one of finding continuously differentiable
y = y(z) which maximises

b
(4) I = /y(m)dl‘

when subject to
b
() / {1+ (2)?*} dz = L.

The situation is illustrated as follows. O
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y
| B=(b.d)
L
y =y(x)
A=(a,c)
Cl »
I x=b
X=a
X
a b

Queen Dido is said to have proposed the classical version of the isoperimetric problem,
namely, that of finding the closed (continuously differentiable) curve of given length
containing the greatest area. We derive the C?-extremal, a circle, for this by using polar
co-ordinates in section 11.8.

Example 3 : geodesics The problem here is to find the continuously differentiable
curve on a smooth surface in R? of minimum length and joining given points A, B on
the surface.

(i)  Suppose that the surface is given by G(z,y,z) = 0, where G is continuously
differentiable, and the curve is given in the parametric form

where
A = I‘(to), B = I‘(tl)

and z,y, z are continuously differentiable on [tg, ¢1]. Then r = r(¢) must give a minimum
to the integral

t1 1
(6) I :/ (% + 9 + 2°)2 dt
t,
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when subject to the constraint
(7) G(z(t),y(t),2(t)) = 0, (€ [to,t1]).

Dot denotes differentiation with respect to t.

(ii) Suppose, alternatively, that the surface is given in parametric form

r = r(u,v) = (x(u,v),y(u,v),z(u,v)),

where r is continuously differentiable and r, A r, is never zero. A curve r = r(¢) on the
surface is determined once one can find functions u = u(t), v = v(t); for then we may
write

Again, we demand that u = u(t), v = v(t) are continuously differentiable and take

A = I‘(to) B = I‘(tl).
By the chain rule,

r(t) = u(t).ry(u(t),v(t)) +0(t).ry(u(t),v(t));
80, by definition of arc-length, the distance s along the curve from A to B is given by
11 1
s = / (r(t).1(t))2 dt;
to

that is, by

t1 1
(8) s = / (BW® + 2Fub + Go?) 2 dt,

to

where £ =r,.ry, F =r,.1r,, G =1,.1,. The geodesic problem is this time solved by
minimising the integral (8). O

Example 4 : Hamilton’s Principle and Lagrange’s equations Suppose that the
‘generalised’ co-ordinate function ¢; = ¢;(t) € C?([to,t1]) is given as a function of the
independent time variable ¢, for ¢ = 1,...,n. The Lagrangian

L = L(taqlv"'aqn7Q17"'7QTL) € CQ(D)7
for appropriate open D C R?"*! is defined by

L =T-YV,
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where T is the kinetic and V' the potential energy of a conservative dynamical system.
Suppose further that g;(to), ¢i(t1) are given constants, for i = 1,...,n. Hamilton’s
Principle asserts that the actual motion of the system is given by the functions ¢; = ¢;(t),
i=1,...,n, for which the integral

(9) / " L

is stationary.
The problem is solved by functions satisfying Lagrange’s equations

d (0L oL
1 — | =) = =1,... .

Example 5 : Plateau’s problem The problem here is to find the surface S in R3 of
minimum (surface) area, bounded by a given closed curve I'. Suppose that S is given by
the continuously differentiable function v = u(x,y) and that the orthogonal projection
of I' on the (x,y)-plane is the continuously differentiable curve v with interior A. Then
S must give rise to a minimum of the surface area integral

(11) //A(l#—ui—kuz)édazdy. O

Exercise 1 Show that a surface, generated by revolving y € C*([a,b])), subject to y(a) = ¢,
y(b) = d (¢ > 0,d > 0), about the x—axis, is of minimum surface area when y = y(x) gives a
minimum to the integral

b 1
/ y(@) {1+ (¢ ()2} dr.

Exercise 2 When a heavy uniform string hangs in stable equilibrium in a vertical plane between
two fixed points (a,c) and (b,d), its form y = y(z) is such as to minimise its potential energy.
Show that if y is continuously differentiable, it must minimise

b 1
(12) [ v {1+ w@)?) do
whilst being subject to
b 1
(13) / {1+(y'(x))2}2 dr = L,

where L is the (fixed) length of the string.
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11.3 The derivation of Euler’s equation for the
fundamental problem

Most of the ‘hard analysis’, as opposed to formal manipulation, required to derive Euler’s
equation is contained in the following lemma.

Lemma 1 Suppose that P : [a,b] — R is continuous and that

for every n € C?([a,b]) for which

Then P = 0, identically on [a, b].

Proof Suppose, on the contrary, that P(zg) # 0, for some gy € [a,b]. With no loss of
generality, we may assume that P(z) > 0. By continuity of P, there are real numbers
a', b for which

a<ad <b <b, and P(x) > 0 forzeld,b].
Define 7 : [a,b] — R by
{(z —a)(t —2)}3, for z € [d’, V']

0, otherwise.

Then 1 € C?([a, b)), n(a) = n(b) = 0, and n, P are both positive on (a’,'). So

b v
/n(;v)P(w)d:U = / n(z)P(x)dx > 0,

’

contradicting the hypotheses of the lemma. O

We now proceed directly to showing that, if a C2-function y solves the fundamental
problem described in section 11.1, then y must satisfy Euler’s equation (E) of that section.
The notation and conditions of 11.1 will continue to apply here.

So, suppose y € C2([a,b]) satisfies (1) and gives a stationary value to the integral I
of (2). Suppose also that € C?([a, b]) is arbitrary, save that it must satisfy

(14) nia) = n(b) = 0.
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Define, for each real number «, a function y = y,(z) by
vale) = y@)+an(@),  (velab))
Then y, € C?([a,b]), ya(a) = ¢, ya(b) = d, and
@) = Y@ +an@), (@ eab)
for each o. As D is open, there exists € > 0 such that
(%, Ya(2),ya(2)) € D, (z € [a,b])

whenever |a| < €. So,
b
I = 1) = [ Flayala)y) () do

which now varies only with «, is well-defined for |a| < € and has, as yg = y, a stationary
value at a = 0. Because

F(2,ya(@),y0(x)) = F(z,y(@)+an(z),y (z) + on'(z))
is continuous on [a, b] for |a| < €, I is differentiable for |a| < € and therefore
(15) r'o) = o.

But, using the chain rule, and evaluating at o = 0,

b
r'o) = / {Fy(@y(x),y (2))n(x) + Fy (2, y(2),y'(x))n'(x) } do

(16) = [ @@+ [ nlm - L)

a

after an integration by parts. The first term of (16) is zero because of condition (14),

and

d
PEFy—%Fy/

is continuous because F € C?(D). So, (15) combined with Lemma 1 implies that Euler’s
equation

(E) L@y} = Rayy)

is satisfied by y = y(«) in [a, b].
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Exercise 3 Suppose that P : [a,b] — R is continuous, that n is a positive integer, and that

for every n € C"([a,b]) for which

Prove that P = 0, identically on [a, b].

Exercise 4 Suppose that A C AUJA C U C R?, where A is a bounded, connected and simply
connected, measurable open set and U is an open set, that ) : U — R is continuous, and that

//A ((2,y)Q(z,y) dzdy = 0,

for every ¢ € C%(A) for which
¢ = 0 ondA,

where 0A denotes the boundary of A. Prove that @ = 0, identically on A U 0A.
Note The conditions on the set A, given in Exercise 4, are introduced here and again

in section 11.7 in order for the integrals to exist and the usual integration theorems to
apply. They are commonly met.

11.4 The special case F = F(y,y’)

In this special case, where F' is not an explicit function of z and F, = 0, one integration
of Euler’s equation may always be immediately accomplished. We continue to use the
notation of section 11.1.

Proposition 1 If F) is identically zero in D, a first integral of Euler’s equation in D is
U =k, where k is a constant and U is the function defined by

Uz,y,y) = Flz,y,9) —y'Fy(z,y,y)
for all (z,y,y’) € D.

Proof Using the chain rule and the hypothesis that F, = 0,

dUu

d d
T = (Bt yFy+y'Fy) = 'Fy +y - Fy) = y(Fy— - Fy) = 0.

dx

So, U = k, a constant, is a first integral of Euler’s equation. O
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Example 6 : F(y,y") = y™{1+ (y’)z}% In this case,

[ SIS

F—yFy = y"{1+ )%} —y" ()1 + ()%}~

N

— {1+ W)
= it eost,

where 1 is the angle the tangent to the curve y = y(z) makes with the z-axis.
(Note that ¥’ = tant.) By Proposition 1, a first integral of Euler’s equation is then

(17) y"cosyy = K",

where K is a constant. Differentiating, we obtain, when y is non-zero,

d
ytany = nﬁ

On using

dy dy /dz

2 = 2/ =

de oy dp any,
this reduces to

dx

We now present just two amongst a number of important special cases.

a) m = —2 This corresponds to the brachistochrone problem of Example 1 above.
2

The first integral (17) is
K
2

(19) y = Kcos?y) = (1 + cos2v).

Integrating the corresponding equation (18) gives
K .
(20) x = L-— 5 (21 + sin 29))

where L, like K, is a constant. Equations (19), (20) are the parametric equations of (arcs
of) cycloids with cusps on the x—axis. O



200 CHAPTER 11: THE CALCULUS OF VARIATIONS

(b) n = 1 The reader was asked to show in Exercise 1 that this corresponds to
the problem of minimising the surface area of a surface generated by revolving a curve
about an axis. Equation (17) is now

(21) y = Ksect
and (18) integrates to
(22) x—L = Klog(secy + tant))

where K, L are constants.

Equations (21), (22) give an extremal in parametric form. To derive a solution in the
form y = y(x), we proceed as follows:

e D/IK = sectp+tany = (sect) —tantp) !,

as sec? 1) = 1 + tan? 1), and therefore

x—L 1
— Z(el-L)/K 4 ~(z=L)/K\ _
cosh ( I > 5 (e +e ) sec 1)

when, additionally, K is non-zero. Using (21), we obtain the extremal

- L
(23) % = cosh <$K ),

which satisfies Euler’s equation whenever K # 0. This curve is a catenary. O

Note The techniques provided by Proposition 1, for the derivation of an extremal from
a first integral or in parametric form, can be very useful but do not always provide the
best method of solving a particular Euler equation. The reader should always check first
to see, in any particular case, if Euler’s equation can be solved directly. An opportunity
for comparing methods is provided by Exercise 5 below.

Exercise 5 Derive the solution (23) of Example 6(b) directly from the first integral
N2 % , 0 N2V
{1+ W) =y (L W)7)) = &

obtained from Proposition 1.

Exercise 6 Find extremals corresponding to F(y,y') = y™{1+ (y/)2}2 when n = fandn=—1.
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Exercise 7 Find extremals corresponding to the following problems:

1
(a) / (W 4o + () de, subject to y(0) = 0, y(1) = 1,

(b) /O ()2 dz + {y(1)}2,  subject to y(0) = 1.

[HINT for (b): Re-write in terms of an integral minus a constant independent of ¥.]

Exercise 8 Suppose that F(y,y') = y"{(1+4 (v/)?)2}, that ¢/ is never zero and that n > 1. Use
the first integral
y2n — K2n(1 + (yl)Q)

of Euler’s equation, where K is a positive constant, to show that, if

£ o)

is an extremal, then g satisfies the differential equation ¢g"” = ng?"~!. If g(z) > L > 0, for some
constant L and all z > 0, show that there exists precisely one o > 0 such that the line given by
y = ¢’'(a). z touches the extremal whatever the value of K > 0.

11.5 When F contains higher derivatives of y

In this section, we consider the problem of finding the function y € C*([a,b]) which
satisfies

(24) ya) = ¢, yb) = d,  Yla) = e YO = f

where a, b, c,d, e, f are constants, and which gives a stationary value to the integral
b
(25) 1= [ Py
a

where ' € C3(D) for an appropriate D C R%.

Here, and subsequently, we shall not fill in all the details, but rather pick out the
essential differences which modify the argument of section 11.3. The reader should have
no difficult in completing the discussion.

Suppose that y € C*([a,b]) satisfies (24) and gives a stationary value to (25), and
that n € C*([a,b]) is arbitrary, save that it must satisfy

(26) n(a) = n) = n'(a) = 1) =0,
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with
Yalz) = y(z) +an(z)

and for small |a|, we may differentiate

b
I = I(a) = / F(2,ya(2), 5(2), ¥/ (2)) da

and set o = 0 to obtain

b
r'o) = / (nFy +n'Fy +1"Fyr) da
a

b b d d
g F/ /F//:| / F—*F/ — /7F// d
[ny+nya+a{77(y . v) ndxy}iﬂ

, d b b d d?
= [nFy/ +n Fyr — 7]% Fy//} + nqFy — ir Fy + a2 Eyr o dx.
a

a

As I'(0) = 0 and 7 satisfies (26),

b d d2
/a H{Fydl‘Fyl‘I*deFy//} d:]j = O7

where 7 is an otherwise arbitrary 4—times continuously differentiable function. Since
F € C3(D), every term in the integrand of the last equation is continuous, and we may
deduce that y satisfies the Euler equation

d? d
(27) gz by =ty tEy = 0.

The reader is asked to provide and to prove the analogous result to Lemma 1 of section
11.3, which establishes the last step.

Extremals for this problem are functions y = y(x) solving (27) together with (24).

Exercise 9 Formulate the problem corresponding to
F = F(x7y7yl7"'7y(n))

and write down the appropriate Euler equation.
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Exercise 10 State and prove a lemma, analogous to Lemma 1 of section 11.3, which provides
the last step in the derivation of (27) above.

Exercise 11 Show that the Euler equation (27) has the first integral

d
F — y/ <Fy’ — % Fyz/> — ’y”Fy// = k‘7

where k is a constant, whenever F = F(y,y’,y”) (that is, whenever F, is identically zero).

Exercise 12 Find extremals for the problems given by the following functions F = F(x,y,y’,y")
and boundary conditions:

(@) F = @)+ y(0) = y'(0) = 0, y(1) = y'(1) = 1,

11.6 When F' contains more dependent functions

Consider the problem of finding the functions y, 2 € C?([a, b]) which satisfy

(28) yla) = ¢, yl) = d,  z2(a) = ¢  20b) =

b
(29) I = /F(m,y,z,y’,z’)dw,
a

where F' € C?(D) for an appropriate open D C R5.
We define

Ya(r) = ylz) +an(z),  z(z) = 2(z)+al(z),

for small ||, where the otherwise arbitrary functions 7, ¢ € C?([a, b]) are chosen to satisfy

(30) n(a) = nb) = ¢(a) = ¢b) = 0.
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Integration by parts yields

b
r'o) = /(nFy+<Fz+77,Fy/+CIFz’)dx
b b
= [+ cn] + [P+ @

b
- / (P + (Q) da,

using (30), where
d

F el
dzx

P = Fy Y Q = FZ— Fz"

a4

dx
Choosing ¢ = 0, identically on [a, b], which satisfies (30), I’(0) = 0 gives (using Lemma
1 and the continuity of P) the Euler equation

d
(31) —Fy = F,

Similarly, n = 0, identically on [a, b], gives

d

(32) T

F, = F,.

Thus, we get an Euler equation for each dependent function. Similarly, n dependent
functions give rise to n Euler equations.

Example 7 : geodesics on r = r(u,v) We showed in Example 3(ii) of section 11.2
that a curve r = r(t) on the surface r = r(u,v), given by u = u(t), v = v(t), is a geodesic
from r(tp) to r(¢;) if and only if it minimises the integral

t1
s = V2T dt,

to
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where ) 1

T o= T(uv0,0) = S(F.5) = §(Eu2+2Fm1+Gi12)
and

E = r,.ry, F = ry.ry, G = ry.ry,.

We assume from now on that r = r(u,v) € C3(A) and u,v € C3(B), where A, B are
open sets in, respectively, R? and R; so that, T € C?(D), where D is open in R* (T does
not contain the independent variable ¢ explicitly). We also assume that

r(t), 1(t), ry(u,v), ry(u,v)

are each never zero in appropriate subsets of R and R2. In particular, this ensures that
T is never zero and that r = r(u, v) has a well-defined tangent plane and normal at each
point.

In these circumstances, the Euler equations corresponding to (31) and (32) are

I L R e O i

Now choose the parameter ¢ to be arc-length s along the geodesic. Letting dash denote
differentiation with respect to s, certainly r’(s) = 1 along the geodesic and hence T = % ,
a constant. The Euler equations (33) then reduce to

1
— (BEu + FV') = Q(Euu'2 + 2F,u'v + Guv/z)
(34)

d 1
— (Fu' +Gv') = §(Evu’2 +2E,uV + Gy'?) O
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Example 8 : Hamilton’s Principle and Lagrange’s equations In Example 4 of
section 11.2, we described Hamilton’s Principle which asserts that the actual motion of
a conservative mechanical system with Lagrangian

L = L(t7QI7"'7qn7QI7"'7QH) GCQ(D)7

where D is open in R* ! and ¢; = ¢;(t) € C?([to,t1]) are co-ordinate functions
(i =1,...,n), arises from a stationary value of the integral

t1
/ Ldt.
to

Direct application of the theory of this section gives the n Euler equations

i a—L = 8—L (i=1 n)
at \og ) = 9g° = e

In this context, the Euler equations are known as Lagrange’s equations. O

Exercise 13 Find extremals y = y(z), 2z = z(z) corresponding to the problem of finding a
stationary value of the integral

™

/0 T+ () + 2y2) da

when subject to y(0) = 2(0) =0, y(7/2) = z(x/2) = 1.
Exercise 14 Use (34) to show that the geodesics on the sphere

r = r(f,¢) = a(sinfcos¢,sinfsin,cosb), 0<0<m 0<¢<2m)
of radius a are arcs of great circles. State clearly any assumptions that you make.

Exercise 15 Show that the problem of finding geodesics on the cylinder z? + 32 = a? through
the points (a,0,0) and (acos «,asina, b), where a,b, a are constants and 0 < « < 27, gives rise
to the extremals

x = acost, y = asint, z = bt/(a+2nm),
for all integers n such that a + 2n7 # 0.
Exercise 16 Show that the geodesic equations (34) may be re-written
r,.r" = r,.t" = 0.

(This shows that the direction r” of the principal normal at a point of a geodesic is parallel to
the normal direction r, A, (at the same point) of the surface on which it lies.)
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Exercise 17 (a) Define momenta p; = p;(t), i =1,...,n, and the Hamiltonian

H = H(t7qla"'aQTL7p17"'apn)
by
oL

i, = b =1,...
Pi 6q17 (Z ) an)

and

H =Y pgi— L,
i=1

where L is the Lagrangian of Examples 4 and 8. Show that Lagrange’s equations are equivalent
to Hamilton’s equations:

. oH . oH =1 )
4 = 8])27 pbi = 66]7;7 t=14...,n).

Show also that Hamilton’s equations arise from a search for functions giving a stationary value

to the integral
11 n
to \j=1

(b) Show that the function F' = F(t,q1,...,qn), defined as

t n
/ (ZpiC]i_H(u7q17"'7qn7p17'°'apn)> dua
to

i=1
where H is the Hamiltonian in part (a), satisfies the Hamilton—Jacobi equation

oF
+H<t,ql7... = 0.

yAny 39 A
" Iq1 0qn

oF oF
ot

(¢) Show that the Hamilton—Jacobi equation for the one-dimensional harmonic oscillator, where
the Lagrangian L is given by

1 .
L = i(qu — kq?)

and k, m are positive constants, is

OF 1 [(0F\® k¢
—+— (=) +
ot 2m \ Oq 2
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11.7 When F contains more independent variables

Consider the problem of finding a function u = u(z,y) € C?(D), where D is an open
subset of R?, which gives a stationary value to the integral

(35) I = /AF(w,y,u,um,uy)dxdy

and satisfies
(36) u = f ondA,

where 0A denotes the continuously differentiable simple closed curve which bounds the
connected and simply connected open set A, and AU 0A C D. Of course, we also need
F € C%(E), where E is an appropriate open subset of R%. (Concerning these conditions,
see the note at the end of section 11.3.) We define

ua(z,y) = u(x,y)+an(z,y),

for small ||, where the otherwise arbitrary function n € C?(D) is chosen to satisfy

n = 0 on JA.

I = I(a) = /AF($,y,ua,§Eua,§Jua> dxdy.

Instead of using integration by parts, which was appropriate for a single integral, we
apply Green’s Theorem in the Plane! as follows:

Then

') = //A(Fun + Fu,Ne + Fu,ny) dedy

8 3
= JnEe g e gy P s+ [ 5 R+ 5 B
= // {F—aF 95 }dxd +/ {-F., dz+ F,, dy}
An uT gp e By Uy Y aAn Uy ugz Y g -

!This theorem states that if P = P(z,v), Q@ = Q(x,y) € C'(D) then, with A as given above,

// (%’TJ) dzdy = /BA(Pd:chQdy)
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As I'(0) = 0, 7 = 0 on DA, and F € C?(E), we can use Exercise 4 to deduce that u must
satisfy the Euler equation

0 0

~ZF, v
(37) or °° + y

F,, = F,.

The corresponding result for three independent variables is left as an exercise for the
reader.

Example 9 : Dirichlet’s integral and Laplace’s equation With the same notation
and conditions as above, consider the problem of finding the function u which gives a
stationary value to Dirichlet’s integral

2 2, 2
//A(gradu) dxdy = //A(u,;+uy)d:ndy,

when u is equal to a given continuous function on the boundary 9A of A. From (37), the
corresponding Euler equation is

9 9
g (2a) + 5 () = 0;

that is, Laplace’s equation

Viu = wug, + Uyy = 0. O
Example 10 : the wave equation For a non-homogeneous string of length a, with
p(z) denoting modulus of elasticity multiplied by the cross-sectional area at z and p(z)

denoting the mass per unit length at x, the kinetic energy 7" and the potential energy V/
are given, for a transverse displacement u = u(z,t), by

a a
T = %/ pu? de, V = ;/ pu? dz.
0 0

From Hamilton’s Principle (Examples 4 and 8), the actual motion of the string corre-
sponds to a function u = u(x,t) which gives a stationary value to the integral

t1 t1 ra
/ Ldt = 1 / / (pu? — pu?) dadt,
to to /0

where L = T — V is the Lagrangian of the system. In this case the Euler equation (37)
reduces to the wave equation

(pu:c>z = pPUtt.
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The mathematical model of the string provides sufficiently strong differentiability condi-
tions for the above analysis to be valid. (Il

Exercise 18 Find an extremal corresponding to

/ [(u)? + ()2} dady,
A

given that u(cos,sin ) = cosf (0 < § < 27) and A is the open disc {(z,y) : 2% + y* < 1}.

Exercise 19 Show that the Euler equation for Plateau’s problem (Example 5), where

. F(xayvu7u£7uy) = (1+u3216 +U§)%,
can be written
(14¢*)r —2pgs + (1 +p*)t = 0,

where p = ug, ¢ = Uy, T = Ugy, § = Uygy, t = Uy, satisfy suitable differentiability conditions.

Exercise 20 Use the Divergence Theorem, which states that, for continuously differentiable
P = P(xvyvz)a Q = Q(xvyvz)v R = R(m,y,z),

/// (813 2y 83?) dedydz = /aV(P,Q,R).ndS,

where n is the outward-drawn unit normal to the simple closed, continuously differentiable surface
0V bounding the volume V', to derive the Euler equation

0 0 0

37 7Fu 7Fu 7Fu = Fua
(37) ox ””+3y y+3z z

for the case of three independent variables x, y, z, where u = u(x, y, z) gives a stationary value to

the integral
/// F(x,y, z,u, uz, uy, u,) dedydz
1%

amongst functions u equal to a given fixed continuous function on the boundary 9V of V.

Exercise 21 Find an extremal corresponding to

/// {(uz)? >+ (uz)? + ku*} dadydz,

given that v = 1 on 22 + y? + 22 = 1, k is a positive constant and
V o= {(z,y,2) : 2 +yP+ 2% < 1}

[HINT: Try to find a spherically symmetric solution; that is, a solution in the form u = u(r),
where 72 = 22 + y? + 22]
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11.8 Integral constraints

Consider the problem of finding a function y = y(x) € C?([a, b]), which gives a stationary
value to the integral

b
(38) I = /F(x,y,y/)dx,

while satisfying

(39) yla) = ¢, y(b) = 4,

and also the ‘integral constraint’
b

(40) J = /G(w,y,y’)dﬂf =
a

where a, b, ¢, d and v are constants and F, G € C?(D) for some appropriate open D C R3.
This time, it is necessary to introduce two arbitrary functions 71,72 € C?([a,b]),
satisfying
m(a) = m(b) = m(a) = n2(b) = 0,
and to define
Yai,02(7) = y(@) + a1 (z) + aenp(z),

for small |aq], |ag|. If y gives a stationary value to

I = I(aj,a2) when subject to J = J(ag,a2) = 7,

there must be a Lagrange multiplier> \ (a non-zero constant) such that

ol oJ ol oJ
(41) e Do’ D A@ag , when g = a9 =0

(We assume that grad(J) is non-zero when evaluated at a; = g = 0.) But, equations
(41) are equivalent to

K
(42) gw =0 at a; = ag =0, (1=1,2)

2See, for example, T.M. Apostol, Mathematical Analysis, 2nd Edition, page 381.



212 CHAPTER 11: THE CALCULUS OF VARIATIONS

for the function K =1 — \J.

So, our problem is equivalent to the (unconstrained) fundamental problem for the

integral
b
/ (F - \G),

and has Euler equation

d
(43) T (Fy =AGy) = Fy=AGy.

Notes

1. The analysis can clearly be extended to the cases where I, J are both double, or
both triple, integrals giving Euler equations of the form (37), or (37'), for F — A\G.

2. The Euler equation here possesses the additional unknown A, but there is the
additional equation J = v to help determine it.

3. One function 1, with yo(z) = y(z) + an(z), does not suffice, because

b
J = / G, y(@) + om(a), v/ (&) + onf (z)) dx =

would then fix « as a function of v, and we should gain no useful result from
differentiating.

4. The reader might ponder the need for both equations (42) in deriving the single
equation (43).

5. The problem of this section is equivalent to finding a function y which gives a
stationary value to the quotient

JPF(x,y,y) da

i
)\ = j — b ,
[, G(z,y,y) dx

Y

subject to y(a) = ¢ and y(b) = d, when J is non-zero. To see this, we again put
Yalz) = y(z)+an(z),
for small |o| and with € C?([a,b]) satisfying

n(a) = n() = 0.



11.8 INTEGRAL CONSTRAINTS 213

Then,
A= Aa) = 1@
()
and
rs—-1J
)\/ - T = *(I/—AJ,)

is zero at a = 0, provided that A = A\(0) satisfies
I'(0) = AJ'(0) = 0.
As above, this gives rise to the Euler equation (43).

Example 11 : the isoperimetric problem In Example 2, we modelled this problem
in Cartesian co-ordinates. Rather than solve the problem in this form, we shall use polar
co-ordinates.

Suppose that the extremal curve r = r(0) is of length L > 0. It is clear that the area
it encloses, which is a maximum amongst all areas enclosed by curves of length L, must
be convex. In particular, for every point on the curve, the tangent at that point must lie
wholly on one side of the curve.

Take one tangent as polar axis, with the pole at the point of contact and the curve
in the upper half-plane. We search for twice continuously differentiable r = r(6) giving
a stationary value to the area integral

Izé/vgdﬁ
0

when subject to the constraint
J = / (2 +i%)2do = L,
0

where dot denotes differentiation with respect to 6. According to the theory of this
section and Proposition 1 of section 11.4, a first integral of the Euler equation for this
problem is

1 1
(2 r2 = A(r? + 7-,2)§> _ ,,-,; <2 2 — \r® + 7:2)§> = k, (k constant).



214 CHAPTER 11: THE CALCULUS OF VARIATIONS

This quickly reduces to
1

AR )T =k

As r = 0 when 6 = 0, we must have k = 0. As r = 0, identically on [0, 7], encloses zero
area and does not satisfy J = L, we must have

r? 472 = 4)\2, (0 €[0,7)).
The solution of this equation, satisfying r(0) = 0, is
r = 2\siné,

which represents a circle. The constraint J = L then shows that A = L/27, as would be
expected. O

Exercise 22 Show that extremals for the problem of the heavy uniform string, hanging in stable
equilibrium under gravity (see Exercise 2), are catenaries.

[HINT: Use Example 6(b) of section 11.4.]

Exercise 23 Find an extremal corresponding to the area integral

1
/ ydx
-1
when subject to y(—1) = y(1) = 0 and
1
[+ =1
1

Exercise 24 Find the extremal curve y = y(z) corresponding to the problem of minimising the
length of the curve in the upper half plane {(z,y) € R? : y > 0} which joins the point (—1,0) to
the point (1,0) whilst enclosing, together with the z-axis, a given fixed area A.

Exercise 25 Find extremals corresponding to

///V{(um)2 + (uy)? + (uz)?} dadydz,

where V = {(z,y,2) : 22 + 9% + 22 < 1},
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(a)  when subject to u =1 on 22 + 4% + 2% = 1 and

/// udxdydz = 4r,
1%

(b)  when subject to u = 0 on 2? + y? + 2? = 1 and
/// u? dedydz = 1.
v

11.9 Non-integral constraints

A variational problem, where a constraint is not given in integral form, can be difficult
to solve. We consider here only the problem of finding a curve

r = r(t) = (z(t),y(t),2())
on the surface
(44) G(z,y,z) = 0,

which passes through the points r(ty), r(¢1) and gives a stationary value to the integral

t1
(45) / Fla,y, 2 i1, 2) d,
t

0

where dot denotes differentiation with respect to t. We assume that x,y, z € C?([to, t1]),
that G € CY(D), and that F € C?(FE), for appropriate open D C R3, E C RS. We also
suppose that grad(G) = (G, Gy, G>) is never zero along an extremal. Note that F' is not
an explicit function of the variable t.

When (with no loss of generality) G, is non-zero, we use the Implicit Function
Theorem of the differential calculus® to solve (44) in a neighbourhood of an extremal
to give

(46) = gla,y) € CHN);
for an appropriate open N C R?, so that

(47) 9z = *Gm/Gz, Gy = *Gy/Gz-

3See, for example, T.M. Apostol, Mathematical Analysis, 2nd Edition, page 374.



216 CHAPTER 11: THE CALCULUS OF VARIATIONS

Note that
(48) Z = gz + gyy
and hence that

0 0
49 Zi= ge 2 =g,
(49) oi° — 7 oy~ — W
Further, assuming g € C%(N),
d 0 0%
(50) il ol + oy = 5 (o8 + gy7) .
and, similarly,
d 0z
51 4. _ 0%

Using the substitution (46), in order to dispense with the need for the constraint, the
problem reduces to a search for curves x = x(t), y = y(t) passing through (x(to), y(to))
and (z(t1),y(t1)), which give a stationary value to the integral

t1

H($7 y7 i’ y.) dt
to

where H is given as a C?-function by
H(J"ay)il)y) = F($7y7g($7y)7x7y7xgl‘ + ygy)
wherever F', g are defined. The corresponding Euler equations, given by the theory of

two dependent functions in section 11.6, are

52 3, T — )
(52) dt dt

However, using (50), and then (47),

d

d d
aHa}_Hx = *(Fa'c‘i‘Féga:)_(F:v‘i‘Fzgw‘i‘F,é*gz)

dt dt

d G, (d
= (=F-F)-Z2Z(SF-F).
(r-r)-G (am-r)



11.9 NON-INTEGRAL CONSTRAINTS 217

Similarly,

d d G, (d
—Hy—H, = |—F,-F,)--Y|—-F.—-F).
dat Y Y <dt v y) G, <dt )

If X\ denotes the function

equations (52) become

d d

Gl = MG, S Fy—Fy = MGy,

where d
— - F, = M\G,.
dt

These three equations together are known as the Euler equations in this case.

Example 12 : geodesics We return to Example 3(i) of section 11.2, where geodesics
r = r(t) through
A = I‘(to), B = I‘(tl)

gave rise to a minimum of the integral
t1 1
/ (22 + 9% + 2%)2 dt
to
when subject to the constraint
G(z(t),y(t),2(t)) = 0, (€ [to,t1]).

With the differentiability conditions of this section satisfied, extremals must satisfy the
Euler equations

d (&) d (y\ _ d (z2\ _
o) g (x%) e G(5) = () = e

where K = (&2 4 9% + 22)%. Now choose t to be arc-length s, so that K = 1. The Euler
equations then become

(54) 2 = A\G, Yy = Gy, 2= \G,,

where dash denotes differentiation with respect to s. [l
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Exercise 26 Suppose, in the notation of Example 12, that
G(z,y,2) = 2> +y*+2° —d?,
where a is a positive constant; so that, the geodesic
r o= r(s) = (x(s),y(s),2(5))
lies on a sphere where grad(G) is never zero. Show that the geodesic must satisfy
xx +yy” + 22 = -1,
and hence, that the Euler equations (54) become
2.1 2,11 2.1

a’z" +r = a’y' +y = a2 +2z = 0.

Deduce that an extremal must lie on a plane through the origin and therefore must be an arc of
a great circle.

11.10 Varying boundary conditions

So far, we have only considered problems where the boundary (end-points, curves,
surfaces) has been fixed. Varying the boundary will allow us to consider such elementary
problems as that of finding the minimal distance from a point to a curve.

We start by searching for a function y = y(z) € C?([a,b]), where a,b,c are real
constants, satisfying only

(55) yla) = ¢

and giving a minimum (or maximum) to the integral

b
(56) I = /F(x,y,y')dm.

Geometrically, we are looking for a curve through the point (a, ¢). But the point at which
it meets the line z = b is not given.

Suppose now that y = y(z) actually gives such a minimum and that F € C?(D) for
some open D C R? for which

(z,y(2),y'(x)) €D, (2 €[a,b]).
Again, for small |a|, we introduce the function y = y,(z):
Ya(z) = y(@)+an),  (z€[ab])
where n € C?([a, b]) is arbitrary, save that it must satisfy
n(a) = 0.
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We may visualise the situation as in the following diagram.

y
\
Y., =Yy toan ‘
Yo=Y ‘
, \
Yo=Y tam ‘
¢ (@.c) |
\
a b x

Substituting in the integral I and integrating I'(0) by parts (as with the fundamental
problem in section 11.3) give

b d
(57) roy = n(b)Fyf(bjy(b)jy’(b)H/ n(Fy_%Fy’)dx’

as we only know that n(a) = 0. Now, y gives a minimum to the integral I amongst
curves satisfying (55); so, it must a fortiori give a minimum to I amongst curves passing
through (b, y(b)) (corresponding to n(b) = 0). In that Fundamental Problem, y satisfies
Euler’s equation

(58) —F, = F,

which an extremal must also, therefore, satisfy here. But then, I'(0) = 0, coupled with
(57), yields

1(b) Fy (b, y(b),y/ (b)) = 0.
As n may clearly be chosen so that n(b) is non-zero, we derive the boundary condition

(59) Fy =0 atxz=0.
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This replaces the condition y(b) = d in the Fundamental Problem. An extremal here will
thus be a solution of (58) satisfying (55) and (59).

The above technique can be extended to cover other cases, as the following examples
show.

Example 13 Find the conditions to be satisfied by an extremal corresponding to
b
(60) I = [ Feyyy)ds
a

when subject to y(a) = ¢, ¥/(a) = d. (You may assume that all the necessary differentia-
bility conditions are met.)

We consider

(61) Ya(r) = ylz) +an(z),

where y is an extremal and

(62) n(a) = n'(a) = 0.

As in the above argument, y must satisfy the Euler equation (27):

d? d
@Fy// — %Fy/ +Fy = 0

Substituting from (61) into I = I(«), putting I’(0) = 0 and integrating by parts as in
section 11.5, we see that

d
T]Fy/ —+ n/Fy// — 77@ Fy// =0 at £ = b.

(We have used Euler’s equation and (62).)
Choosing 7 in turn to satisfy n(b) # 0, '(b) = 0, and then n(b) = 0, n(b) # 0, we see
that
d

Fy/—%Fy// =0 atx=0b

Fyu =0 at x=0b

are the two additional boundary conditions which an extremal y (satisfying Euler’s
equation and y(a) = ¢, y'(a) = d) must also satisfy. O
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Example 14 Show that an extremal corresponding to

b
/ F(xuyay/)dxu

subject to
yla) = ¢

and to

b
/G(x,y,y’)dl‘ = 7,

where a, b, c,d and ~ are constants, must satisfy
(63) Fyl — )\Gy/ = 0 atax=0.

for some constant \. (Again, you may assume that all the necessary differentiability
conditions are met.)

The analysis of section 11.8 shows that the integral constraint problem

b b
/ F subject to / G =7«
a a

can be reduced to the unconstrained problem for

/ab<F—AG>,

where \ is a constant. Applying the work of this section to the latter gives (63) as the
condition corresponding to (59). O

We conclude this chapter by finding the condition an extremal curve y = y(x) corre-
sponding to (56), subject to (55), must satisfy in order that y(b) should lie on the (given)
continuously differentiable curve y = f(x). On this occasion, it is necessary to allow the
upper limit b of integration to vary.

Again making the substitution

Ya(r) = y() + an(z)

for an extremal y = y(z), small |a|, and n(a) = 0, we see that

b()
I = I(a) = / F(z,y+an,y + an') dz.
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Assuming that b is a continuously differentiable function of «, in addition to our earlier
differentiability assumptions, the condition I’(0) = 0 leads quickly to

at o = 0. But, for small o, y = y,(x) meets y = f(z) when x = b(«), that is, when
y(b(a)) +an(b(a)) = f(b(a)).
So, differentiating with respect to o and putting oo = 0,

Y (6(0)).6'(0) +n(b(0)) = £'(b(0)).6'(0),

and hence
(65) V'(f'(b) —y'(b) = nb)
at o = 0. From (64), (65), we obtain

1(0) AF (b, y(0), ' (8)) + (£'(b) — ' (b)) Fy (b, y(b), ¢/ (b))} = O

at a = 0. As we may choose 77(b) to be non-zero, the extremal must satisfy the second
boundary condition

(66) F+(f'=y)Fy = 0 atxz=0b.
This condition is the so-called transversal condition.

Example 15 Show that there are two extremals corresponding to
b
/my20<—y32dx
1

satisfying y(1) = 1 and y(b) = 3 and that they occur when b = —1 and b = 3.

Using Proposition 1 of section 11.4, a first integral of the Euler equation in this case
is

(67) yal—df—dgzﬁfﬂ—dy}=:h

where k is a constant. As f(z) = 3, for all z, condition (66) implies that &k = 0. When y is
non-zero, (67) leads quickly, on integration and making use of y(1) = 1, to the extremals

y = —x+2, y = .
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The value y = 3 corresponds to z = —1, respectively z = 3. (Note that y = 0, identically
on [1,b], does not satisfy the boundary conditions.) O

The reader may already have determined the relevant Euler equation and its solution
for some of the following in attempting earlier exercises in this chapter.

Exercise 27 Find extremals corresponding to

(a) / P+ + W) de, y(0) = 0,
(b) / (W) + (")) d, y0) = y(0) = 0, y1) = 1,
(© / 2y + (v")?) y0) = 1. 4(0) = 0.

Exercise 28 Find the curve y = f(z) (0 <z < 1), having length § and where f(0) = 0, which
maximises the area of the set

{(z,y) 1 02 <1, 0<y< f(a)}
State clearly any assumptions you need to make.

Exercise 29 Stating clearly any assumptions you make, find the shortest distance from the point
(x,y) = (—5,0) to the parabola y = 1 + z2.

Exercise 30 Find the extremals corresponding to
X
[ @+ ayas,
0
given that y(0) = 1 and y(X) = X?2.

Exercise 31 Consider the problem of finding extremals

corresponding to

T
/ F(IB,y,Z,i,Z),é)dt,
0

where T is a constant, r(0) is specified, and r(7") lies on the curve
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Show that the extremal satisfies
XIFQ‘U -+ Y/Fy + Z/Fz' =0
at t = T. In the particular case

F = i +9°+2*-292, r(0) = 0,
with
R(s) = s(coss,sins, 1),

show that that extremal meets r = R(s) when s = 0 and s = ¢g7?/4.

Exercise 32 An elastic beam has vertical displacement y(z) for 0 < z < L. The displacement
minimises the gravitational energy

L
/O {3D")? + pgy}

where D, p and ¢ are positive constants. Consider the following two cases.

(a) The ends of the beam are supported; that is, y(0) = y(L) = 0. Show that an extremal for
the problem is

y(z) = f%x(L—x)(szx(fo)).

(b) The end at = 0 is clamped; that is, y(0) = y'(0) = 0 (the case of an elastic springboard).
Determine an extremal for the problem.

Exercise 33 It is required to find a C2-function ¢ that makes the functional .J stationary, where

ool = [[ 196~ via.)l dudy

_ //D <<g‘i - m(:c,;/))2 + (gi - vg(:c,y)>2> dzdy.

In this, v = (v1,v2) is a continuously differentiable vector field in the plane, and D is a bounded
open region of the plane with smooth boundary 0D and unit outward normal n.

Show that if ¢ makes J stationary then it must satisfy
V2¢ = divv inD and gradé¢.nm = v.n on dD.

If D is the ellipse 22/a? + y?/b? < 1 and the functions v; = v1(x,y) and vy = va(x,y) are given
by

’Ul(l‘vy) =Y UQ('ray) = -,
show that the conditions on ¢ can be satisfied by ¢(x,y) = axy for a suitable constant « which
should be determined. Hence, show that the stationary value of J is ma3b3/(a® + b?).



12 The Sturm—Liouville Equation

This chapter concerns the homogeneous equation

(SL) Ly+Mp(x)y = (p)y) +q(x)y+ X p(x)y = 0,  (z€a,b])

where p : [a,b] — R is continuously differentiable, ¢ : [a,b] — R and p : [a,b] — R are
continuous, p(x) > 0 and p(x) > 0, for all x in [a,b], and X is a real constant.

The equation generalises (H) of section 4.2 and L denotes the operator that was
defined in that section. Further, we shall impose the same homogeneous boundary
conditions, namely:

(@) Ary(a) + Bry'(a) = 0,
(B) Agy(b) + Bay'(b) = 0,

where Ay, As, By, By are constants (Ap, By not both zero and Ay, By not both zero).

A value of the constant A, for which (SL), together with () and (), has a solution
y = y(z) which is not identically zero on [a,b], is called an eigenvalue of (SL), (),
(8), and such a non-zero solution y = y(x) is called an eigenfunction of (SL), (a), ()
(‘corresponding to the eigenvalue \’).

Our discussion will bring together much of the work in earlier chapters, from Green’s
functions, the correspondence between integral and differential equations and the
existence-uniqueness theorems for the latter, to the use of the Calculus of Variations, of
the Fredholm Alternative Theorem and of the Expansion Theorem for symmetric kernels.

We should like to stress the importance of the material in this chapter for applications,
especially in physics. The Note following Exercise 5 below gives an important example.
Others can be found via the list of references in the Bibliography.
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12.1 Some elementary results on eigenfunctions and
eigenvalues

Suppose that Aj, A2 are eigenvalues of (SL), («), () corresponding, respectively, to
eigenfunctions yi,ys. It is easily verified that

(1) (M —X)pyiye = —yoLlyi + y1Lyo

= (p(y1ys — v2y1))’

on [a,b], and hence, on integrating from a to b and applying the boundary conditions

(a), (B), that

b
(2) u=2a) [ @) s = o

So, when A1, Ay are distinct, the functions 21 = y1,/p and 22 = y2,/p are orthogonal.

Direct differentiation shows that the function z = y,/p satisfies the differential
equation

(3) (1)) +a(z)z+ Az = 0,  (z€[a,b])

once one defines

on [a,b).

Suppose that (y,) is a sequence of eigenfunctions of (SL), («), (), corresponding to
distinct eigenvalues. We can ensure that the orthogonal sequence (z,), where z, = yn\/p
for each n, is in fact orthonormal as in section 9.3. This corresponds to imposing the
condition

@) [ =1

on y,, for each n.

There are, as we shall show in the next section, a countable number of eigenvalues.
To each such eigenvalue, there corresponds, however, essentially only one eigenfunction,
as the following result shows.
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Proposition 1 Every eigenvalue A of (SL), (), () is simple (that is, there do not exist
two linearly independent eigenfunctions of (SL), («), () corresponding to \).

Proof Suppose that the linearly independent eigenfunctions yi, 42 both correspond to
A. Then, every solution y of (SL) corresponding to A can be expressed in the form

Yy = cy1 + 2y,

where ¢, co are constants. Hence, every solution of (SL) corresponding to A must satisfy
(), (B) and be an eigenfunction. However, Theorem 4 of Chapter 2 tells us that we may
find a solution y to (SL) together with any prescribed conditions y(zg) = ¢, y'(x¢) = d at
a point xo € [a, b], even if these conditions were incompatible with («) or (8). We have
reached a palpable contradiction. O

Exercise 1 Establish the validity of equations (1), (2), (3) above.

Exercise 2 Suppose that A is an eigenvalue of (SL), («), (8), with corresponding eigenfunction
y, where for convenience we adopt the normalisation

b
/py2 = 1L
a

b

Show that

A= —[pyy’] +/ab(p(y’)2—qy2)7

a

and hence, that X is always positive when both

Ay As

B B — < — >0
(5) 1 7é 0 # 2, Bl = 07 BQ = P
and
(6) q(x) < 0, forevery z in [a,b].

Exercise 3 In place of (a), (), impose the boundary conditions
() yla) = y(b),
(9) pla)y'(a) = p(b)y'(b).
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If 41,y are eigenfunctions of (SL), (), (0), corresponding, respectively, to eigenvalues A1, A,
prove that

(i) y1,ye2 are orthogonal
(ii) A1, A2 are both positive, provided condition (6) of Exercise 2 is also imposed.

Exercise 4 Show that, when ¢ = 0 on [a, b], the substitutions

o) = | Fd o) = e, (@ e [ab)

p(u)

b
i+ Aoy = 0, <te lo,/ p—lb

where dot denotes differentiation with respect to t.

reduce (SL) to

Exercise 5 Suppose that u = u(x,t) satisfies the partial differential equation
(7) (p(2)ug)e = p()uw, (v € [a,b],t>0)

where p : [a,b] — R is continuously differentiable and p : [a,b] — R is continuous. Show that the
substitution

u(z,t) = ylx)z(t)
leads to y satisfying (SL) with ¢ = 0, whenever A, z satisfy
Z4+Xz =0

and dot denotes differentiation with respect to t.

Note Exercise 5 shows how a Sturm—Liouville equation arises from the equation of
motion of a non-homogeneous string, where p(xz) denotes the modulus of elasticity
multiplied by the cross-sectional area at z, and p(z) denotes the mass per unit length at
x. The boundary conditions («), () correspond to

(i) fixed ends, if By = By =0,
(i) free ends, if A} = Ay =0,
(iii) elastically attached ends, if condition (5) of Exercise 2 is met.
The conditions (), (§) of Exercise 3 correspond to periodic solutions when p(a) = p(b).

If A = u? is taken positive and y = y(z) is a solution of (SL), together with its relevant
boundary conditions, a solution of (7) may be written

u(z,t) = y(x)(Asinut + B cos ut),

where A, B are constants. If the physically consistent conditions (5), (6) are imposed,
Exercise 2 shows that A must be positive.
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12.2 The Sturm-—Liouville Theorem

In this section, we use the theory of Green’s functions (section 4.2), the Fredholm
Alternative Theorem (section 8.3), and the Hilbert—Schmidt Expansion Theorem (section
9.5) to analyse the non-homogeneous equation

(SLN) Ly+Xp(z)y = f(z), (2 €la,b])
and its homogeneous counterpart, the Sturm—Liouville equation
(SL) Ly + Mp(z)y = 0, (x € [a,b])
both taken together with the homogeneous boundary conditions
(av) Ary(a) + Bry'(a) = 0,

(B) Agy(b) + Bay'(b) = 0.

To the notation defined and the conditions imposed at the start of this chapter, we add
that f : [a,b] — R must be continuous. We also insist, as in Theorem 1 of section 4.2,
that Ly = 0, taken together with both () and (), has only the trivial solution y = 0,
identically on [a,b]. This permits, by Lemma 2 of that section, the existence of linearly
independent solutions u solving Ly = 0 with («) and v solving Ly = 0 with (). In turn,
this allows the definition of a Green’s function

M, fora<x <t<hb,
A
W, fora<t<mz<b,

where A is the non-zero constant given by pW (u,v) = A, which is, by Lemma 1 of section
4.2, valid on [a, b]. Note the important fact that G is symmetric.

Replacing f in the Green’s function theorem by f — Apy, that theorem allows us to
re-write (SLN) with («), (f) in the equivalent form

b
™) y(x) = F(z)— A / Gle.tptyy(t) dt,  (x € [a,B)

b
Flz) = /G(m,t)f(t)dt, (@ € [a,B])
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and to re-write (SL) with («), (8) as
b
() y(x) = A / (e, Dp(ty(t) dt,  (x € [a,)

corresponding to the homogeneous case when f = 0 on [a,b]. The substitutions

K(:L‘,t) = —G(:U,t) p(iL')p(t),

for z,t in [a,b], can now be used to reduce (N) and (H), respectively, to

b
(N) (z) = g(m)—i—/\/ K(z,0)2()dt, (v € [a,b])
and
b
(Hy) z(x) = )\/ K(x,t)z(t) dt, (x € [a,b]).

Note that, as GG is symmetric, so is K.

Theorem 1 (The Sturm—Liouville Theorem) For each (fixed) real number A,
exactly one of the following two statements is true:

(SL1) The equation (SLN), taken together with the boundary conditions (a), (3),
possesses a unique twice continuously differentiable solution and, in particular,
the only such solution of (SL) with («), () is the trivial solution.

(SL2) The Sturm-Liouville equation (SL), taken together with (a), (), possesses a
non-trivial solution and (SLN), with («), (), possesses a solution if and only if

/:yf = 0,

for every eigenfunction y of (SL), («), (8) corresponding to .
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Further, (SL), («), () has infinite sequences (Ay,) of eigenvalues and (y,,) of corresponding
eigenfunctions satisfying the ‘weighted orthonormality relations’

b b
(8) /pyi = 1, /pymyn =0 (m#n)

and allowing an arbitrary twice continuously differentiable function h : [a,b] — R,
satisfying («), (f3), to be expanded in the uniformly convergent series

o0 b
9) h = chyn, where ¢, = /phyn, (n>1)

n=1

on [a,b].

Proof 1t is readily verified that y satisfies (N), respectively (H), if and only if z satisfies
(N1), respectively (H;y).

Note that, if z is an eigenfunction of (H;) = (HT) corresponding to A (which must
therefore be non-zero), then, by Fubini’s Theorem ([F] of Chapter 0) and the symmetry

of G,
/ab z2(x)g(z)dr = /ab y(z)p() {/ab Gz, t)f(t) dt} de

_ / " f0) { / ' Gt ) p(@)y (o) dm} dt.

Hence,

The alternatives (SL1), (SL2) are therefore just the Fredholm alternatives given by
Theorem 1 of section 8.3, once one replaces (SLN) and (SL), both taken with («), (3),
by the integral equations (N7) and (H;) above.

Further, as the kernel K is symmetric, we may apply the Hilbert—Schmidt theory of
Chapter 9 to (Hj). The reader is asked to show that K cannot be degenerate, as an
exercise. It follows from Proposition 4 of section 9.4 that (H;), and hence (SL), («),
() must have an infinite sequence (\,) of distinct eigenvalues. Suppose that y, is an
eigenfunction of (SL), (a), (f) corresponding to A,. (Remember that, by Proposition 1
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of the last section, each )\, is in fact simple.) Then, the discussion of section 12.1 shows
that the weighted orthonormality relations (8) are satisfied.

As h is twice continuously differentiable, we may define a continuous function
k :la,b] — R by Lh = —k,/p. But then, as h satisfies (a), (3), the Green’s function
theorem gives

b
h(z) = —/ G(z,t)k(t)\/p(t) dt, (x € [a,b]).

Hence,

b
h@)y/p@) = /K(w,t)k(t)dt, (@ € [a,]).

Putting z, = y,./p for each n, we now invoke the Expansion Theorem of section 9.5 to
derive the uniformly convergent expansion

[eS) b
hy/p = chzn, where ¢, = / hy/pzn, (n>1).
n=1 a

But, this is precisely the expansion (9). O

Exercise 6 Show that the kernel K, defined in the above proof, cannot be degenerate.

Exercise 7 If (\,) is an infinite sequence of distinct eigenvalues of (SL), («), (3) and if conditions
(5), (6) of Exercise 2 of section 12.1 are satisfied, show that A, — oo as n — oo.

Exercise 8 With the notation of Theorem 1, prove that a solution y of (SLN), («), (3) may be

written
0o
Yy = Zdnyn
n=1

where
1

b
= >1
dp )\_)\n/afyna (n— )

whenever A is not one of the eigenvalues A,,.

[HINT: Multiply (SLN) through by v, and integrate by parts.]

Exercise 9 For each of the following Sturm-Liouville equations

(y") +ay+ X py = 0, (z €[1,2])

subject to boundary conditions
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find the eigenvalues A1, Az, ... and the corresponding eigenfunctions y1, yo, . . . and use Exercise 8
to determine a solution of the non-homogeneous equation

wy') +ay+rpy = f, (z€[,2)
when the positive constant A is not an eigenvalue, f is continuous and

(a)  p(x) =1/, ¢=0and p(x) =1/2°, or

() ple) = 2® and g(x) = p(a) = 2.

12.3 Derivation from a variational principle
Before proceeding to the Sturm—Liouville equation, we give an extension of the
fundamental result of the Calculus of Variations to take care of a wider class of boundary

conditions.

Proposition 2 Suppose that f = f(x,y) and g = g(x, y) are continuously differentiable.
Then, a twice continuously differentiable extremal y = u(z) for

b
I = / Fa,y(2),y/ () dz — f(a,y(a)) + g(b,y (b)),

where F' is also twice continuously differentiable, must satisfy Euler’s equation

d
—Fy—F, =0,

together with the boundary conditions
Fy’(a, y(a)v y/(a)) + fy(av y(a)) = 07
Fy (b,y(b),y'(b)) + gy(b,y(b)) = 0.

Proof Writing y = u + an, where 7 : [a,b] — R is twice continuously differentiable,

I = I(a)

b
= / F(x,u(z) + an(x),u'(z) + an' (2)) dz — f(a,u(a) + an(a)) + g(b, u(b) + an(b)).
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As the extremal y = u corresponds to I'(0) = 0, it must satisfy, on integrating by parts,

b
10 [ iE,~ LB+ [0Fy]] - @) ut@) + a0)g,b.00) = o

As with the fundamental theory in Chapter 11, if we choose n(a) = n(b) = 0, y = u must
satisfy the Euler equation

d
%Fy/—Fy == O

The equation (10) then reduces to

n(a){Fy(a,u(a),v'(a) + fy(a,u(a))} = n(O){Fy (b,u(b),u' (b)) + gy(b,u(d))}.

Choosing 7 in turn to satisfy n(a) # 0, n(b) = 0 and then n(a) = 0, n(b) # 0, the required
boundary conditions are met. O

We now assume that the constants Bj, Bo appearing in the homogeneous boundary
conditions («), () are both non-zero. The variational principle we shall invoke is that a
stationary value be given to the integral

Aq Ao

b
L= / () - a0}~ T p@W@) + 5 p0)60)*

when subject to the normalisation condition

b
J15/py2:1.
a

The integral constraint theory (section 11.8) shows that this principle is equivalent to
that whereby there is a constant A\ for which I = I; — AJ; achieves a stationary value.
With

F = p(y)* = qy* = Moy
and

f—Blpy, 9 = B,

Proposition 2 shows that an extremal must satisfy (SL), together with the boundary
conditions («), ().

We may, of course, achieve the same result by applying variational methods to
determine the minimum X of the quotient I /J; (see section 11.8, Note 5).
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Exercise 10 In the case By = By = 0, show that (SL), («), (8) follow from a variational
principle.

Exercise 11 Use the results of this section to find an extremal corresponding to the problem in
Exercise 7(b) of Chapter 11.

Exercise 12 Give a variational principle which gives rise to the following differential equation
and boundary conditions:

(s(@)y")" + (p(@)y") + (g(z) — Ap(x))y = 0, (z € [a,b])
subject to

y(a) = y, y(a) = y1,  (yo,y1 constants)
and

sy +py = sy = 0 atx=0.

State carefully (non-trivial) sufficient conditions for your result to hold.

12.4 Some singular equations

A number of famous functions, which arise classically in models of physical situations,
derive naturally from equations of Sturm-Liouville type. Frequently, however, these
equations are singular insofar as the function p may vanish at certain points, often
end-points, of the domain in which a solution is required, or the boundary conditions may
not be homogeneous or periodic there. We give here, in the text and in the exercises, some
examples of the most well-known equations and functions. Amongst these, the reader
will already have become acquainted with Legendre polynomials and Bessel functions in
Chapter 7. Complete proofs are not provided here, but further details will be found in
the context of series solutions in the next chapter.

Legendre polynomials For the Sturm—Liouville equation
(11) (1=2®y) +xy = 0, (zel-1,1)

p(z) = 1 — 22 has zeros in the domain [~1,1]. Appropriate boundary conditions are
that the solution be finite at x = £1. Polynomial eigenfunctions y = P, (z), given by
Rodrigues’ Formula,

Lo

(12) Fa@) = Sl da

(-1,  (n=0,1,2...)
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correspond to eigenvalues A = n(n + 1). These Legendre polynomials already form an
orthogonal sequence (as p = 1).

Bessel functions For the equation
(13) 2y +xy —nPy+ APy = 0, (x €[0,1])
appropriate boundary conditions are
y(0) finite, y(l) = 0.
The equation may be re-written, when x # 0, in Sturm—Liouville form:
2

(13) (ey') =y + Aey = 0,

where p(x) = z is zero at the origin. Eigenfunctions are the Bessel functions y = J,, (v Az)
corresponding to eigenvalues A determined from the boundary condition at x = 1, where

" onpl 22n +2)  24(2n+2)(2n+4)

is a series convergent for all values of ¢ (see Chapter 13). As p(xz) = x, the associated
orthogonal functions z = z,(z) are given by

m(z) = Ve, (Vx),  (xzel0,1])

and satisfy
22" — (712 - i)z + APz = 0, (z € [0,1])

a particular case of equation (3) of section 12.1.

Hermite polynomials The differential equation

(14) y' =22y + Ny = 0, (—o0 <z < 00)
may be re-written

(14) () + Ay = 0,

where p(z) = e~ tends to zero as x — =+oo0. Appropriate boundary conditions this time
are
y(x) = O(z*), for some positive integer k, as z — =+ooc.
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Polynomial eigenfunctions y = H,,(x) are given by

22 d" 2

(15) Hy(x) = (-1)"e T (e™), (—o0 <z < 00)

and correspond to eigenvalues A = 2n, where n is a non-negative integer. As p(z) = e‘“’”2,

the associated orthogonal functions z = z,(x) are given by
zn(x) = Hn(az)e_zQ/2

and satisfy
M (1-2%)z+ Xz = 0.

Laguerre polynomials The differential equation

(16) oy +(1—2)y + Xy = 0, (0<z <o)
has Sturm—-Liouville form

(16") (xe ™YY +Xe ™"y = 0

and, since

p(z) = ze® -0 asz — 0 and as z — oo,

appropriate boundary conditions turn out to be that y is finite at x = 0 and
y(x) = O(zF), for some positive integer k, as 2 — co.

Polynomial eigenfunctions y = L, (z) are given by

(17) L,(x) = ex% (z"e™ "), (0 <z <o0)

and correspond to eigenvalues A = n, where n is a positive integer. (This is discussed
again, in the context of the Laplace transform, in Examples 7 and 10 in Chapter 14.)
This time, p(x) = e~ 7, and the associated orthogonal functions z = z,(z) are given by

zn(z) = Lp(z)e /2, (0 <z < o0)
and satisfy the Sturm—Liouville equation
() +32-z)+ Xz = 0.

This equation is again singular.
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Exercise 13 Deduce (15) from the formula for the generating function

| .

hz,t) = —12 +2tz) =
(z,1) exp(—t~ + 2tx) ngo -

Show that
hy = 2th, hi+2(t—x)h = 0

and hence, that
(18) H/ = 2nH,_q, H,i1 —2zH, +2nH,—1 = 0,

for n > 1. Use (18) to show that y = H,(z) satisfies (14) with A = 2n, for every non-negative
integer n.

Exercise 14 (a) Use the formula
(o)
1
plr,t) = (1 -2zt +t3)"2 = Z P, (x)t",
n=0

which defines the generating function for the Legendre polynomials P, (z), to derive the recurrence
formula:
(n+1)Pyyi(z) — 2n+ 1)zP,(z) + nP—1(z) = 0.

(b) If w(x) = (2% — 1)", show that
(19) (2 — 1w’ = 2naw,

where w(™ (z) = 2"n!P, (x) and P,(x) is given by (12). By differentiating (19) (n 4 1)-times with
respect to x, show that P, satisfies (11) with A = n(n + 1).

Exercise 15 Show that the generating function [ for the Laguerre polynomials, defined by

l(x,t) = eXp(_ft_/(tl_t)) _ ZLv;l('x) .
n=0 :

gives rise to
=% = (1—t—a)l, (-0, =

and deduce the recurrence relations

Lyt1—C2n+1—2)L, + n’L,_1 = 0,

for n > 1. Hence, show that L,, satisfies (16) with A = n.
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12.5 The Rayleigh—Ritz method

This method has been used with great success to find, successively, better and better
approximations to functions sought to give stationary values to the variational integrals
of the type considered in Chapter 11 and in particular in the previous section of the
current chapter. The techniques involved reduce to using the differential calculus to find
stationary values of functions of one or more real variables, replacing the need to solve
an Euler equation.

To be more concrete, let us suppose we wish to find an appropriately differentiable
function y which gives a minimum to K = K(y), where K is an integral I = I(y) or a
quotient I/J of integrals I = I(y), J = J(y). The Rayleigh-Ritz method attempts to
approximate y with functions of the form

n
Yn = y0+ZCz's0i,
i=1

where g is a first approximation to y, the ¢;’s are real parameters, and the functions g
and ¢; (i > 1) are suitably differentiable. One then minimises the functions

K(ciy...hen) = K(yn)

by varying the parameters ¢;. In this way, we can approach the greatest lower bound
of the K(y,). However, deeper analysis than we will attempt here is usually necessary
to discuss, in any particular case, whether the method will actually yield a minimum to
K, even if the sequence (g;) is an orthonormal set consisting of all eigenfunctions of the
corresponding (Euler) differential equation.

Example 1 We consider the problem of minimising the integral

1
I(y) = /0 ((4))? + 2ay) da

subject to boundary conditions

This corresponds to small vibrations of a string, with linearly varying loading in the
y-direction. We choose the approximations

yn(x) = kx+ 33'(1 — 33‘) Zcil‘i_l.
=1
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Here, we have taken yo(x) = kx and all the y,(x) (n > 1) to satisfy both boundary
conditions. We now seek c¢; to minimise I(y;) for the one-parameter approximations
given by

yi(z) = kx+cz(l —2x).

Differentiating,
vi(x) = k+ca(1-21),

so that

I = I(y1) = /01{(k+01(1—2x))2+2:v(lm+clx(1—x))}d:v

2
I I S
Sttt

To minimise with respect to ¢1, we differentiate:

dl 1
dicl = 0, Whenq = —Z,

giving
The corresponding Euler equation is

which, once one applies the boundary conditions, yields the exact solution

z(1 - 2?) '

:k —
Y T 6

This agrees with the approximation y; at the mid-point =z = 1/2. O

Exercise 16 In respect of Example 1, perform the calculations to determine the minimising
function

yo(z) = kx+caz(l—2a)+ 02x2(1 — )

and compare your answer with the exact solution.
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We noted at the end of section 12.3 that the Sturm—Liouville equation is the Euler
equation corresponding to finding a stationary value to the quotient I;/.J;, where

b /N2 2 Al 2
[ 0 - ) - Fr@@)? + 5
a 1

b
J1£/py2=1,
a

and the quotient satisfies the boundary conditions

Ary(a) + Bry'(a) = Axy(b) + Bay/'(b) = 0, (B1#0, By #0).

I

and

Integrating the first term of the integrand in Iy by parts, and using the boundary
conditions,

Lo = Pyly) + ay} .

J1 f;’ py2

At a stationary value of I1/J;, y is an eigenfunction of

() +qy = —Npy

and hence I1/J; = A, the corresponding eigenvalue. So, finding a minimum for I;/J; is
finding the lowest eigenvalue of the corresponding Sturm-Liouville equation (subject to
the same boundary conditions).

Exercise 17 Use the Rayleigh-Ritz method and the one-parameter approximation
y(z) = z(l—xz)+ 2 (1 — x)?
to estimate the eigenvalue A of the equation
y' +Ay = 0

when subject to boundary conditions

by considering the quotient

/Ol(y’ﬁ//oly?.
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13 Series Solutions

In this chapter, we investigate a special technique which provides solutions to a wide class
of differential equations. Again, we concentrate on the homogeneous linear second-order
equation

(1) p2y” +p1y +poy = 0,

where pg, p1, p2 are continuous functions which we shall suppose throughout this chapter
to have mo common zeros. We do not, for the moment, specify the domain of these
functions, though it will in general be taken to be an interval, finite or infinite.

Hitherto, we have often specified that the function ps is never zero. A point x¢ in the
domain of py for which pa(xg) # 0 is called an ordinary point of the differential equation
(1). We shall discuss how solutions y to (1) in a neighbourhood of an ordinary point z
can, in rather general circumstances, be represented as a power series

oo
y = Z an(x — x0)".
n=0
For example, the geometric series

(2) y = Zw”,
n=0

convergent for |z| < 1, is the solution of the equation

(1—a2?)y —4day' —2y = 0,
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satisfying y(0) = ¢/(0) = 1, in the open interval (—1,1) about the ordinary point 0. The
reader can easily check this by first noting that the series solution (2) can be represented
n (—1,1) in the closed (or finite) form

However, there are many interesting and important equations where solutions are
required near points which are not ordinary. A point zg is a singular point of (1) if
p2(x9) = 0. Now, in general, power series do not suffice as solutions. However, when x(
is a regular singular point (defined in section 13.2), a solution in a neighbourhood of xg
can be found by considering extended power series in the form

y = (x—mx0)° E an(r — x0)" E an(x — 20)" 1,

where c¢ is a real number. (In this connection, the reader will recall the definition

¢ = eclogz

which is in general only a real number if x > 0.) A classical example is Bessel’s equation
of order 1 3

(3) 2y +ay + (%) = 0,

which has a (regular) singular point at = 0 and the general solution

1 o0 (_1)nx2n+l 1 oo (_1)n$2n
ro Zz% RS P ey 7Y

n=0
where A and B are constants. This solution can be expressed in the finite form
1
y = x 2(Asinz + Bcosx)

and solves (3) for every non-zero real (and complex) value of . We return to this in
Example 5 of section 13.5.

Some of the equations we shall consider will be of the important Sturm—Liouville
type (see Chapter 12). We shall in particular be discussing solutions of the Legendre and
Bessel equations further.

An appendix will extend the discussion to the case of complex-valued functions of a
single complex variable. This turns out to be the ideal unifying context for the theory
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of series solutions, but requires more sophisticated techniques, including a discussion of
branch points of complex functions.

Those readers whose primary interest is in technique, rather than theory, and who
are familiar with the elementary theory of power series, may (after first familiarising
themselves with the definition of regular singular point in section 13.2) turn directly to
section 13.5, supplemented by section 13.6.

A summary of the techniques employed in this chapter can be found in section 13.7.
Much of the work in this chapter was initiated by Fuchs and Frobenius.

13.1 Power series and analytic functions

In this section, we review, without the inclusion of proofs, some basic results about (real)
power series, that is, series of the form

oo
Z an(x — )",
n=0

where x is real and x¢ and all a,, are real constants. This is a power series about xy. For
simplicity of exposition, both in this section and in the rest of this chapter, we shall deal
in the most part with the case xg = 0; that is, with the case of power series

o
E anx"
n=0

about 0. Note that, in general, discussion of power series about xy can be conveniently
reduced to the case xg = 0 by the substitution ' = x — x¢. Then, da’/dz = 1 implies,
for functions y = y(z), that

by Ry By
de  dx’ dz?2  dx'?’

Thus the reduction to x¢p = 0 provides the slightest of technical obstacles.

The classical results on power series we record here for future use are contained in
the following theorems.
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Theorem 1 For the power series
(e.)
>
n=0

just one of the following three statements is true:

(i) the series converges only when = = 0,
(ii) the series converges for every real x,

(iii) there exists a positive real number R such that the series converges for |z| < R and
diverges for |z| > R.

The number R given in Theorem 1(iii) is called the radius of convergence, and the

set
{z eR : |z| < R},

the interval of convergence, of the power series. By convention, we say that when case (i)
of Theorem 1 occurs, the power series has radius of convergence zero, and when case (ii)
occurs, radius of convergence infinity. Thus, Theorem 1 states that every power series
has a radius of convergence R, where 0 < R < oo. If the limit exists, the radius of
convergence can be determined from the following formula

Gp—1
Qp,

(4) R = lim

n—oo

Theorem 2 Suppose that R is the radius of convergence of the power series

(a) The function f: (—R, R) — R is differentiable on the open interval (—R, R) and its
derivative

fl(z) = inanm’”*l
n=1

also has radius of convergence R. Hence f is n-times differentiable on (=R, R) and f (n)
has a power series representation with radius of convergence R, for every positive integer
n. As the derivative of a,z" is na,z" !, we may describe the situation by saying that
the power series is n-times differentiable term-by-term within its interval of convergence,
for every positive integer n.
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(b) The function f : (—R, R) — R is integrable on (—R, R) and

T o0 a
_ n n+1
/f _nzz:on—i—lx

which also has radius of convergence R. Hence, f is n-times integrable term-by-term
within its interval of convergence, for every positive integer n.

Theorem 3 Suppose that R and, respectively, S are the radii of convergence of the
power series

(o) o
flz) = Zanx", respectively, g(z) = anxn'
n=0 n=0

Then,
(a) f(x)+g(z) = Z(an + by )x", whenever |z| < min(R, S),
n=0

(b) f(z).g9(z) = ch:n”, whenever |z| < min(R, S), where
n=0

n
Cn = Zarbn—ra (n > 0)
r=0

(c) provided g(0) = by # 0, f(z)/g(x) may be expressed as a power series about 0,
with non-zero radius of convergence,

(d) f(x)=g(z) for |z| < min(R, S) implies a,, = by, for every n > 0, and
(e) in particular, if f(x) =0 for |z| < R, then a,, = 0 for every n > 0.

In order to take advantage of these theorems, it is useful if certain combinations of
the coefficient functions pg, p1, p2 in our differential equation

(1) py” +p1y +poy = 0

have power series representations. In this connection, it is convenient to make the
following definition.
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Definition 1 The real-valued function f of a real variable is analytic at o in R if it can
be expressed in the form of a power series about xg,

(5) f@) = 3 an(z — 20",
n=0

convergent in the open interval (zg — R, xo + R) for some strictly positive R, or for all
real x.

Notes

(a) The definition insists that the radius of convergence of the power series is non-zero.

(b) Theorem 2 tells us that a function f, analytic at g, is n-times differentiable in a
neighbourhood of zq, for every positive integer n, that is, infinitely differentiable
at xo. Further, by differentiating formula (5) term-by-term n-times and putting
x = g, the reader will see immediately that £ (z¢) = nla, and hence that (5)
may be re-written

% p(n)(y
(6) f) = S0 (g
n=0

Conversely, using Taylor’s Theorem the reader may quickly deduce that if f is
infinitely differentiable in a neighbourhood of z¢, then formula (6) holds there and
hence f is analytic at zg.

(¢) The above definition and all the theorems of this section have exact counterparts in
the theory of complex-valued functions f = f(z) of a single complex variable z, the
interval of convergence being replaced by a disc of convergence {z € C : |z| < R}.
Readers familiar with this theory will note that f is analytic at every point of an
open set U if and only if it is differentiable on U. We return to complex functions
in the appendix to this chapter.

13.2 Ordinary and regular singular points

The reader will recall from the introductory remarks to the chapter that x¢ is an ordinary
point of the differential equation

(1) py" +p1y +poy = 0
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if pa(xo) # 0 and a singular point (or singularity) of (1), if it is not an ordinary point. We
are now in a position to fulfill the promise made earlier, to define when such a singular
point is regular. For x # xg, let

(7) Pi(z) = (z—)-

Definition 2 The point xg is a regular singular point of (1) if

(i) xo is a singular point,
(ii) limg 4, Pi(x) and lim,_,,, Py(z) both exist,
(iii) the functions P; and Py, defined by letting P; (z) and Py(z) be the values given
by (7) when = # x¢ and

Pi(zg) = lim Pi(z) and Py(xg) = lim Py(x),

T—x0 T—x0

are analytic at x.

A singular point which is not regular is an irreqular singular point.

Notes

(a) For complex-valued functions of a complex variable, (ii) and (iii) may be replaced
by saying that xg is ‘at worst’ a simple pole of p;/p2 and a double pole of py/ps.

(b) If po is a polynomial, in order that a singular point xz is regular, it is sufficient for
‘Py, P; analytic at xg’ to be replaced by ‘pg, p1 analytic at xy’. We leave it to the
interested reader to check this. Of course, py and p; are analytic in the special case
when they themselves are also polynomials.

Exercise 1 For the following equations, determine which points are ordinary, which are regular
singular, and which are neither:

(a) z(1+a)y” + (a+4z)y’ +2y = 0,
where « is a real constant,
(b) 2y +ay —y = 0.

[We shall return to both these equations later (see Exercises 10 and 14).]
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Exercise 2 Suppose that zp = 0 is a regular singular point of (1) and that pg,p1,ps are all
polynomials in z. Suppose further that p; and ps have no common zeros (i = 0,1). Prove that
the radius of convergence of the functions Py, P; of Definition 2 is the least modulus of the
non-zero zeros of ps. Deduce that, when pg, p1, p2 are polynomials, a singular point is regular if
(ii) alone is satisfied.

[HINT: Express ps in terms of its linear factors and consider each factor’s binomial expansion.]

Exercise 3 With the above notation, show that ‘P, P, analytic at xo’ can be replaced by ‘po,
p1 analytic at xo’, when ¢ is a regular singular point of (1) and ps is a polynomial.

[HINT: Note that if, for i = 0,1, 2,

pi(z) = (v —x0)" pi(), (¢:(0) #0)

where (5 is a polynomial and g, @1 are power series, then

Ple) = (oo B~ a2 (o)

where s; = 1 and sg = 2. For lim,_,,, P;(z) to exist, n;, —na+s; > 0. Now apply Theorem 3(c).]

13.3 Power series solutions near an ordinary point

Theorem 4 of Chapter 2 already establishes that if zg is an ordinary point of the
differential equation

(1) py" +p1y +poy = 0

and the quotient functions p1 /pe and po/p2 are both analytic at zg, then (1) has a unique
solution in a neighbourhood of g, satisfying y(z¢) = ¢, ¥'(x¢) = d, where ¢, d are given
constants. In fact, Picard iteration, which forms the basis of our proof of that theorem,
provides a power series representation of the solution, convergent where both p;/ps and
po/p2 are. Thus, the solution is also analytic at xo.

Rather than belabour the above idea, we shall later in the chapter and in the context
of ‘extended’ power series solutions near a regular singular point prove a more general
result. In this section, we shall encourage the reader to start to sharpen technique by
developing a scheme for determining a power series solution and considering some specific
examples.

The scheme we now introduce, which rests on the results quoted in section 13.1, runs
as follows. For simplicity, we take zg = 0 and pg, p1, p2 to be power series.
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(i) Use Theorem 1 to seek a power series solution

oo
y = g anx”
n=0

of equation (1), convergent for |z| < R.

(ii) Use Theorem 2 to substitute in (1) for y, for

oo
y = E na,z" !
n=1

and for

o0
y' = z:n(n—l)anxnf2

n=2

when |z| < R.
(iii) Use Theorem 3(b) to multiply po and y, p; and ¥/, po and 3", again for |z| < R.

(iv) Use Theorem 3(a) to re-organise the terms, so that (1) may be re-written in the
form

o0

Y dna™ =0,

n=0

for |x| < R. Note that the d,/s must be linear functions of the ays.
(v) Use Theorem 3(e) to equate each d,, to zero.

(vi) If possible, solve the equations d,, = 0, to find the a,’s (in terms of, as it turns out,
at most two undetermined a,’s) and hence write down solutions in the form ) a,z™.

(vii) Use (4) to find the radius/radii of convergence of the series thus determined.

It will be apparent to the reader that our initial examples can most easily be solved
using other methods. They do however provide a useful introduction to the use of series.

Example 1 Use power series about the origin to solve
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For both equations, we try the series for y given in (i) above and substitute for y”
given in (ii).

Equation (a) becomes

o0

Z (n—1)ayx" 2 =9

and hence, as both n and n — 1 are non-zero for n > 2, we have (using (v)) that a, =0
for n > 2. We are thus led to the solution

y(l’) = a0+a1$7

where the undetermined constants ag and a; may be found if boundary or initial
conditions are given. The solution is valid everywhere (R = c0).

On the other hand, equation (b) becomes

o0
Znnflanx” 2+Zanx =0
n=2 n=0

or, alternatively, following (iv), as

Z {n(n—a, +ap_2}a"? = 0
n=2

So, using (v),

1
(8) ay = —m Ap_2, (n>2).

We now consider separately the two cases n even and n odd. When n = 2m,

1
“m = o(m — 1) 2

1
om(2m — 1)(2m — 2)(2m — 3) 2™
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whereas, when n = 2m + 1,

1
am+1 = _WGQ(m—l)-‘rl

1
(2m + 1)2m(2m — 1)(2m — 2) “2m=2+1 =

(=™
G+ 11 =t
So,
> 2m 1)m 2m+1
m=0 " “ Z 2m + 1) ’

a solution in terms of the undetermined constants ag and a;. Finally, we use (4) to
determine the radii of convergence of the two series. The radius of convergence of the
series multiplying ag is

lim 2m
m—00

- ‘ (-1t <2m>!’

2m-1)! (1™

which is infinite, as is (similarly) the radius of convergence of the other series. Thus, the
solution is valid everywhere. Of course it can be expressed in the closed form

Yy = apcosz + apsinz. 0

Example 2 (Legendre’s equation - see sections 7.4 and 10.4) Solve
(1—2%)y" — 22y + k(k+1)y = 0,

where k is a constant, in a neighbourhood of the origin.

The origin is clearly an ordinary point. Substituting for y, 3/, ¥”, in terms of their
power series, supposed convergent for |z| < R, we get

[e.o]

(1—3:2)271(71—1 Yapx" ™ —2x2nana:" 14 k(k—i—l)Zanaz" =0
n=0

n=2
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and hence

in(n — Dayz™ % - i {n(n+1)+2n—k(k+1)}anz" = 0.
n=2

n=0
So, for n > 2,
(9) nn—1)a, = {(n—2)(n—1) —k(k+1)}an—2
and hence
an = _(k—nz(i)(_k;)—n—l) An—2, (n>2).

As in Example 1(b), we consider n even and n odd separately. For n = 2m,

(k—2m+2)(k+2m —1)
— >
@2m 2m(2m — 1) @2(m-1) (m = 1)

_1)ym
= ((2W2), bk, mCk, mao,

where
bem = (E—=2m+2)(k—2m+4)...(k—4)(k - 2)k,

ckom = (E+2m—1)(k+2m—3)...(k+3)(k+1).

Noting that by 4, = 0 for p > 1 when k = 2n, we see that the corresponding solution

o0 _1 m
yi(z) = ag <1+ (=1) bk,mck,mem)

|
= (2m)!
reduces to a polynomial whenever k£ is a non-negative even integer. The Legendre
polynomial P, = P,(zx), corresponding to k = n, is this polynomial solution once one
chooses ag to ensure that P,(1) = 1. The reader will easily check that Py(z) = 1 and
Py(z) = 3 (3% — 1), in agreement with (42) of Chapter 7.

We leave the similar consideration of the case n odd as an exercise. O
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Notes

(a) Once one (power) series solution of (1) has been located, a second solution can be
found by the ‘method of reduction of order’, as given in (5) of the Appendix. This
is particularly efficient if the first solution can be expressed in closed form.

(b) The reader will have noticed that in the above examples, the recurrence relations
relating the coefficients (for example in (8) and (9)) fortuitously contained only
two terms (in the above, only a, and a,—_2). This need not by any means be
always the case, and when there are three or more terms, it may not be possible to
solve the recurrence relation explicitly. We give below (in Exercise 12) a second-
order differential equation, which gives rise to a three-term relation, which can be
explicitly solved.

Exercise 4 Find two linearly independent power series solutions to the equation

find their radii of convergence and express the solutions in closed form.
Exercise 5 Find two linearly independent power series solutions of Airy’s equation
y' +xy = 0.
Show that these two solutions can be written as constant multiples of
1 9 3
T2 Jﬂ:% (g xT2 )

when the Bessel function J,, of the first kind of order v is given in the form

J - 0 (_l)theru
o) = z—:o 22mtrml (v +m)!

[The factorial (v + m)! can be defined to be (v +m)(v+m —1)...(v +1). The reader may care
to show, by integrating by parts, that it is the quotient of gamma functions,

I'v+m+1)

(v+m)l = T+l

where the gamma function T' = T'(«) is given by
o
INa) = / et dt (a > 0).
0

We note that, as I'(1) = 1, it follows that I'(m + 1) = m! ]
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Exercise 6 Find a power series solution of the differential equation
y/l + e—wy — 0

and show that it can be written in the form

and

is the binomial coefficient.

[You will need to use Theorem 3(b) of section 13.1 to multiply two power series together.]

Exercise 7 (Tchebycheff Polynomials) Find two linearly independent power series solutions
about zero of the differential equation

(10) (1—2?)y —zy + K’y = 0,

where k is an arbitrary real constant. Show that if k is a non-negative integer, there is a polynomial
solution of degree n. Denoting the polynomial solution y of degree n satisfying y(1) = 1, the
Tchebycheff polynomial of degree n, by y = T,,(x), write down T}, (x) for n = 0,1,2, 3. Verify that

T,(z) = cos(ncos™'z),

for these values of n.

Verify also that
y(r) = sin(ksin™'z)

solves (10) and hence show that

: o _ 1 - (3’[’1,)'
sinl)” = 33 (2n + 1)lnl 33+
n=0

Note We could similarly have asked the reader to show that the Laguerre polynomials

e’ d"

Lnfz) = n! dz"

(z"e™") (n=0,1,2,...)
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satisfy the differential equation
vy +(1—2)y +ny = 0.

However, we shall leave this fact to our discussion of the Laplace transform in the next
chapter. (See Examples 7 and 10 of Chapter 14 and also section 10.4.)

Exercise 8 (Legendre polynomials) (a) Perform the analysis, corresponding to our work for
n even in Example 2, for the case n odd, n = 2m + 1. Find a series solution in the form

y2(2) = ay <:v +Y° amwm“)

m=1

and show that, when k is the odd positive integer 2n + 1, yo is a polynomial of degree 2n + 1.
Show further that, with the notation of Example 2,

Pi(z) = = and Ps(z) (523 — 3z),

1
2
in agreement with (42) of Chapter 7.

(b) Using the method of reduction of order ((5) of the Appendix), find a solution to the Legendre
equation with k = 1, independent of the function P; given in (a) above.

(¢) (Harder) Prove that the Legendre polynomial of degree n can be expressed as

)m(2n B 2m>' n—2m
—m)! (n —2m)! ’

M
(1) Pe) = g5 D0 i
m=0

where the integer M is 2n or 1 (n — 1) according as n is even or odd.

(d) Establish Rodrigues’s Formula

1 dr
27! dzm

P,(x) = (z2 —1)".

[HINT: Expand (22 —1)" by using the binomial theorem, differentiate n times and compare with
the identity (11) in (c) above.]
(e) Show that

1
12 —_— = P, (z)t",
(12) Wipra A L

whenever [¢(2z —t)| < 1. [The left-hand side of (12) is known as the generating function for the
Legendre polynomials.]
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13.4 Extended power series solutions near a regular
singular point: theory

By an extended power series about o, we shall mean a power series multiplied by (z—x¢)¢
for some real number ¢; that is, a series in the form

o0 [e.9]
(x — xo)© Z an(x —xo)" = Z an(r — 20)" ",

where z is a real variable and a, (n > 0), xo and c are real constants. Recalling that
(by definition) z¢ = exp(clogz), in order that (z — x¢)¢ is always a well-defined real
number, we must have that z > xg. (The definition has already been used to write
(x —0)°.(x — 20)" = (x — mp)"T¢.)

Using extended power series, rather than power series alone, much enlarges the scope
of the scheme for solving the differential equations discussed in section 13.3, in particular
to finding solutions in neighbourhoods of regular singular points. It thus allows us to solve
many of the more important differential equations which occur in classical mathematical
physics.

Notes

(a) Of course, we do not always need to use a logarithm to define (x —x¢)¢; for example,
when c is a positive integer. But we wish to be in a position to allow ¢ to be even
an irrational number.

(b) We shall return later in the chapter to the possibility, by change of variable, of

using extended power series to solve equation (1) when z < xg.

For the rest of this section, we shall restrict ourselves to considering the case when
xg = 0 is a regular singular point. Non-zero values of zy can be dealt with by making
a linear change of variables, as indicated in the chapter’s introductory remarks. The
discussion above leads us to seek solutions to

(1) py" +p1y +poy = 0

in the form

oo oo
ylx) = z°€ Z apr’" = Z anz" e, (ap #0)
n=0 n=0

convergent in 0 < x < R, where R is the radius of convergence of the power series
[e.e] n
> e nx™.
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c—1
)

Since for any real ¢, (d/dx)z¢ = cx

o o0
y(z) = cat! g an$”+:pcg napz"
n=0 n=0

[e.e]

S0+ e

n=0

the series being convergent for 0 < z < R, as the power series are. Repeating the process

[e.e]

y'(x) = ) (n+c)(n+c—1ana"?,
n=0

convergent again for 0 < x < R.

As the origin is a regular singular point, the functions P;, Py, defined by

X X .'Z'2 i
Pi(r) = ;ﬁf, o) :;éf

near z and for x # 0, and by their limits as z — 0, have power series representations

= ibnx", Py(x) = idnl‘",
n=0 n=0

for |z| < S, some S > 0. Re-writing (1) as

2
V@) 4y @) D Ly T

for 0 < x < R, and substituting for the series involved, we see that for 0 < x < T
where T' = min(R, 5),

o0

Z(n +c)(n+c—Daz" 2 + (i(n +c)apz" e 2) (Z bpz" >
n=0

n=0
+ (i anx"+c_2> (idm@”) =0
n=0 n=0
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and hence, using the formula for the multiplication of power series (Theorem 3(b)), that

r=0 r=0

¢ 2Z{n—l—c n+c—1an+2r+carn ”+Za’7" i T}:p” = 0.

We next cancel the non-zero term 2°~2 and note that the coefficient of 2" inside the curly
brackets may be written

n—1 n—1
{(C +n)(c+n—1)+ (c+n)by + do}an + Z(c—f— 7)arbp—p + Z Crlpyp.
r=0 r=0

Defining I(t) = t(t — 1) + tbg + dp, we can deduce, equating the different powers of x to
zero, that

I(c).ap = 0
and
n—1
(13) Ic+n)an+ Y _ {(c+m)bpy+dnr}a, = 0, (n>1).
r=0

As we have taken ag # 0, ¢ must satisfy the indicial equation
(14) I(c) = 4 (bg—1c+dy = 0,

a quadratic, its roots ¢; and co being called the exponents at the regular singularity
rg = 0. As we require ¢ to be real, (bp — 1)® > 4dy is necessary. The equations (13)
allow us, successively and for ¢ = ¢; and ¢ = ca, to determine uniquely the coefficients
a1,42,...,0Gn, ... in terms of ag unless the coefficient I(c + n) of a, in (13) vanishes for
some n. The two solutions will clearly be linearly independent if ¢; # co, as the leading
terms are then ' and z“

When ¢; — ¢co = N, a positive integer, we can hope for a series solution, convergent
for some non-zero radius of convergence, when ¢ = ¢;. However, I(ca + N) = 0, and so,
¢ = co will not in general furnish us with a solution. In order for us to find a second
independent solution, both in this case and when ¢; = co, further discussion is needed.
We should first, however, consider the matter of convergence, though we leave the proof
of the next theorem to section 13.8, in the context of complex-valued solutions. We
denote the set of all integers, positive and negative, by Z.
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Theorem 4 With the above notation and when ¢; — co ¢ Z, there is, corresponding to
each c¢;, a series solution

ylx) = z% Z anz", (ap # 0)
n=0

such that the power series > a,x™ is, like Py, P;, convergent for |z| < S.

We now seek a second solution, independent of the solution

y = u@) = 2% f(2),

where the coefficients in the power series

@) = 3wt
n=0

have been determined by using (13) at ¢ = ¢, in the case when ¢; — ¢ = N and N
is a non-negative integer. We use the method of reduction of order (section (5) in the
Appendix) and try to find a second solution y = y(z) to (1) in the form y = wv. As
ag # 0, we know that u(x) is non-zero near the origin, where we shall be working. The
derivative v must, in these circumstances (loc. cit.), satisfy

(pou)v” + (2pou’ + pru)v’ = 0

and hence be given by

A ©
’Ul €T = e_ f p
) @) = oy
where
p(x) = i;gg = qu(;x) = %0 + g(x) (bp constant)

and g = g(x) is the function given, near the origin, by the convergent power series

g(z) = ibnxn_l.
n=1



262 CHAPTER 13: SERIES SOLUTIONS

From
/p = bologa:+/ 9,
we deduce
e TP — gt o= [T
and, from (15),
A o x
V(x) = , bl " 9) , (A constant, A # 0)

Nt (f(2))?

since the sum ¢; + ¢o of the roots of the indicial equation is —(bgp — 1) and ¢; —ca = N.
As exp(— [ g)/(f(z))? is clearly analytic in a neighbourhood of zero (ag # 0), we can
integrate v term-by-term (Theorem 2) to give a series with leading term a non-zero
multiple of =N = z=“+2_ Hence, the second solution y = uv will have leading term a
non-zero multiple of z¢. 2= = x¢2. The (1/x)-term in v’ will give a logz term in v, and
hence u(z)log x in the solution. A second solution can therefore be found in the form

(16) y(x) = Bu(x)logz + z* Z enz”.

n=0

The constant B may possibly be zero, but cannot take that value when ¢y = ¢y and it is
included in the leading term. Otherwise, eg # 0.

The above method does not give a prescription for determining the constants e,
explicitly. To determine the e,, we could substitute y in the form (16) into equation (1).
A more efficient method due to Frobenius will be discussed later in the chapter. But
first, we consider the practical matter of determining solutions in particular cases.

13.5 Extended power series solutions near a regular
singular point: practice

In this section, we shall concentrate on sharpening the technique necessary to use
extended power series to solve the differential equation

(1) p2y" +p1y +poy = 0

which has a regular singular point at the origin, in the cases when
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(A) the roots of the indicial equation do not differ by an integer and, in particular, are
not equal,

(B) the roots of the indicial equation are equal or differ by a non-zero integer and the
method of reduction of order provides a second solution efficiently,

(C) the roots of the indicial equation differ by a non-zero integer and the indeterminacy
of a coefficient a,,, for some n > 1, leads to a complete solution being generated by
the ‘lower’ root (in a manner to be described).

Notes

(a) If y = u(z) is the solution corresponding, as in section 13.4, to the ‘upper’ root, the
second (independent) solution is the only one that may contain the term u(z) log x
in case (B).

(b) We are in general, as we have commented earlier, considering examples which
produce only real exponents. This permits us to use the words ‘upper’ and ‘lower’
above. Complex roots, which can result (see Exercise 13) in such terms as sin(log x)
and cos(log ), do not correspond, by and large, to observations in the natural world.

(c) By ‘efficiently’ in (B) above, we mean: because the first solution, corresponding to
the ‘upper’ root of the indicial equation, is available in closed form.

(d) We shall, in general, consider examples which produce two-term recurrence relations
between the coefficients; that is, each identity (13) will contain no more than two
of the a,’s (but see Exercise 12).

The first example here is rather straightforward technically, but should help to ‘fix
ideas’. We again recall the method of reduction of order (see (5) of the Appendix) that,
when one solution y = u(z) of the equation

(1) py" +p1y +poy = 0

is known and a second solution is sought in the form y = wwv, the derivative v’ of the
function v = v(z) is given by

() = A e
(17) (z) @)

where p(t) = p1(t)/p2(t). (Note that we can only be certain of solutions in this form
when both ps and v do not vanish.)
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Example 3 Solve the differential equation
22y — (a4 B — 1Dy +afy = 0, (x> 0)

where a and 3 are real constants satisfying a > f.

The equation is of course in Euler’s form and may be solved directly by seeking
solutions in the form y = 2, or indirectly by first making the substitution = e’ to
transform the equation into one with constant coefficients (see (7) in the Appendix). In
either case, the auxiliary equation is

M (a+BA+aB = 0
with roots A = «, 3, and this gives rise to the solutions
Az® + Baf, (a # D)

(Alogz + B)z®, (o= f)

where A and B are constants. Here, however, our concern will be to show how the
extended power series method works (and gives the same result!).

We therefore seek a solution in the form
[oe)
y = Z anx"te, (ag #0)
n=0

convergent for 0 < x < R. With this substitution and range of x, the differential equation
becomes

Z(n +o)(n+c—1)aa" "+ Z(—(a +B—=1)(n+c))az"tC + Z afBapz™tc = 0.

Equating coefficients of powers of = to zero:
x° {c(c=1)—(a+p—1)c+aftag = 0
giving rise, as ag # 0, to the indicial equation
& —(a+B)c+af=(c—a)(c—B) = 0,
identical to the auxiliary equation above and giving exponents ¢ = a, 3, and

ante (n+c—a)n+c—pPa, = 0, (n>1).
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(A) When « — (3 is not an integer, neither n + ¢ — a nor n + ¢ — (3 can be zero for ¢ = «
or fand n > 1. So, a, = 0 for n > 1 in these cases, and we have, corresponding to ¢ = «
and ¢ = 3, the linearly independent solutions

y = apx”, Yy = apr
or, equivalently, the complete solution
y = Az®+ BaP,
where A, B are constants.

(B) When aa =+ N and N is a non-negative integer, n + ¢ — a and n + ¢ — [ remain
non-zero for ¢ = o and n > 1, giving one solution in the form

y = u(x) = apzx®.

We use the method of reduction of order to find a second solution in the form y = wwv.

Then, as

u = xa7 P2 = $27 P11 = —(a—l—ﬁ—l):a

v = v(x) is found, using (17), from

A (arpo1)/t)d
V'(z) = ﬁef((w )/ dt

where A is a constant. This may be simplified quickly to give
V(z) = AzPeTl = Ap(NED, (A constant).

When o = 3 and therefore N = 0, one further integration gives us quickly the complete

solution
y(r) = wu(x).v(z) = (Alogx + B)zx“.

When N = o — 3 is non-zero, integrating v’ this time gives

e

08—«

y(z) = u(x).v(z) = (A +B> * = ﬁA z? + Ba®,

—

the same form of solution as we found for a — 8 non-integral.

(C) An alternative route, when N = o — (3 is a strictly positive integer, so that

n+c—a = 0, whenc=fFandn=N,
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runs as follows. The coefficient an must, as a result, be undetermined. So, the complete
solution is given (by consideration solely of the lower root ¢ = 3 of the indicial equation)

as

y = 2P(ag+anz) = 2%(ap + an_pr*?) = ap2’ + an_pr”

in this case.

Of course, the solutions are valid for all positive x. O

The labelling (A), (B), (C) in the above example corresponds to the scheme outlined
at the start of the section. Similar considerations apply in the next example which
develops technique a little further.

Example 4 Show that x = 0 is a regular singular point of the differential equation
(18) z(1—a)y" +(B-32)y' —y = 0,

where 3 > 0 is a constant.

(i) Assuming that 3 is not an integer, obtain two linearly independent series solutions.

(ii) Find solutions in closed form for the cases 5 = 0,1, 2.

As the coefficients in the equation are polynomials, it is sufficient, in showing that
the singular point x = 0 is regular, to check the limits in Definition 2(ii) (see Exercise 2
above):

(B30 e
e m—py = # lmef—n =0

We now seek a solution in the form
o0
_ n-+c
— Z and 5 (ao ?A O)
n=0

convergent for 0 < x < R, and substitute in the differential equation (18) to give

(19) Y (n+c)(n+c—Dana™ '+ (=(n+c)(n+c—1))ana"*

+Zﬁn+cana€”+c 1+Z 3(n+c)) ”+C+Z "t = 0.
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Equating coefficients of powers of x to zero:
el {c(¢ =1) + Bctag = 0.
As ag # 0, this gives the indicial equation
cle=14+p) =0
and, therefore, exponents c=0,1— (3. Forn > 1,
el (nte)n+e—1+Ban—{(n+c—1)(n+c—2)+3(n+c—1)+1}a,_1 = 0.
Hence,
(20) (n+c)n+c—14Ba, = (n+c)an_1, (n>1).

It follows that, for n > 1,

n+c B (n+c)n+c—1)...(1+¢)

ntc—1+8t T 0 T m+c—1+pB)(n+c—2+0)...08

(21) anp = ap

when neither n + ¢ nor any terms in the denominators are zero. Since

Gn—1
Qp

n+c—1+7
n-—+c

lim

n—oo

= lim

n—oo

=1

in all cases, the radius of convergence of solutions is unity.

(A) The equations (21) hold when 3 is not an integer and ¢ =0 or 1 — 3. Noting that,
in these circumstances, the roots of the indicial equation are neither zero nor differ by
an integer, we can determine two linearly independent solutions y; and y2 to (18) by
substituting ¢ =0 and ¢ =1 — 3 in (21). This gives

e !
y(r) = a = "
! O;)(n—uﬁ)...ﬁ

and

yo(x) = agat™P Z (n+1-— BT)L'. L (2-7) .
n=0 .

(B) When 8 = 1, the indicial equation has equal roots ¢ = 0. Asn+c¢ # 0 for n > 1,
(20) gives
Gp =0p-1 = ... = ag (n>1)
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and the solution

o0
— — n _ _%
y = u(z) = aozox = 12
n=

To find the complete solution, we use the method of reduction of order, seek a solution
in the form y = wv, and use (17) with

u = , p2 = z(l—-x), p1 = 1-3x,

to give, after a straightforward integration,

Jw) = A(l— g l0-sna-nyae _ A
x
and hence, the complete solution
1
y(x) = u(x).v(x) = —— (Alogz + B),

1—=x
where A and B are constants.

When = 0, the exponents are ¢ = 0,1. We note that at ¢ = 0, equation (20) does
not give a finite value for a; (put n = 1) and hence no series solution in this form for
that value of c. However, for ¢ = 1, equation (21) gives

ap, = (n+1)ag

and hence, using Theorem 2(a),

y = u(z) = apx Z(n + 1)z" = apx Z I "t = aox Z z"
n=0 n=0 n=0

u = ———, p2 = z(l—2x), p = -3z

4
V(z) = oL e [TE3/amya 2 2 (A constant).



13.5 EXTENDED POWER SERIES SOLUTIONS: PRACTICE 269

So,
v(r) = A (logaz + 1> +B (A" = —A and B constant)
x

and we obtain the complete solution
(@) = u(@).o(e) = " {4 (logz+ ) +B
y(x) = ulz).v(z) = e ogT + ,

where A’ and B are constants.

(C) For g = 2, the roots of the indicial equation are ¢ = —1,0. Equation (20) with
6 =2 and ¢ = —1, namely

n(n—Na, = (n—1)%a 1,

does not allow us to determine a;, but only subsequent a,’s in terms of a:

n—1 B (n—l)(n—2)a , — n—2a )
n—2 = n—
n

tn = T Ml T n(n—1)

Thus, we have the complete solution

! + Eoo L 1{ log(1 —z)}
— a a —x = —Jan — ai lo — X .
Yy T 0 1n:1n - 0 110g

The reader is invited to check that ¢ = 0 gives one part of this solution (only), and
therefore no additional solution (as was to be expected). A complete solution can then
be found by the method of reduction of order — a particularly rewarding exercise. O

Notes

(a) Notice that it is technically simpler to substitute a series directly into (1) in its
original form than to determine Py, P; first, as was convenient in our theoretical
considerations in section 13.4.

(b) The reader will note our ‘book-keeping’, in writing the powers of z in the left
margin, beside its coefficient when equated to zero.

(c) In determining the coefficient of "¢~ it was necessary to replace ‘n’ by ‘n — 1’

in terms occurring in three of the summations in (19), from which the coefficient
was derived.
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(d)
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We have chosen the coefficient of z"1t¢~! as the general term, because it gives a,
in terms of ax’s with lower indices k. (If we had chosen z""¢, we would have an
expression for a,, 11, which is less useful.) The lowest power 2°~! gives us a multiple
of ag; so, adding n to its index gives an expression for a,.

In Example 4, we only had to consider one power of z, namely 2!, different from
the ‘general power’ z"T~! in order to determine all the a,. This was fortuitous.
Consider again Airy’s equation (Exercise 5)

y'+zy = 0

and substitute the extended power series
[ee]
y = Z anz"te (ap # 0)
n=0

and its second derivative in it, to give

Z(n +c)(n+c—Daa" ™2 + Z anz" Tt = 0.

Then, we clearly need

r¢2 c(c—1)ag = 0,
rel (c+1)eca; = 0,
xc (c+2)(c+1)ay = 0,
prte=2 (n+c)(n+c—1)ap+an—3 = 0, (n>3)
and hence
ap = — On=3 (n>3)

(n+c)n+c—1)"

to determine the coefficients. As a; cannot be determined for the lower exponent
¢ = 0, we find ourselves with case (C) of our general scheme, where the complete
solution is given by substituting only for that exponent. This entails

an—3
—_ - >
(07%% n(n 1) s (TL - 3)
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and hence

“Bm= gnBm—1)...327 =20

_1\ym
a3m+1 = (=1 ai, (m>1),
(Bm+1)3m...4.3

a3m+2 = 0, (m >0).

We needed to consider three ‘initial powers’, as well as the ‘general power’, of z,
in order to determine all the coefficients a,,. The general rule is that we need to
consider ‘initial powers’ until terms from all the different summations (occurring
when we have substituted for y,4’,y” in the differential equation) come into play.

Example 5 (Bessel’s Equation) Bessel’s equation of order v is the differential equation
(22) 2%y’ +ay + (@* =)y = 0,
where v is a real constant.

(i) Show that, when v is not an integer, the function J, = J,(x), defined by

1/ 0 ( m(l$)2m
Tu(z) Zm'FV—i—m+1)

m=0

is a solution of (22), convergent for every non-zero x. This is the Bessel function of
the first kind of order v. [Recall from Exercise 5 that the gamma function I' = I'(«v)
satisfies, for a > 0,

F'v+m+1) = w+m)(v+m—-1)...(v+1)I'(v+1).]
(ii) Find the complete solution of Bessel’s equation of order % in closed form.

We seek a solution in the form

o0
= Z Azt (ap #0)
n=0
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convergent for 0 < z < R, and substitute in the differential equation:

Z(n +c)(n+c—1apz" ¢+ Z(n +¢)a,z" e + Z anzTet? 4 Z(—y2)anx”+c = 0.
Then
x¢ {(c(c=1)+c—1*lag = 0.

As ag # 0, this gives the indicial equation

and, therefore, exponents ¢ = £wv.
retl {(c+1)?*=1%a; = 0.
As (¢ +1)? — v? is non-zero for ¢ = +v, we have a; = 0 in all cases.

e {(n+e?-vYap+an2 = 0, (n>2).

(i) When v is not an integer and ¢ = v > 0,

1
23 = - > 2
(23) in n(n + 2v) n=2, (n22)
and hence, when n = 2m,
1 (=)™
a = —————————— Q1) = = a
2m 2m(m + ) 2 2mm! (m + v)!
where we have defined
I'(v+m+1)
| S s
(m+v)! T+l

the quotient of two gamma functions, at the end of Exercise 5. Bessel’s function of the
first kind of order v, J, = J,(x), is the solution determined for ¢ = v > 0 with

1
W YT
Hence,
o0
(_1)mm2m+u
24 J = .
(24) /() Z 22mtvmIT(v +m+ 1)

m=0
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The coefficients, and hence the solution, remain valid when ¢ = v is a non-negative
integer.

Bessel’s equation (22) remains the same when v is replace by —v. Then (24) becomes

; (:E) B i (_1)mx2m71/
- B 2m—vmIT(—v+m+1)’

m=0

which is another solution, when v is positive and not an integer, which ensures that
I'(—v +m + 1) remains finite. In this case, J, and J_, are linearly independent — their
first terms are non-zero multiples, respectively, of ¥ and 7. Hence, for non-integral v,
the complete solution of Bessel’s equation is y = y(x), where

y(z) = AJy(z)+ BJ_,(x)
and A, B are constants. As

. ag(m—1
lim 22m=1)
m—00

= lim |2"'m(m + v)|
m—0o0

a2m

is infinite, y solves (22) for z # 0. This covers most of the possibilities under (A) and (B)
in our scheme. The other cases under (A) and (B), including the case of equal exponents
when v = 0, are most easily discussed by using the method of Frobenius (in the next
section).

(i) When ¢ = —v = —%, the roots of the indicial equation differ by unity, the coefficient
a1 is indeterminate and the complete solution can be found by using ¢ = —% alone. Then,
equation (23) reduces to

1
(8) an = —m Qn—2, (n>2).

So, using our work in Example 1(b), the complete solution of (22) for v = 3 is

y = w_%(aocosx—i—al sinx), (x #0). U

Exercise 9 Find two linearly independent series solutions to each of the following equations and
express your answers in closed form:

(a) 2zy"+y —y = 0, (x > 0),
(b) 42y’ —daxy +(3+162%)y = 0, (x>0),

() z(1—-2)y' =3y —y = 0, (0<z<1).



274 CHAPTER 13: SERIES SOLUTIONS

In the case of equation (b),

(b1) determine the most general real-valued function y = y(z) defined on the whole real line,
which satisfies the equation for all non-zero x and is continuous at x = 0;

(b2) prove that, if y satisfies the equation for all non-zero x and is differentiable at = 0,
then y'(0) = 0.

Can you find solutions of (¢) which are valid for z > 17

[In (a), you might find it helpful to write b,, = 27 "a,,.|

Exercise 10 Show that, when 0 < a < 1, there are series solutions of the equation
z(1+2)y" + (a+42)y’ +2y = 0

and find their radii of convergence. In the case o = 1, show that the equation has a series solution
which may be written in the form (1 + z)* for suitable k. Hence, or otherwise, find a second
solution to the equation in that case.

Exercise 11 (Alternative method for Examples 4 and 5) By first finding a solution cor-
responding to the highest exponent and then using the method of reduction of order, find the
complete solution of the following equations:

(a) 2y’ +ay + (2 - Ly = 0,

(b)  z(1—a)y" +(2-3z)y’ —y = O.

Exercise 12 (3-term recurrence relation) Show that the differential equation
(25) zy' +(1—-22)y +(z—1)y = 0 (x > 0)

has exactly one solution y = y(z) of the form
o0
y(z) = xCZanx”
n=0

with ¢ a constant and ag = 1. Determine the constant ¢ and calculate the coefficients a1, as, asz
explicitly. Establish a general formula for a, and hence show that y(xz) = e*. Find a second
solution of (25) which is linearly independent of y.

Exercise 13 (Complex exponents) By seeking an extended power series solution, find two
linearly independent real-valued solutions to the Euler equation

22y +azy+y = 0.

Exercise 14 (Irregular singular point) By first seeking a solution of the differential equation

2y +xy —y = 0, (z > 0)

in the form of an extended power series, find two linearly independent solutions of the equation,
one of which cannot be expanded as a power series in ascending powers of .
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Exercise 15 (Bessel functions of the second kind) (a) Assuming that n is a positive integer
and that I'(v + m + 1) — oo as ¥ — —n when m < n, show that

J_n(x) = (-1)"Ju(z) forn=1,2,...

[Hence, when n is an integer, a complete solution of Bessel’s equation of order n cannot be
represented as a linear combination of J,, and J_,,.]

(b) Consider Bessel’s equation of order zero, which may be written
(26) zy’ +y +ay = 0

and has equal exponents ¢ = 0 and hence a solution containing the function logz (see section
13.4). Show that (26) has the solution

_ - (_1)m71,ym 2m
yp(z) = Jo(x)logz + Z (2 x
m=1 :

where

[The function Yy = Yo(x), defined by

Yow) = 2{(y~ log2)o(x) + ys(a)}

= % {Jo(m)(log§ +79) + Z meW} ,

m=1

where v is Euler’s constant

v = lim (v, —logm),

m— 00

is called Bessel’s function of the second kind of order zero. Clearly, Jy and Y are linearly
independent. Bessel’s function of the second kind of order v, for arbitrary real v, can be defined
similarly.]

13.6 The method of Frobenius

The method provides a straightforward and direct way of finding extended power series
solutions. It is particularly useful in providing a clear line of attack which covers all
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possible cases and in finding second solutions easily when the first cannot be expressed
in closed form. Its only ‘disadvantage’ is the need to differentiate what can often be
elaborate coefficients; here, ‘logarithmic differentiation’ can lighten the burden.

We start, as in section 13.4 (which the reader may care to review), by substituting
an extended power series  a,z" "¢ into the differential equation

(1) Py’ + o1y +poy = 0

and equating the coefficients of powers of x to zero, allowing us to determine the
coefficients a,, = a,(c) for n > 1 as functions of ¢ (and the non-zero constant ag).
We next consider the expansion

(27) y(a,c) = xc{awzan(c)x”},
n=1

where we avoid, for the time being, substituting for the exponents ¢ = ¢y, co derived from
the indicial equation. As the a,(c) have been specifically chosen to make the coefficients of
all but the lowest power of & zero when substituting y(x, ¢) into (1), we have immediately
that

0? 0
(28) <102W trig +po) y(z,c) = apr“ (c—c1)(c— ca).

The right-hand side of this equation is the coefficient I(c).ag of the lowest power of x
(see section 13.4).

We now differentiate (28) partially with respect to ¢. The interchange of partial
differentiation with respect to ¢ and z, and differentiation of (27) ‘term-by-term’ with
respect to ¢ are both justified: the latter best proved in the complex analysis context.
So,

0? 0 dy 0 . o9
(29) <p25952 + g +Po> 5 @0) = aop {2 e —er)(e - @)},
where
(30) % (x,e) = zlogzsa —I—ia (c)z™ +xci% (c)z™
dc 7 N ¢ ’ n=1 " n=1 9c '

We reinforce our earlier remark that the differential coefficient da,,/Oc can be efficiently
calculated by using logarithmic differentiation. (The reader may revise this method by
consulting Example 7 below.)
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We have already dealt in section 13.4 with the straightforward case when the
exponents are neither equal nor differ by an integer.

(i) When the exponents are equal, ¢ = ca

In this case, the right-hand sides of equation (28) and (29) are both zero at ¢ = ¢;
and two linearly independent solutions of (1), y = y1(z) and y = y2(x), are given by

n@) = ye) and wE) = 2,e).

Notice that, as ag # 0, we have established that the coefficient of log z is always non-zero
in this case.

(ii) When the exponents differ by an integer, ¢c; = c2 + N (N a positive
integer)
With the notation of section 13.4, since I(c¢1) = 0 and I(c) = (¢ —¢1)(c—c2), we have

I(C2+N) = N(CQ+N—01) = 0.

Therefore, the expressions for a, (n > N) derived from (13) would, in general, have
zeros in the denominators. (The exception is when there are matching factors in the
numerators.) To avoid this difficulty, we define a new function

Y(z,c) = (¢c—c2).y(z,c)

which is just a constant multiple (with respect to x) of y(x,c). Hence,

2 9 _
(]928562 —i—pl% —|—p0) Y(m,c) = X 2(0—61)(6_62)2

and so, our differential equation (1) is solved by

oY
Yy = Y(:Bacl)7 Yy = Y($702) and Yy = %("L‘ac2)‘

The reader will quickly see that Y (x,cz) is just a constant multiple of Y (z,c;). (Notice
that the additional multiplicative factor ¢ — co ensures that all the coefficients before
(¢ — e2)an(c) are zero at ¢ = co. Further, the resulting leading term is a multiple of
z¢. N = 2 and the factors co + r appearing in (13) are just ¢; +r — N.)

So, the equation (1), when ¢; = ¢ + N and N is a positive integer, has linearly
independent solutions y = y;(z) and y = ya(x), where

yi(z) = lim Y(x,¢) and yo(x) = lima—Y(x,c).

Cc—C1 CcC—C2 ac
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Example 6 For the Euler equation
22y — (a4 p—1Day +afy = 0, (z > 0)

with exponents a and 3 (a > 3), the function y = y(x, ¢) is given by

y(xz,c) = apzx’
(see Example 3). Hence,

9y = apx‘logx

oc

and, when

Y(z,¢) = ap(c— p)zf,

we see that

a;c/ (z,¢) = ap{(c— B)zlogx + z°}.

So, linearly independent solutions when o = 3 are
n(@) = ae® and p(x) = apz®loga,
and when @ = 6+ N, N a positive integer,
yi(z) = agla—pP)z* and ya(z) = aga’,

in agreement with our results in Example 3. U

Example 7 (Bessel’s equation of order 0) From Example 5, Bessel’s equation of
order zero is

(26) zy) +y 2y = 0, (x> 0)

it has equal exponents ¢ = 0, and
o0
y(xz,c) = apx’ (1 + Z am(c)x2m>

where
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We employ logarithmic differentiation:

10g am(c) = lg<( ) Zlog k+c)

and hence
1 Oa 1
c© = =2
am(c) Oc —ktc
So,
dam, (—1)mtly,, 1
e ( ) = Tao, Where’ym = E
k=1
Thus, linearly independent solutions to (26) are
[e.9]
D™
y(x,0) = ao Z Wﬂf "
m=0
and
ay )m—i—l,},m 9
—(,0) = 0)1 "
50 (& 0) = ylz, )0g$+“02 2m(mh2 *
in agreement with Example 5 and Exercise 15. ]

We deal finally in this section with the exception under (ii), when in the coefficient of
2™ (n > N), there is a factor ¢ — ¢y in the numerator of the expression for a,, as derived
from (13). In this case, ay cannot be determined, and two linearly independent solutions
are given at ¢ = ¢ with first terms agx? and anz2tN = qgya. For essentially the same
reasons as Y (x,cz) is a multiple of Y (z,¢1) given above, the series headed by ayx® is
a multiple of the series given by using the exponent ¢; directly. Examples and exercises
concerning this case were given in section 13.5 and will not be found below.

Exercise 16 Demonstrate the advantages of Frobenius’ method by using it to find two linearly
independent solutions of the equation

(18) c(1—z)y" +(B-3z)y —y = 0,

discussed in Example 4, for the cases 3 =0 and g = 1.
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Exercise 17 (Bessel’s function of the second kind of order 1) Show that

oo _1ym .
y(x) = aoz Z 227”77(1,(731_’_1),1

m=0

is a solution of Bessel’s equation of order 1,

2%y +ay + (* 1)y = 0, (z > 0).
Using Frobenius’ method, show that the first four terms of a second and linearly independent
solution are

1 x  bad 5a®

=71 61 T

13.7 Summary

We now summarise the methods of this chapter for obtaining series solutions in powers
of a real variable x of the homogeneous differential equation

(1) p2y” +p1y +poy = 0,
where pg, p1, p2 are continuous real-valued functions of x, with no common zeros.

Radius of Convergence

The range of values for which a series solution is valid can normally be found by using

the formula
anp—1
Gn,

R = lim

n—oo

for the radius of convergence of a power series > a,x™.

Method of reduction of order

One method for finding a second solution once one solution y = u(x) is known,
especially useful when u(z) is expressed in closed form and when ps and u are non-zero,
is to seek a solution in the form y = uwv, which leads to v = v(x) satisfying

V() = A e " (p1/p2)
@) = @y

with A constant.
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(o) The origin is an ordinary point (p2(0) # 0) and both p;/p2 and po/p2 are
analytic functions

Substituting a power series
(0.9]
ylx) = Z anx"
n=0

into (1) and equating the coefficients of powers of x to zero determine solutions in terms
of the undetermined coefficients and hence two linearly independent series solutions, with
non-zero radius of convergence.

(8) The origin is a regular singular point (see Definition 2)

Substitution of an extended power series

y(x) = Z anz" e (ap # 0)
n=0

into (1) leads to ¢ having to satisfy the indicial equation I(c) = 0, a quadratic equation,
and to the a,,’s satisfying recurrence relations. Denoting the roots of the indicial equation,
or exponents, by ¢ = ¢; and ¢ = ¢z, we can distinguish four cases. We refer to

y(xz,c) = a° {ao + Zan(c):c”} ,
n=1

where the a,(c) have been determined from the recurrence relations for the coefficients,
before any substitution is made for c¢. The linearly independent solutions are given by
y =yi(x) and y = y2(x) as follows. They are valid for 0 < z < R, some R > 0.

(Bl) c1 —c2 & Z
vi(z) = y(@,c1) and ya(z) = y(z,c2)

(B2) c1 =c2
yi(e) = ylz,a) and ya(z) = 27 (z,c1).

The function y = y2(x) contains a multiple of y; (z) log z.

(B3) ¢1 = c2 + N, where N is a positive integer and the recurrence relation
for the coefficients makes apn infinite

In this case, define

Y(z,c) = (¢c—c2).y(z,c).
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Then

yi(z) = lim Y(xz,¢) and ys(z) = Iima—y(x,c).

c—C1 c—C2 C

(B4) c¢1 = c2 + N, where N is a positive integer and the recurrence relation
for the coefficients makes ap indeterminate

The complete solution is given by y = y(z), where

y(l’) = y(‘ra CQ)‘

Then y; () has first term apz®® and yo(x) has first term ayz+V.
Alternative method to (32), (83), (84), where ¢; = c2 + N and N is a non-
negative integer

Substitute y = y(z), given by

y(x) = By(z,c1)logz + a2 ena”,

n=0

where e, (n > 0) and B are constants, in equation (1), and equate the coefficients of
log x and powers of x to determine B and the e,. The constant B is, as above, non-zero
when ¢; = c¢o.

Solutions for —S <2 <0

Making the change of variable x = —¢ and using relations (13) quickly establishes
that, if we replace z¢ by |z| in y(z, ¢) and logz by log|z|, we have real solutions valid
in —R < x <0, as well as in 0 < & < R. This can also be derived directly from the
complex variable solutions discussed in the Appendix.

13.8 Appendix: the use of complex variables

Because of the relative ease in working with power series with complex terms and be-
cause of the equivalence (in open sets) of ‘analytic’ and ‘differentiable’ for complex-valued
functions of a single complex variable (see below), there are considerable advantages in
broadening our discussion of power series solutions to incorporate complex variables.
There are further unifying gains: for example, in the treatment of exponential, trigono-
metric and hyperbolic functions, through such identities as

e’ = cosz+isinx and sinix = i¢sinhx.
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Technical difficulties (and further advantages!) centre around the need to consider branch
points of multifunctions, in particular of z¢ = exp(clog z), because of the many values of
the complex logarithm.

We shall use the word holomorphic to describe a complex-valued function of a complex
variable which is differentiable on an open set and the fact (Theorem 1 below) that such
functions are analytic on the set. We note that all the results on power series in section
13.1 carry over unaltered, once one replaces the real open interval {z € R : |z| < R} by
the complex ‘disc’ {z € C : |z| < R}, or disc of convergence, and allows the coefficients
an and the exponent ¢ to be complex constants.

Theorem 5 (Taylor’s Theorem for holomorphic functions) Suppose that f is
holomorphic when |z|] < R. Then f may be expressed, for |z| < R, as the convergent
power series expansion, the Taylor expansion,

(31) fz) = ) ans"
n=0

where

1 [ f(z)
W = o | dz, (n>0)

the contour C'is {z € C : z = e, 0 < # < 27} and s is any real number satisfying
0<s<R.

Let M = M(s) denote the maximum value of the differentiable, and therefore
continuous, function f in Theorem 5 on the closed and bounded set C'. Then, by putting
z = s (0 < 6 < 2m), the value of z on C, into the integral for each a,, one quickly
deduces that

(32) lan| <

M

We are now in a position to prove the complex variable, and stronger, version of
Theorem 4 of section 13.4. We use the notation of that section, but replacing the real
variable x by the complex variable z and intervals by discs of convergence, as above. Since
Taylor’s Theorem is now available, we can just presume that P, = P;(z) and Py = Py(z)
are holomorphic.
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Theorem 6 Suppose that P, and Py are holomorphic for |z| < S and that ¢ = ¢1, ¢ are
the exponents corresponding to substituting the extended power series

(33) y(z) = 2¢ Z anz" (ap #0)
n=0

in the differential equation

(34) p2(2)y" +p1(2)y +po(z) = 0.

Then for ¢ = ¢1,co and p = |¢1 — co| ¢ Z, the series (33) is a solution of (34), convergent
for 0 < |z < S.

Proof From our discussion above, there is a constant M = M(r) such that, whenever
0<s< S,

(35) |bn| <

M
D] ‘dn‘ <
™

M

As I(c) = (¢ — c1)(c — ¢2), we see immediately that I(c; +n) = n(n + ¢1 — c2). We
concentrate our attention on the series corresponding to the exponent ¢ = ¢;. Whenever
n > p, from (13) we can deduce that

i
L

M

(36) an] = n(n—A) s

1
o (el + 7+ Dlar].

\z
I
o

Define positive constants A,, (n > 0) inductively by

|anl, (0<n<p)

—~
w
J

S~—
o

3
I
—_

M «

n(n—2X) = 's

1
—(lea| +r + DA, (p<mn)

so that, using (36), |an| < A, for every n > 0. When n — 1 > p, the definition (37) gives

(n=D-1-p) Ay mlel+n) A

An = n(n —p) s n(n—p) s




13.8 THE USE OF COMPLEX VARIABLES 285

and hence

. An—l
lim = s.
n—oo A’Vl

So, the power series > A,z" has radius of convergence s. Thus, > a,z" has radius of
convergence at least s. However, as s is any real number satisfying 0 < s < S, > ap2"
must converge for |z| < S and the extended power series 23 a,2" for 0 < |z| < S. O

We conclude the chapter with a few elementary observations about branch points.

When the exponents are neither equal nor differ by an integer, a solution of the
form y(z) = 2°)  a,2" has, when c is not an integer, a branch point at the origin:
Yy (2627”) = exp(2mic)y(z). Using the notation of Theorem 6 and in any simply connected
region D contained in

U = {z:0<|z] <S5},

the two solutions given by the theorem continue to be linearly independent and solve (34).
Therefore, as in Proposition 6 of Chapter 3 (which continues to hold for complex vari-
ables), any solution of the differential equation can be expressed as a linear combination
of these two solutions in D.

When the origin is an ordinary point, analytic continuation can be used to extend
any pair of linearly independent solutions near 0 to any other point where p;/py and
po/p2 are holomorphic.

In the case of the origin being a regular singular point, a circuit around the origin
within U will change two linearly independent solutions to new linearly independent
solutions: each solution will be a linear combination of functions with branches like those
of 2¢ (or possibly those of z¢ and log z when ¢; — 2 € Z).

Exercise 18 (Ordinary and regular singular points at infinity) Consider the equation
(38) Y '+ Q1(2)y + Qo(2)y = 0.
Show that z = oo is
(i) an ordinary point of (38) if the functions
fi(z) = 22-22Q1(2), fo(2) = 2'Qo(2)
are holomorphic or have removable singularities at oo,

(ii) a regular singular point of (38) if the functions

fs(z) = 2Qi1(2), fa(z) = 2*Qu(2)
are holomorphic or have removable singularities at co.

[HINT: Put w = 1/z and transform (38) to an equation in Y = Y (w) by means of y(z) = Y (1/2).]
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Exercise 19 Use the notation of Exercise 18. Show that

(a) when Qg = 0 and @4 has a simple pole at z = 0, but no other singularities, then the general
solution of (38) is y = A2~ + B, where A and B are constants, and

(b) when z = 0 and z = oo are regular singular points, but there are no others, equation (38)
can be re-written in the form

2y —(a+B-1zy +afy = 0

(which has already been solved for real variables in Example 3).



14 Transform Methods

This chapter introduces a powerful technique for solving differential equations, both
ordinary and partial, and integral equations, involving methods quite different in nature
from those discussed earlier. The technique involves applying an integral operator
T = Ty, to ‘transform’ a function y = y(z) of the independent real variable x to
a new function 7 (y) = 7 (y)(v) of the real or complex variable v. If y solves, say, a
differential equation (DE) — and satisfies conditions allowing the integral operator to be
applied — the function 7 (y) will be found to solve another equation (7 DE), perhaps also
(but not necessarily) a differential equation. This gives us a new method for solving a
differential equation (DE):

(a) supposing y satisfies conditions for the integral operator 7 to be applied, transform
(DE) to (7DE),

(b) solve (TDE) to find 7 (y),

(c) find a function y the transform of which is 7 (y), which will then solve (DE).

We will find that, in solving differential equations, there can be at most one function
y corresponding to a transformed function 7 (y), and hence that we will have a
one-to-one correspondence between transformable y’s solving (DE) and transformed
functions 7 (y)’s solving (7 DE).

We should note that, as with the Green’s function method discussed in section 4.2,
the method can allow us to build in initial or boundary conditions from the start and
hence produce (following our discussion in the last paragraph) the unique solution of a
problem consisting of a differential equation and side conditions.
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We shall limit our discussions to considerations involving the two most important and
widely used transform operators, associated with the names of Fourier and Laplace. In
each case, we shall first present (unproved) some basic facts about the transform before
going on to discuss in detail the application to solve differential and integral equations.
We thus avoid going deeply into integration theory, a discussion which would take us too
far from the central topic of this book. The reader may in any case be familiar with this
part of the work from other sources, and references to relevant books are given in the
Bibliography.

The final section of this chapter concerns itself with the use of complex analysis,
and in particular the residue calculus, to find the function y corresponding to 7 (y). This
section presumes knowledge of the theory of complex-valued functions of a single complex
variable.

An appendix on similarity solutions gives an efficient alternative method for tackling
some partial differential equations when subject to convenient boundary conditions.

Throughout the chapter we shall need to integrate over an infinite interval I. When
we say that a function f is ‘integrable’ on I, we allow the alternative interpretations:

(i) f is Lebesgue integrable over I,

(ii) f is piecewise continuous on every closed and bounded interval in I and the
improper Riemann integrals of both f and |f| exist over I.

We recall that f is piecewise continuous, respectively piecewise smooth, on I if it is
continuous, respectively smooth (that is, continuously differentiable), at all but a finite
number of points of I.

14.1 The Fourier transform

Suppose that f : R — R is integrable over the whole real line R. Then the Fourier
transform f:R — R of f is defined by

oo

(1) f(s) = / e e f(r)de (s €R).

—00

The number ¢ is v/—1. For convenience, we may use the alternative notations
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or even, in the case of a function u = u(z,y) of two variables,

u(s,y) = Faos(u(z,y))(s,y)

to indicate that it is the independent variable x, not the independent variable y, that is
being transformed.

Direct integration will allow the reader to check the entries in the following table,
save the last which is best deduced using contour integration (see section 14.5) and the
well-known integral

(2) /mea*m;: Ja.

—0o0
Recall that, given a subset A of R, the characteristic function x4 : R — R is defined by

1 ifxeA,

(3) xa(r) =
0 otherwise.

Let k denote a positive real constant.

f(z) f(s)
X @ |
X(~k.k) () & Sit(ks)
o~k \/ie—sz/ﬂf

Table 1
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The following compound theorem contains a number of useful and famous results
about the Fourier transform. Some parts of it are essentially trivial, others represent
deep results.

Theorem 1 Suppose that f : R — R and g : R — R are integrable over R, and that
a, b, k are real constants. Then, for each s in R,

(i) (linearity) Flaf +bg) = af +bg
(ii) (translation) F(fz+k)(s) = e*f(s)
(iif) (scaling) F(fka))(s) = ‘,lﬂ F(3)  k#0)

(iv) if f’ is integrable, then

(v) (Convolution Theorem) if f * g = f xr g denotes the Fourier convolution
integral defined as

(f xg)(= / fw)g(z —u)du (xr €R)

then

F((f+9)(@)(s) = f(s).9(s) (s€R)
(vi) (Inversion Theorem) if f is continuous and piecewise smooth, then

(4) fa) = = [ e fs)yds

2 J_ &

for each z in R.

Corollary 1 (i) If f: R — R is integrable, then for all s in R,
(5) F(f)(s) = 2mf(—s).

(ii) If the r-th derivative function f) R — R is integrable for r = 0,1,...,n, then for
all sin R,

(6) F(fM(@)(s) = (is)"f(s)-
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Notes

(a) Some authors define the Fourier transform Fp of integrable f as

fo(s) = k/oo e f(x) de, (k constant, k # 0).

—00

This makes essentially no change to the theory, but one must note that then the
Inversion Theorem becomes

fz) =

1 o0

ok 7006 fp(s)ds

and, for integrable f, f’, we have, for example,

A

Fo(f'(x))(s) = (=is)fp(s).

(b) Note that, for integrable f, g,

/ Zf(u)g(w—u)du -/ Zf(w—U)g(u)du

(just make the change of variable v = & — u). So, f* g = g * f and the situation
described by the Convolution Thorem (Theorem 1(v)) is a symmetric one.

(c) If in Theorem 1(vi) f is not continuous at xz, then f(x) on the left-hand side of the
inversion formula is replaced by 3 (f(z+) + f(z—)).

(d) One by-product of the Inversion Theorem (Theorem 1(vi)) is that, for continuous,
piecewise smooth, integrable functions, there can be only one f = f(x) correspon-
ding to f = f (s); namely, the one given by the inversion formula (4). This tells us
that, in these circumstances, if one can find a function f = f(x), the transform of
which is f = f(s), then one need look no further.

Example 1 For any positive constant k,

2k —k|s
f<k2+3:2> = 27e ks,

The result is deduced immediately from the third line of the table and Corollary (i)
above. O

The ‘symmetry’ represented by Example 1 and by the fifth line of Table 1 are worthy
of note.
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14.2 Applications of the Fourier transform

We work by example: our applications cover ordinary and partial differential equations,
and integral equations.

Example 2 Use the Fourier transform to find the continuous integrable function
y = y(z) which satisfies the differential equation

z|

y+2y = ¢
at every non-zero x in R.
Using Theorem 1(iv) and the third line of Table 1 in section 14.1,

2

(is+2)i(s) = [+

Hence, taking partial fractions,

~ _ 1 1 2
g(s) = (1+is) * 3(1—is) 3(2+1is)

and so, using Note (d) and Table 1 again,

—x 1 T 2 _ x
y(®) = € " X(0,00)(T) + 3¢ X(=00,0)(T) — 3¢ X (0,00) (@)

or, alternatively,

2
e*x—ge 2o (z>0),
y(@) =
1
gex, (x <0). O

Example 3 Assuming that f : R — R is integrable over R, use the Fourier transform
to show that a solution of the differential equation

y'—y = f(z) (z€R)

can be expressed in the form
vo) = [ he-wfwdn  @eR

where the function k& should be determined.
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Applying the Fourier transform to the differential equation and using (6),

((i5)* = 1)g(s) = f(s).

Hence,

and, by the Convolution Theorem (Theorem 1(v)) and line 3 of Table 1 in the last section,
oo
ylx) = / E(x —u)f(u)du (x € R)

is a solution, where

k(z) = —e 1 (2 eR). 0

The next two examples give applications to classical partial differential equations
from mathematical physics.

Example 4 (The heat equation) Use the Fourier transform to find a solution
u = u(x,t) of the partial differential equation

(7) Uy = kugg, (x eR, t>0)
when subject to the initial condition
(8) u(z,0) = e, (x € R)

where k is a positive constant.

Assume that, for each ¢, the function w satisfies, as a function of x, the conditions for
the application of the Fourier transform and that

Fomss(ug(z,t))(s,t) = 88t (s, t);

that is, we can interchange the operations of applying the Fourier transform and partial
differentiation with respect to t. Then, applying the transform to (7) gives

5 (s, t) = k(is)*a(s,t)
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and hence 4 = (s, t) satisfies the first-order partial differential equation

‘ZZ +ks*a = 0.
Hence,
and so,

(s, t) = e mg(s),

where ¢ is an arbitrary function of s. However, we may also apply the transform to the
initial condition (8) to give (see Table 1)

u(s,0) = ﬁe_s2/4;

S0,

ﬁ(S,t) — \/Eef(1+4kt)32/4.

Again referring to Table 1, our solution is

u(a:,t) _ 1 6712/(1+4kt).

V1 + 4kt O

Note The method ‘hides’ conditions on the function u(z,t) in order that the transform
can be applied to the differential equation. For example, in order that w,u,,u., be
integrable (conditions for us to be able to apply Corollary (ii) to Theorem 1), we must
in particular have that u(x,t) and uz(z,t) tend to zero as x — oo, for all ¢ > 0.

Example 5 (Poisson’s formula as a solution of Laplace’s equation)
Let

S
) uley) = L /_ Ean e 20

Find the Fourier transform 4(s,y) of u(x,y) as a function of z for fixed y > 0. Hence
show that @ = u(s,y) solves the problem consisting of the equation

(10) —s%i+ 5 = 0
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subject to

(11) (s, y) — as y — 0.

14 52

Of which problem (that is, of which equation with which boundary condition) is this the
Fourier transform?

The right-hand side of (9) is a convolution integral and therefore, bearing in mind
line 3 of Table 1 and Example 1, the Fourier transform of (9) is

A 2
a(s,y) = me o,

It is immediate that @ satisfies both (10) and (11). As the order of application of the
Fourier and 92/dy? operators to u is immaterial and

02 2.
Fome (o)) () = (%0(s.0),
x
we see that (10) is the Fourier transform of Laplace’s equation

O o

o2 Tap =

for the function u = u(x,y). The boundary condition (11) (see line 3 of Table 1) is clearly
the transform of
w(z,y) — e 1 asy — 0. O

Note The reader should notice how the boundary condition transforms.

We conclude this section by using the Fourier transform to solve an integral equation.

Example 6 Suppose that the function f: R — R is defined by

f(.%’) = e_xX(O,oo)(x)7 (.CI} € R)

Use the Fourier transform to find a function y : R — R, integrable over R which satisfies
the integral equation

/_00 Fwy(x —u)du = e N, (r € R)

where A is a positive real constant.
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Using the Convolution Theorem and lines 1 and 3 of Table 1,

1 2\

J = ———— R).
7508 = wre  BER)
Using partial fractions,
1—X 14X
A = R).
i) = sy tases  GEBR

So, using lines 1 and 2 of Table 1,

y(@) = (1= Ne X (0,00) (@) + (1 + A)e X (—00,0)()

> (1—=XNe M, (z>0),
y(r) =
(1+ e, (z <0).

This solution, though not continuous at the origin, still satisfies the integral equation for
all z in R. |

Exercise 1 Use the Fourier transform to find a solution of each of the following equations, leaving
your answer in the form of a convolution:

(@) -2 = e, (z € R)

b ¥ +2y+y = g(x), (reR)

where g : R — R is integrable over R.

Exercise 2 (a) Let f* denote the convolution fx* fx*...x f, with n occurrences of the integrable
function f : R — R. Assuming that the series Y - | f*™ converges to an integrable function

F = F(z), show that the Fourier transform F = F(s) of F equals f(s)/(1 — f(s)).
(b) Suppose that g : R — R is integrable and let a be a real number with o > 2. Use the Fourier
transform to solve

ay'(@) +y(x—1)—yl@+1) = gle+1)—gz-1), (z€R)
for y in terms of g. Obtain a solution in the form y = g x F, where F' = > > | f*" and f is
function which you should specify.

[You may assume convergence of the series involved.]
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Exercise 3 The function u = u(z,t) satisfies the heat equation
Uy = Kugg, (reR, t>0)
where k is a positive constant, and is subject to the initial condition
w(x,0) = e”lol,
Show, using the Fourier transform, that a solution of the problem may be expressed in the form

u(z,t) = g/OO T cos(ua) d
T Jo 1+ u?

U.

Exercise 4 Prove that if the function f : R — R is defined by
fl@) = e (eR)

then the equation
yry*xy = y*fxf

has exactly three solutions integrable over R (when subject to suitable regularity conditions).

14.3 The Laplace transform

The Laplace transform is perhaps the most widely used transform in mathematical
physics and other applications of continuous, as opposed to discrete, mathematics. It
embodies a wide range of techniques, even at the elementary level we shall discuss in
this chapter, and this variety should be of especial interest to the reader. It can build
in initial values of a problem and thus produce the problem’s unique solution. As we
shall also see, the main restriction is to functions for which the transform integral exists.
However, this still allows a wide range of application.

In our discussion, we shall follow the pattern of the last two sections on the Fourier
transform. In this section, we shall state the basic theory (without proofs). In the next,
we shall consider application to differential and integral equations, leaving to section 14.5
those problems most appropriately tackled with the help of complex variables.

Let RT denote the set [0, 00) of non-negative reals. Suppose that f : Rt — R satisfies
the condition that e™“ f(t) is integrable on RT for some ¢ > 0: we shall say that f is
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c-Laplaceable. Then the Laplace transform f = f(p) is defined by

i) = / oy

0

for all complex numbers p satisfying re p > c¢. That f is c-Laplaceable ensures that f exists
for rep > ¢ (a domination argument), as then |e P! f(t)| < e~“*|f(t)|. For convenience,
we may use the alternative notations

fo=L(f) or flp) = LU®)(p)

or even, in the case of a function u = u(z,t) of two variables,

ﬁ(.’L‘,p) - ‘Ct—>p(u<mv t))(.%‘,p)

to indicate that it is the independent variable ¢, not the independent variable z, that is
being transformed.

Direct integration will allow the reader to check the entries in the following table. Let
A be a real number, w a complex number and n a positive integer.

f(t) f(p)
n n!
t pn+1
efwt 1
P+ w
b
cos A\t JENST
. A
sin A\t JENST
p
cosh \t 2N
. A
sinh A\t N

Table 2
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As with the Fourier transform, we now bring together a number of useful results,
some of considerable significance. We use the Heaviside function H : R — R, defined by

1, forxz >0,

H(z) = X{oo0)(7) =
0, for x <O0.

Theorem 2 Suppose that f : RT — R and g : R™ — R are c-Laplaceable for some
c > 0, that a,b, A are real constants, that w is a complex number, and n is a positive
integer. Then, for rep > ¢,

(i) (linearity) L(af +bg) = af + bg

(ii) (Shift Theorem)
L™ fO)p) = flp+w)

(iii) LOFE=NH(E—=N)(p) = e *f(p)

(iv) if t" f(t) is c-Laplaceable for r = 0,1,...,n, then
LA"fO)p) = (1) f( )

(v) if £ (t) is c-Laplaceable for r = 0,1,...,n, then

L@@ = —F"(0) = pf"2(0) = ... =" F(0) + 0" f(p)

(vi) (Convolution Theorem) if f x g = f *, g denotes the Laplace convolution
integral defined by

(f*g)(t /f g(t —u)du (t € RY)

then
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(vii) (Lerch’s Uniqueness Theorem) if f and g are both continuous on R* and
f(p) = g(p) whenever rep > ¢, then f = g on R
(viii) if f is continuous and piecewise smooth, and

o

_ Lay,
fo) = 305

n=0

is convergent for |p| > T', where T is a non-negative constant, then

f(t) = Z antn)
n=0
for ¢t > 0.

Notes

(a) The reader will have noticed our omission of an Inversion Theorem. We have
delayed a statement of this result until section 14.5, as it involves a contour integral
best used in conjunction with the Residue Theorem of complex analysis.

(b) Provided we are only looking for continuous f = f(t) corresponding to a given
f = f(p) (as when seeking solutions to differential equations), Lerch’s Theorem
((vii) above) assures us that once an f = f(¢) has been found, there can be no
other.

(c) As with the Fourier transform, it is easy to show that
frcg = gxcf.

(d) Theorem 1(viii) legitimises term-by-term inversion, extending Table 2, line 1.

Example 7 Determine the Laplace transform L, = L,(p) of the Laguerre polynomial
L, = L,(t), defined by
mn

L,(t) = et% (t"e ), (t e RY)

where n is a positive integer (see Chapters 12 and 13).
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Using line 2 of Table 2 and Theorem 2(iv),

cwee) = 0 () = e
Hence, by Theorem 2(v),
Therefore, using Theorem 2(ii),
L) = 22 2

Example 8 Find the continuous function f = f(¢) which has the Laplace transform
f = f(p) given by

_ pt+3p? —2p+2
(P> +1)2(p+1)%

By partial fractions,

- 1 1

o) = et proe
Using line 3 of Table 2,

P 1 2
t t) = —— — _
Lt cost) dp <p2+1> pP+1  (pP+1)?

we can deduce that

1 .

1) = 2 {L(sint) — L(tcost)}

= L(3sint — 3 tcost)

by linearity (Theorem 2(i)) and line 4 of Table 2. Hence, using line 1 of Table 2, Theorem
2(ii) and linearity again,

f(t) = 3sint—Stcost+te . O
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14.4 Applications of the Laplace transform

Again, we work by example.

Example 9 Use the Laplace transform to solve the equation
ty' +(1+t)y +y = 2,  (t>0).

Why does your solution contain only one arbitrary constant?
Using Theorem 2(iv) and (v), and line 1 of Table 2,

_CZ) (= (0) = py(0) + p°G(p)) + (—y(0) + py(p)) — CZ) (=4(0) +py(p) +5(p) = ;'
Hence,

d 2

o {p+Dylp)} = g

and, after one integration,

2 LA
3P p+1) p+17

where A is arbitrary constant. Partial fractions give

i) 2<1 1+1)+ Al
yp) = ;|3 -5+ )+—7,
3\p* p* p) p+l1

where A’ is constant. So, as any solution of the differential equation must be continuous,
Lerch’s Theorem (Theorem 2(vii)) allows us to deduce that

yt) = 2t —2t+2)+ Ale”".

The reason why this solution contains only one arbitrary constant is that the second
solution does not have a Laplace transform; that is, there is no ¢ > 0 for which it is
c-Laplaceable. The method of solutions in series (see Chapter 13) in fact produces equal
exponents and hence one solution containing a logarithm. O

Note The limitations of the use of the Laplace transform are well-illustrated in the
paragraph before this note.
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Example 10 Find a non-trivial solution of the differential equation
(12) ty" +(1—t)y +ny = 0,

where n is a positive integer.

Using the same results as we did in Example 9,

—j; (—4/(0) — py(0) + P*5(p)) + (—(0) + pi(p))
{5 o0+ |+ ) = 0
and hence
d pn+1 B _
dp ((p—l)”y(p)> =0
so that,
B Alp —1)"
y(p) = (Znﬂ),

where A is an arbitrary constant. However, in Example 7, we showed that

(p—1)"

Ln(p) = s

when L,, = L,(t) is the Laguerre polynomial of degree n. Hence, by Lerch’s Theorem, a
solution of (12) is
y(t) = ALn(),

where A is an arbitrary constant. (I

Example 11 (Bessel’s equation of order zero — see Chapter 13) Suppose that
y = y(t) satisfies Bessel’s equation of order zero

(13) ty"+y +ty = 0 (t>0)

and y(0) = 1. Show that the Laplace transform g = y(p) of y satisfies

dy
14 2+ )2 4+py = 0
(14) (p+)dp+py
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and deduce that

X 1 \ne2n
(15) v = X ot

n=0

(t > 0).

Show also that

/0 y(u)y(t —u)du = sint, (t>0).

[You may assume that the Laplace transforms of y,v',y”, ty, ty” exist for rep > 1 and
that the convolution is piecewise smooth.]

Applying the Laplace transform to (13), with the help of Theorem 2, gives

—;;(—y’(o) = py(0) +p5(p)) + (=(0) + py(p)) — —-G(») = 0
and hence equation (14). Therefore,

di{( 24 1)7g(p)} = 0

from which we derive, where A is an arbitrary constant,

(16) ylp) =

oo
(=1)™(2n)! 1
=AYy ' (Ipl > 1).
2n ()2 2n+1
= 2"(n!) p*n
As y = y(t) is continuous, we can use Theorem 2(viii):
o~ (-1)"
_ - 2
n=0

The condition y(0) = 1 gives A =1 and hence equation (15).
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From equation (16), we have

— 2 _ _ .
G0 = 57 = Lend).
So, by the Convolution Theorem,
t
/ y(u)y(t —u)du = sint, (t>0). O
0

We now solve an ‘integro-differential’ equation, containing an integral and a
derivative.

Example 12 Find a solution of the equation
¢

(17) VO +2 [y a = & @20
0

subject to the condition y(0) = 0.
Using Theorem 2(v) and (vi),

)+ p) + 28— L

and hence,

i) = —
N Ve

As any solution of (17) must be differentiable and therefore continuous, Lerch’s Theorem,
together with Theorem 2(ii), gives

y(t) = e'sint. O

Our last worked example in the section combines a partial differential equation and
a Heaviside function.

Example 13 The function u = u(x, t) is defined for z > 1, t > 0 and solves the following
boundary value problem:

ou Ou

= 1, u(xz,0) = wu(l,t) = 1.
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Show that the Laplace transform @ = u(z,p) of u, transforming the ¢ variable, satisfies

ou 1
19 — u = —+1.
( ) x@x + pu » +
Show further that
1 1 z7P
20 w(x,p) = —+ - — —
(20) (z,p) e

and deduce that

1+ logx, if e! > x,
u(x,t) =
1+t if e! < .

Applying the operator £;_,, to the partial differential equation gives, for each z > 1,

x%(x,p) + (—u(z,0) + pu(z,p)) = 21, )

which is (19), once we apply the first boundary condition. (We have assumed that our
solution will allow the interchange of the £;_., and 0/0x operators.) Hence,

0 1
(P — op1( =
St = o (S 1),
Therefore,
(21) i) = — 4t A@p)z?
u(zx, = —+- x P
p pg P p

where A = A(p) is an arbitrary function of p. Now apply £;_., to the second boundary
condition, to give

(22) i) = .

Equations (21) and (22) give A(p) = —p~2 from which (20) follows immediately.

Recalling that 7P = e P98 we deduce, using Theorem 2(iii) with A\ = log , that

u(z,t) = t+1—(t—logx)H(t —logz),
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where H = H(z) is the Heaviside function. Hence,

1+ logx, for t > log x,
u(x,t) =
1-+1¢, for t < logz,

which is the required solution. [l

Exercise 5 Using the Laplace transform, find a solution to the differential equation
2y +2y +2y = 0 (x >0)
which satisfies y(0+) = 1. Explain briefly why this method yields only one solution.

Exercise 6 Suppose that the function F : (0,00) — R is defined by

“Tsinx

Fo) = [T e o)

Derive a differential equation satisfied by F' and hence determine this function.

[You may assume that

Exercise 7 Using the Laplace transform, solve the equation

d? ¥
<dt2 +a2> y = sinbt, (t>0)

where y(™(0) =0 (n = 0,1,2,3) and a,b are positive constants.

Exercise 8 Find a solution y = y(z) to the integral equation
t
y(t) = e '+ / y(t — u) sinu du, (t>0).
0

Exercise 9 The functions u, : [0,00) = R (n=0,1,2,...) are related by a system of differential
equations
U, = Up—1 — Up, (n=1,2,3,...).

Use the Laplace transform to express u,, in the form

un(t) = /0gpn_l(t—T)uo(r)dT+Zg&n_,«(t)u,.(()), (n=1,2,3,...; 1> 0)

r=1

where the functions g, ¢1, @2, ... should be specified.
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Exercise 10 Let a and b be the roots of the quadratic equation z? + ax + 8 = 0, where o and
3 are real constants satisfying a? > 4. Show that the Laplace transform of

cos at — cos bt

yt) = ——— (=0

is § = §(p) given by

gp) =
(p? = B)? +a?p

Use the Laplace transform to find the solution, in the case a?® > 43, of the system of simultaneous
differential equations

d’x dy
g =0
d?y T
i

for t > 0, subject to the initial conditions

dx dy

2(0) = —-(0) = y(0) =0, —(0) =

What is z(t) when o? = 437

Exercise 11 (The wave equation) Use the Laplace transform to find a function u = u(z,t)
which is continuous on {(z,t) : © > 0, ¢ > 0} and which satisfies the partial differential equation

1
Upg = —5 Ust, (x >0, t >0, c a positive constant)

together with the conditions

u(z,0) = 0, wu(x,0) = 0, (z>0)

d2
lim u(xz,t) = 0, ——=(u(0,t))+ 2u,(0,¢) = 0, (t>0)

—00 dt?

where
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Exercise 12 (The heat equation) Suppose that the Laplace transform f = f(p) of the
continuous function f : RT™ — R is defined for rep > ¢ > 0, where c is a real constant, and
that g : Rt — R is given by

ot) = / f(s)ds,  (t>0).

Show that the Laplace transform § = g(p) of ¢ satisfies

glp) = f;p)7 (rep > c).

Further, show that the Laplace transform of t~2 is (m/p)2.
Consider the problem consisting of the heat equation
U = Ugg, (x>0,t>0)
together with the boundary conditions
w(z,0) = 0 (z>0), Fku,(0,t) = —Q (t>0)

where @ is a real constant. Assuming the Laplace transform with respect to ¢ may be applied to
the differential equation, find u(0,¢) for ¢ > 0.

Note The problem of Exercise 12 corresponds to modelling a conductor in the half-space
x > 0, initially having zero temperature, but to which a constant flux @ is supplied. The
temperature on the face x = 0, for subsequent times ¢, is sought.

14.5 Applications involving complex analysis

In this section, we shall assume some familiarity with the theory of complex-valued
functions of a single complex variable, in particular, Cauchy’s Theorem and the Residue
Theorem. We shall therefore find ourselves needing to calculate residues, to use Jordan’s
Lemma, to consider limiting arguments as contours ‘expand’ to infinity and to have due
regard to branch-points.

As earlier in the chapter, we begin by looking at the Fourier transform before moving
on to consideration of the Laplace transform. In both cases, the discussion will centre
on the application of the relevant inversion theorem.

First of all, we fulfil a promise made in section 14.1.

Lemma Suppose that the constant k£ > 0. Then

Fle™)(s) = \/je—m, (sCR).
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Proof We need to evaluate the integral

Integrate f(z) =e

real numbers.

—kz2

oo
= / e
—0o0

CHAPTER 14: TRANSFORM METHODS

iste—ha® gy (s e R)

o0 .
_ 6—52/4k/ k(i) g
—0oQ

around the following contour, where s > 0 and R, S are positive

(R>0, $>0)
-S+is/2k B z = x+is/2k R+is/2k
I,
I'x
z = -S+iy N
z = R+iy
Vv (ve[0,s/2K])
I
Z=X < F1
-S (x€[-S,R]) - R

Consider the integral of f along the contour I'p, where z =T + iy and 0 < y < s/2k.

J7 -

E =

s

/ W k(T riy)2 dy
0

2 2% 2
< ekT/ eV dy.
0
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As the integral of "’ is bounded on [0,s/2k], E — 0 as T — 4o00. So, the integrals along
the ‘vertical’ sides of the contour tend to zero as R,S — oco. As f has no singularities,
its integral around the whole contour must be zero. Hence, letting R, S — oo,

o0 - is \2
/ ek’ dw+/ e_k(”ﬁ) dr = 0

—00 o

and therefore

f(e—ka)(S) _ 6—52/4k/ e—ka dz,

for s > 0. We now assume knowledge of the result

/ eV’ dy = w

—00

which, after the substitution y = vkz (k > 0), gives

> —kz? m
dz = /=
[l =y

itself the result for s = 0. As minor modifications to the argument give the result for
s < 0, the Lemma follows at once. O

We next apply the Fourier Inversion Theorem (Theorem 1(vi)) to give an alternative
solution to an example in section 14.2.

Example 14 Use the Fourier Inversion Theorem to find the continuous integrable
function y = y(x) which satisfies the differential equation

||

y+2y = e
at every non-zero x in R.

From our working in Example 2,

2

i) = GraaTa

The Inversion Theorem gives

1 o) 62'5:5
= — ds.
v@) = o G ©
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The integrand is O(s~3) and we may therefore use the principal value integral
limp 00 ffR to evaluate it. We integrate the function

1Tz
e

(z—20)(2+ 1)’

flz) =

considering separately the two cases x > 0 and = < 0.

For z > 0, we integrate f(z) around the contour

z=Re"
(06€[0,n], R>2)

Z=S
R (se[RR)) R

Y

There are two simple poles, at ¢ and 27, with respective residues

ei:pz e~ % eimz
<(z—2i).2i>z_i T2 <z2+1>

2=21
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Further, on the semi-circle I'g, as R > 2,

™ etz h(cos f+isin 0) ”
4 . /Re'” df
LA = | s e

F =

R T _¢Rsing
< T Sin d9
= <R—2><R2—1>/0 ‘

Since x > 0, zRsinf > 0 when 6 € [0, 7], and F' — 0 as R — oo. Therefore, using the
Residue Theorem and letting R — oo, we have that the principal value integral

00 ei:cs e~ e—2x
P ds = 2mi | — — .
/00(5—21')(32—1-1) ’ 7”(2 3 >

Hence,

(23) ylz) = e ¥ — %6_21, (z > 0).

-R zZ=s R
(s€[-R,R])

z=Re"
(0€[x,27], R>2)
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This time there is just one (simple) pole within the contour at z = —i of residue
eixz _ _g
(z—2i).2z)|,_, 6
On I'j, (R > 2), we have (as above)
R 4 -
J — / f < / e—a:RsmG de.
” ‘ B-2 (1) Jy

Since both z < 0 and 6 € [, 27, we retain zRsinf > 0, and therefore F’ — 0 as R — oo.
Noting that integration along the line segment [—R, R] is from right to left, use of the
Residue Theorem gives, as R — o0,

—00 eixs e:r;
p ds = omi(-S
/Oo s—2i)(s2+1) ©° m( 6)

and hence,
(24) y@) = b (<o),

Putting (23) and (24) together, and determining the value at = 0 by continuity, we
arrive at the solution

e’ — %6_2””, (x > 0)

te’, (x <0)
as in Example 2. O

Note The reader should note carefully the following points exemplified above and com-
monplace in such calculations.

(a) We need different contours corresponding to x > 0 and x < 0. These ensure that
the limits of the integrals around the semi-circles tend to zero as R — oo and the
functions that appear in the solution tend to zero on their respective half-lines as

(b) The value of the solution at = 0 can be sought by considering the limit as z — 0.
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(¢) We have used the following formula for calculating the residue of a holomorphic
function of the form

P(z)
Q(2)

at z = a, where P is holomorphic in a neighbourhood of a with P(a) # 0, and @
has a simple zero at a:

f(2)

The rest of this section and its exercises concern the Laplace transform.

Theorem 3 (Laplace Inversion Theorem) Suppose that the continuous and piece-
wise smooth function f : Rt — R is c-Laplaceable for some ¢ > 0. Then, for t > 0, f
may be expressed as the principal value contour integral,

o+1i00 o+iR
f@) = l-P/ ) ' f(p)dp = —— lim ' e f(p) dp,

211 —i00 274 R—oo o—iR
for any real o > c.

Note As with the Fourier Inversion Theorem, it f is not continuous at ¢, then f(t) on
the left-hand side of the above formula is replaced by & (f(t+) + f(t—)).

Corollary Suppose in addition, f is holomorphic save for at most a finite sequence of
poles (p,)N_;, where rep, < ¢, and that there are real positive constants M and d such
that M

f)l <
Ipl?

as p — 0o, then

res (P f,pn),

Mz

n=1

the sum of the residues at the poles p,,.

Proof We integrate the function

g(p) = € f(p)

around the contour
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o+iR

ey

1%
I
N o
o-R e
p = oty
(YE[-R.R])
p = c+Re®
(0€[n/2,37/2])

\

where R is so large that all the p, lie inside the contour. Then, considering only
integration along the semi-circular arc,

/ ’
FR
M@

3
2
< / etR cos 0 do
- d—1 [,
R 2

E =

3
/ 2 et(U+R(COS 0+isin 9))f(0' + Reie)iReiG A6
2

IMeto z .
_ Rdfl /02 e—tRsnup d(p

when one puts 6 = ¢ + § and notes that siny = sin(m — ¢). Using Jordan’s Lemma

(which implies —sinf < —260/7 on [0, §]) and as we have taken ¢ > 0, we can deduce
that

3 —tRsingod < /727 —2tRLp/7rd _ T 1_— —tR
/0 € po= ) p = -
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Therefore, £ — 0 as R — oo (as d > 0), and using the Residue Theorem

o+iR N
lim g(p)dp = 2miy_res(g,pn).
n=1

R—oo Jo iR

The corollary now follows from the Inversion Theorem. [l

In the context of the Laplace Inversion Theorem, we now re-visit Example 9.

Example 15 Use the Laplace Inversion Theorem to solve the equation
ty' +(1+t)y +y = 3, (t>0).
Our working in Example 9 gave

3Ap3 +2

¥p) = T3
3p3(p+1)

where A is an arbitrary constant. This function satisfies the conditions of the Corollary
to Theorem 3 (with d = 1), and has a triple pole at p = 0 and a simple pole at p = —1.
Considering now the function

op) = Mglp) = <2+3Ap3)ept,

3p3(p+1)

for ¢ > 0,

! —
= Ae

3
res (g, —1) = <2+3Ap )ept

3p3(p+1)

p=-—1

where A’ is an arbitrary constant. Expanding near p = 0, we find

1 3 p*t? 9
glp) = 3p3(2+3Ap)<1+pt+2+...> 1—p+p*+...).

Hence, the residue at p = 0, which is the coefficient of p—!

expansion, is

in this unique Laurent
Tt —2t42).
Therefore, by the Corollary to Theorem 3,
yt) = F(t*—2t+2)+ Ae’’,

for t > 0, which extends to ¢ = 0 by continuity. This agrees with our result in
Example 2. [l
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The next example is important and involves a branch-point and a ‘keyhole’ contour.

Example 16 (The heat equation) Find the real-valued function u = u(z,t) which is
defined and continuous on {(z,t) : x > 0, t > 0}, and satisfies the equation

RlUgy = U,
when subject to
u(z,0) = 0 (z>0), wu(0,t) = up (t>0),

and such that
lim u(z,t)exists,
r—00

as a (finite) real number, for each ¢ > 0.

Applying the operator £;—, to the differential equation (and assuming it can be
interchanged with 92/0x?),

"5(9822”(%]9) = —u(z,0) + pu(z,p).
So, i
g;; Pa .
Hence,
(25) a(z,p) = A(p)e(p/k)%x_}_B(p)ef(p/k)%z’

where we have cut the1 plane, so that —m < argp < 7, to cope with the branch-point at
the origin. Then re (p2) > 0. Applying the same operator to the second condition,

(26) a(0,p) = %, (rtep > 0).

For the last condition to hold, we must have @(x,p) — 0 as * — oo, and therefore
A(p) = 0; so, combining (25) and (26), we have

U 1
(z,p) = —e @R (rep > 0).
p
The Laplace Inversion now implies, for a positive constant o, that

o+100 1
u(z,t) = 0 P/ }ept*(p/k)% dp, (t>0).

2mi o—ico P
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In order to express this solution in terms of real variables alone, we integrate the
function

1 1
glp) = - ept—(p/k)2
p
around the keyhole contour
/_G+iR
p=c+Re" (R-0>2>0)
(0€[/2,7]) r
A
| I
cut otRe™[_P= Ve >F2 /N\S o
c+Re" < p=ve" \4: el
p = oty
(ve[-R.R])
p =c*Re
(0€[-m,-/2])
&
Then,
o1 1 if
/FR g = /72r o R exp(P(z,t,R,0,0))iRe" df,
where

P(z,t,R,0,0) = (0+ Re®)t — ((0 + Re)/k)zx.

There is a real constant M such that, as R — oo,

lexp(—((o + Re®) /k)2z)| < M, (0 € [n/2,7]).
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ot ™
/ g’ < MRe / etRcos@ d07
I'r R—o w/2

which tends to zero as R — oo, for ¢ > 0, as deduced above in our proof of the Corollary
to Theorem 3.

So,

Further, considering the small circle ', the reader will easily find that
exp(P(z,t,6,0,0) —1 = Nez,

for a real positive constant N. Thus,

27TZ'+/ g’ =
Ie

1
< 27wNez,

eett

—r '
2mi +/ exp(P(x,t,€,0,0))iec do

which tends to zero as € — 0.

Along Ty, p = ve'™ and hence p% = iv%, where e <v < R— 0. So,

/F29 = / iexp(—vt—i(v/k)%x)<_dv)

R—¢ U

R—o 1 1
= —/ — exp(—vt —i(v/k)2z) dv.
v
€
Similarly, along I's, where p% = —iv%,

R—o 1
/ g = / — exp(—vt—l—i(v//{:)%x) dv.
I's € v

So, integrating g around the whole keyhole contour and using Cauchy’s Theorem gives,

on letting R — oo,
lim (/ g>—27ri =0
R—00 \JI1+415+Ts

and hence

o+iR 1 oo ,—ut 1
u(x,t) = U0 Jim g = up 1—/ °  sin (B)Qx dv ¢,
2Tt R—oo o—iR m™Jo (% k

where we have used the elementary fact that e** — e~ = 2isin \.
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We have achieved our objective of expressing our solution of the heat equation in
terms of real variables alone. In fact, this solution can be expressed very neatly as

(27) u(z,t) = uo{l—erf <2jﬁ>}

in terms of the error function, defined by

2 w
erf (w) = ﬁ/o e dv,

as the reader will be asked to demonstrate in the following exercise. ]

Note (a) The motto here is that the reader should have the inversion theorems at hand
as a last resort, but before using them would be wise first to seek another method!

(b) A much speedier solution will be found in the next section.

Exercise 13 Let F': R — R be the function defined, for A > 0, by

oo e—)\y2
2 / sin(zy) dy.
0 Y

F(z)

By first showing that

F'(z) = re (fyﬂw (e_’\yz) (x)) ,

Deduce from the Lemma of this section that
F'(z) = . 26_12/4)‘

z/2(kt) 3 ,
F(x) = 2ﬁ/ e " dw.
0

and hence that

Deduce the form (27) for the solution to the heat equation problem of Example 16.
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Exercise 14 Use the Laplace transform to show that the solution of
kuze = uy, (x>0,t >0,k a positive constant)

with w =0 for t = 0 and u = f(¢) for z = 0, is given by
t
wz,t) = [ f(t—wh(z, u)du+t f(0)h(z,t),
0

where h(z,t) satisfies

1 —wmia

e Ph(z, t)dt =
oo = g

By considering the case f(t) = 1, show that
T
h(z,t) = 1—erf | —=|.
(1) (gm)

Exercise 15 Show that the Laplace transform § = §(p) of a smooth bounded solution y = y(x)
of the differential equation

(xy) —(x—a)y = 0 (v constant)

is given by
a—1

(p—1)=
(p+1)°F "

for some constant K.

Use the Laplace Inversion Theorem to show that when (o — 1)/2 is a positive integer n, the
solution y = y(z) is a multiple of

(5) o-vre

[HINT: You may wish to use one of Cauchy’s integral formulae.]

p=—1

Exercise 16 (Heat in a finite bar, with no heat flow across one end and the other end
kept at a constant temperature)

Consider the problem consisting of the equation

kuge = uy (0<z<I,t>0,k a positive constant)

subject to

uy(0,8) = 0 and wu(l,t) = w (t>0), u(z,0) = wy (0<a<I).
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Show that the Laplace transform 4 = @(z,p) is given by

oy fm g ((cosh((p/R)Ee)
) = P +( p )(cosh((p/k:)él)>'

By using the Inversion Theorem and a contour of the type considered in the Corollary to Theorem
3 but not passing through any pole of @(z,p), show that

_ 4(ur —ug) o~ (=1)" —k(n —1)%n%t/1? (2n — D)mx
u(z,t) = up+ Z2n_1e cos 57 .

n=1

Compare this result to those of section 7.2 and its exercises.

[You may assume that the integral of 4(x, p)eP® around the circular arc tends to zero as its radius
increases to infinity.|

14.6 Appendix: similarity solutions

In this short appendix, we introduce a quite different technique which can provide,
remarkably efficiently, solutions to such equations as the heat equation, provided the
initial boundary conditions are convenient. We give one example to describe the method,
and two exercises.

Example 17 Find a solution to the problem consisting of the heat equation
(28) kugy = ut (x >0,t>0, k a positive constant)
when subject to
u(0,t) = wug (t>0),

(29)

u(z,t) - 0ast—0 (zr>0), u(z,t) — 0 as v — oo (t>0).

The substitution n = :U/(kit)%, F(n) = u(x,t) reduces the problem to

(30) F'+ingr =0
subject to

(31) F0) = wy, F(n)—0asn— oc.
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The equation (30) may be re-written

(e Pm) = o

has first integral ,
F'(n) = Ae™"/*

and hence general solution

n 2
F(n) = A/ e " /Mdu+ B

n/z -,
= A / e V" dv+ B,
where A, A’, B are constants. Applying the boundary conditions (31) and using

/Ooe_v2dv = ﬁ
0 2’

the reader may quickly derive the problem’s solution

2u0 0072
F(n) = — e " dv
(n) NI
or
2ug [ .2
u(z,t) = — eV dv = ug(l —erf(z/2Vkt)),
@ =2 o(1 — exf (x/2VF))

where the error function erf = erf (w), introduced in section 14.5, is given by
tw) = 2= [ e an w=20) .
erf(w) = — e v, w > 0).
v Jo

Note The applicability of the method turns on the fact that, when one puts n = z/ (kt)%,
F(n) = u(x,t), not only does the heat equation reduce to an ordinary differential equation
for F', but the conditions

u(z,t) = 0ast—0 (z>0), u(x,t)—0asz—o00 (t>0)
‘collapse’ to the single condition

F(n) — 0 as n — oo.
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Exercise 17 Consider the problem consisting of the partial differential equation
(32) PUpe = TUy, (x>0,t>0)
involving the function u = u(x,t) and subject to
u(z,t) = 0ast—0 (x>0), wu(t,t) =1 (t>0), u(z,t)—0asz—o0 (t>0).

By considering the substitution n = z/t*, F(n) = u(z, ), find a value for the constant A for which
(32) reduces to an ordinary differential equation in F'. Hence, solve the problem.

Exercise 18 Consider the problem consisting of the partial differential equation
(33) tau.rz = Uy, (O < t2 < l’)

involving the function u = u(x,t) and the real constant o, when the equation its subject to the
conditions

u(z,t) = 0ast—0 (z>0), ult*t) = 1 (t>0), u(x,t)—0asx— oo (t>0).

By making the substitution n = z/t?, F(n) = u(x,), find values of a and 3 for which (33) reduces
to an ordinary differential equation in F' and, for these values of o and 3, solve the problem.
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15 Phase-Plane Analysis

The systems with which this chapter is concerned are those of the form
(A) i = X(z,y), y = Yy

satisfied by the functions x = z(t), y = y(¢), where X and Y are continuous real-valued
functions and dot denotes differentiation with respect to the real variable t. They are
often referred to as ‘plane autonomous systems of ordinary differential equations’. Here,
‘plane’ indicates that just two functions z,y, dependent on the variable ¢, are involved
and ‘autonomous’ that neither of the functions X, Y contains this variable explicitly.

It is not in general possible to find an analytic solution to an arbitrary differential
equation and, even when it is, the solution is often expressed in a form (such as a series
or integral, or implicitly) which does not allow easy discussion of its more important
properties. This chapter provides an introduction to a qualitative study in which one
can locate properties of a differential equation without having to find a solution. Every
student of differential equations should be aware of phase-plane methods.

15.1 The phase-plane and stability

When the real plane R?, with axes x and y, is used to plot solutions z = z(t), y = y(t)
of (A), it will be referred to as the phase-plane. The curve traced out by (z(t),y(t)) as
t varies (usually over some finite or infinite interval) is called a phase-path or trajectory.
A diagram depicting the phase-paths is called a phase-diagram.
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Whenever X # 0, (A) gives rise to

dy _ Y(z,9)
®) dr — X(z,y)

which the phase-paths must satisfy. Theorem 1 of Chapter 2 tells us that, when Y/X
is sufficiently ‘well-behaved’ and subject to an appropriate boundary condition, (B) has
a unique solution. So, save for ‘singular points’, we should expect one and only one
phase-path through each point in the phase-plane.

Constant solutions x(t) = xo, y(t) = yo of (A) correspond to (singular) points (o, yo)
satisfying

(©) X(z0,90) = Y(zo,%0) = 0.

Such points are called critical points, or equilibrium points.

The nature of the phase-paths near a critical point can often give important
information about the solutions of the system (A). Intuitively, if near a critical point
(a,b) the phase-paths (x,y) = (z(t),y(t)) have all their points close to (a,b), for ¢t greater
than some ty in the domain of (z,y), then the point (a,b) is called stable. We may
formalise this idea as follows. For (a,b) € R? and a solution (x,y) = (z(t),y(t)) of (A),
let

F(z,y,a,b,t) = /(z(t) —a)?+ (y(t) — b)2.

Definition A critical point (a, b) is stable if and only if given € > 0, there exist § > 0 and
a real to such that for any solution (z,y) = (x(t),y(t)) of (A) for which F(z,y,a,b,ty) <9,

F(z,y,a,b,t) < e

for every t in the domain of (x,y) which is greater than ty. A critical point is unstable if
and only if it is not stable.

Before exemplifying the terms introduced in this section, we prove two results
concerning closed phase-paths. The first provides a reason for their being of especial
interest. The second gives a sufficient condition for there to be no closed phase-paths in
a domain of the phase-plane.

We assume conditions have been placed on X = X(z,y) and Y = Y (z,y), sufficient
to necessitate the uniqueness of solution of the system (A), via Theorem 2 of Chapter 2.
Note that a closed phase-path is a closed and bounded subset of the real plane.
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Theorem 1 A phase-path traced out by (x(t),y(t)), as t varies, is closed if and only if
the functions x = z(t), y = y(t) are both periodic functions of ¢.

Proof 1If the phase-path is closed, there exist constants to, t; (t1 > tp) such that
x(to) = z(t1) and y(to) = y(t1). Letting T' = t1 — to, define new functions x; = x1(t),
y1 = y1(t) by

zi(t) = 2(t+T), () = yC+7).

Then, using (A),

Soilt) = Salt+T) = XE+Thy(+T) = X))

and, similarly,
dyy

dt - Y(mluyl)'

Further,
1’1(250) == l’(t0+T) = l’(tl) = ."L‘(to)
and, similarly,

yi(to) = y(to)-

The uniqueness given by Theorem 2 of Chapter 2 now assures us that 1 =z and y; =y
identically; that is,

x(t+T) = z(t) and y(t+7T) = y(t)
as t varies. Thus, z = x(t) and y = y(t) are periodic functions of t.

The converse being trivial, Theorem 1 is proved. O

Theorem 2 (Bendixson—Dulac Negative Criterion) Suppose that X, Y and

p = p(x,y) are continuously differentiable in a simply connected domain D in the
phase-plane. Then, a sufficient condition for there to be no simple closed! (non-constant)
phase-paths in D is that

5 (0X) % 2 (oY)

is of one sign in D.

!By ‘simple closed’ is meant ‘homeomorphic to the unit circle’; that is, which is closed and does not
cross itself.
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Proof Suppose that C is a simple closed phase-path in D, given by = = z(t), y = y(t),
and let I denote the interior of C'. The hypotheses assure us that we may apply Green’s
Theorem in the Plane, so that

E = //{gc(pX)ﬂLgy(pY)} dzdy

1

dx dy
= —pY — X— | dt
/( Py T dt>

Q

= / p(=Y X + XY)dt
C

since (x(t),y(t)) satisfies (A). This contradicts the fact that E cannot be zero, as it is
the integral of a continuous function of one sign. O

Example 1 Draw phase-diagrams for the system

(1) T =y Y = cz

where ¢ is a non-zero real constant.

The system has (0,0) as its only critical point and its phase paths satisfy

dy cx

dx y
whenever y is non-zero. The phase-paths are therefore of the form
vt —cx® = k,

where k is another real constant.
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When ¢ < 0, the phase-paths form a family of ellipses, each with centre (0, 0); whereas,
when ¢ > 0, they form a family of hyperbolae with asymptotes y = dx, where d?> = c.
The corresponding phase-diagrams are

g
\

R
N |

|
J

For ¢ < 0, the origin is thus a stable critical point, whereas it is unstable in the case
c>0. (Il

The system arises from the second-order differential equation
r—cxr = 0,

once one defines a new function y by y = @. For ¢ < 0, this is the equation of motion of
the one-dimensional harmonic oscillator.

Notes

(i) The drawing of a phase-diagram involves the determination of critical points as
well as the various types of phase-path that may occur. On such a diagram, it
is customary to represent stable critical points with ‘solid dots’ and unstable ones
with ‘hollow dots’ (as above). An arrow should also be attached (as above) to
each phase-path to indicate the direction (&(t), ¢(t)) in which the point (z(t), y(t))
traverses the path as ¢ increases. From (A), it is clear that this direction can
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be determined by consideration of the vector (X(z,y),Y (z,y)). In Example 1,
X(x,y) = y is always positive in the upper half-plane and always negative in the
lower; whereas Y (x,y) = cx is, when ¢ > 0, positive in the right half-plane and
negative in the left (the reverse being true when ¢ < 0). These observations make
it straightforward to attach arrows to the above diagrams.

(ii) In Example 1, the critical point for ¢ < 0, surrounded as it is by closed curves, is
called a centre. For ¢ > 0, the critical point is what is known as a saddle-point.

(iii) Different systems of the form (A) can give rise to rather similar phase-diagrams.
The reader should compare (1) of Example 1 with the system

. 2 .
(2) T o=y, 9§ = cwy,
where ¢ is a non-zero real constant.

Example 2 Show that the system

. . 1 5
r =y, y:x—y+§y

has no simple closed phase-path in the phase-plane.

By Theorem 2, it is sufficient to show that there is a function p = p(z,y) such that
0 0
F = — - — 1.2
5y (PY) 3y (p(x =y +3y7))

is of one sign in R?. Now, when p,, py exist,

F = pey+pylz—y+39°) +p(-1+y).

T we see that F' reduces to

Choosing p = e~
F = —e™7,

which is negative throughout R?. The Bendixson-Dulac criterion applies. (Il

Exercise 1 Draw phase-diagrams for the system (2) above. (Be careful to identify all the critical
points, to note which are stable, and to be precise about the directions of the phase-paths in each
quadrant of R2.) Compare the diagrams you have drawn with those obtaining to Example 1.
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Exercise 2 Draw phase-diagrams for the system
(3) &= ax, Y = ay,

where a is a non-zero real constant. When is the origin a stable critical point? Show that there
are no simple closed phase-paths. What happens when a = 07

Note The critical point of Exercise 2, when a # 0, is called a star-point.
Exercise 3 Draw phase-diagrams for the system

(4) T o= by, gy = dy,

where b and d are non-zero real constants. When is the origin a stable critical point? What
happens when d = 07

Note The system (4) is known as the ‘degenerate case’ amongst the linear systems
T = ax+ by, Y = cx+dy,

where a, b, ¢, d are real constants. These systems will be discussed in greater detail in the
next section. The systems (1) and (3) above are other special cases.

The system (4) arises, when b = 1, from the second-order differential equation
x—dt = 0,

when y = &, and represents, for d < 0, the motion of a particle in a medium providing
resistance proportional to velocity (as in fluid motion). It is very unusual in that critical
points are not isolated.

Exercise 4 Show that each of the following systems has no periodic solutions:
(5) i =y, § = —asinz—by(l+cy?),
where a, b and ¢ are positive real constants,

(6) i = y+az+a’ gy = x+y°,

(7) i = z+y+ay, Y = =z
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15.2 Linear theory

In this section, we analyse in some detail the phase-diagrams representing the linear
system

(L) & = ax+ by, y = cx+dy,
where a, b, ¢, d are real constants. We first search for solutions of (L) in the form
(8) r = AeM, y = BeM,

where A, B are (possibly complex) constants. Substituting (8) in (L), we find that

(a—NA+bB = 0,

9)
cA+(d—MNB = 0.

For not both of A, B to be zero, it is necessary that

that is, that
(10) N —(a+d))\+ (ad —bc) = 0.

As with the discussion of the second-order linear equation with constant coefficients (see
the Appendix, section (6)), the remaining analysis turns on the nature of the roots A1,
Ao of this characteristic equation.

(i) A1, A2 real, unequal and of the same sign

Using equations (9), we see that the root A = A of the characteristic equation (10)
gives rise to a (fixed) ratio A: B. Leaving the exceptional cases for consideration by the
reader, we suppose this ratio is 1:Cy, with C; non-zero, giving the (real) solution

z(t) = KieMt,

y(t) = chle)‘lt,
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where K7 is an arbitrary real constant. If the ratio A: B is 1:C5 when A\ = Ag, there is
similarly the (real) solution

z(t) = Koet?t,

y(t) = KoChet?,

where K5 is an arbitrary real constant. The general solution is the sum of these two
solutions, namely,

z(t) = KleAlt—Fng’\?t,

(11)
y(t) = chle)‘lt—FKQCQe)‘zt,

where Kj, Ky are arbitrary real constants. (Note that the existence and uniqueness
Theorem 2 of Chapter 2 would allow us to determine, on any interval, the constants
K1, Ky by using initial conditions for x and y.) When & # 0, the phase-paths satisfy

dy Y )\1K1016>‘1t + )\2K2026>‘2t

de & )\1K16)‘1t+)\2K26’\2t

(12)

We now suppose that A1, Ay are both negative and, without loss of generality, that
A1 > Ao. When K # 0, Ko = 0, we have the phase-path y = C2; and when Ky = 0,
Ky # 0, we have the phase-path y = Cyz. Further, for each phase-path,

dy

d——>Clast—>oo, —y—>02ast—>—oo.
x

dx

The directions of the phase-paths and the behaviour of solutions at zero and infinity
follow directly from consideration of x,y,Z,y. We are now in a position to draw the
phase-diagram. The origin is a stable critical point. When Aq, Ay are both positive, the
phase-diagram is similar, but the arrows point away from the origin and the origin is an
unstable critical point. In both cases, this type of critical point is called a nodal point,
or node.
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y=C,x

y=C,Xx

0>1,>2,

(i) At = A2 # 0

When b, ¢ are not both zero, the real general solution of the system in parametric
form is

.%'(t) = (Kl—i-th)e)\lt,
y(t) = (K101+K202t)€)\1t,

where C1,Co, K1, Ky are real constants (with the same provisos concerning C,Co as
in case (i)). When A; is negative, the phase-diagram can be drawn as follows. It can
be considered as the limiting case of the diagram in (i) as A2 — A;. The origin is a
stable critical point. When \; is positive, the origin is unstable and the arrows in the
phase-diagram point away from the origin. This type of critical point is called an inflected
nodal point, or inflected node.
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A =1,<0 y=C.x

The reader will already have discussed the case Ay = Ay # 0, b = ¢ = 0, which
necessitates a = d, in carrying out Exercise 2 above. The critical point is a star-point.

(iii) A1, A2 real and of opposite sign

Without loss of generality, assume A\; > 0 > Xg. The equations (11), (12) of (i)
apply. In this case (and as the reader should check), y = Cjz and y = Coex are the only
phase-paths through the origin, the first being described from the origin to infinity, the
second from infinity to the origin, as t increases. The phase-diagram may be drawn as
below. The origin is an unstable critical point, and is a saddle-point as in the special
case considered in Example 1, when ¢ > 0 there.
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y=C.x y=C,x

A,>0>2,

(iv) A1 = A2 = & + in, where £,n are both non-zero real numbers

The real general solution may be written

r = Kesin(nt +0),

y = KCesin(nt +e),

where K, C,J,€ are real constants. The periodicity of the sine function indicates that
the phase-paths are spirals, approaching the origin as t increases if £ is negative, but
approaching infinity if £ is positive. The phase-diagram is therefore as below. The origin
is thus stable if and only if £ is negative. This type of critical point is called a spiral-point,
or focus.
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y
re A,=re A,<0
im A,= -im A,#0
/
o

Nis

(v) A1 = A2 = in, where 7 is a non-zero real number

Now the system has the real general solution
x = Ksin(nt +96),
y = KCsin(nt +e),

where K, C, 6, ¢ are real constants. The phase-paths are ellipses and the phase-diagram
is as below.
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re A,=re A,=0
im A,= -im A,#0

T
N

The origin is necessarily stable and, as with the special case in Example 1 (when ¢ < 0),
the critical point is called a centre, or vortex.
(Vi) A1 #0, A2 =0

The phase-paths form a set of parallel lines. The reader will have discussed a special
case in carrying out Exercise 3. Stable and unstable cases can arise depending on how
the line through the origin is described.
(vii) A1 = A2 =0

In this case, there is either a non-singular linear transformation of = z(t), y = y(t)
to functions u = u(t), v = v(t) such that @ = o = 0, or one for which i = 0.

Summary
We now summarise our results on the linear theory of plane autonomous systems
T = az+ by,
¥y = cx+dy,
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where a, b, c,d are real constants. Suppose that Ai, Ay are the roots of the characteristic
equation

M —(a+d)\+ (ad —bc) = 0.

A1, Ao real unequal, node,
of same sign stable iff A} <0
(b,c) # (0,0) inflected node,
le iff
A=Ay £0 stable iff A; <0
b=c=0 star-point,
stable iff A < 0
A1, Ao real, saddle-point,
of opposite sign always unstable
Al =g = E+in, spiral point,
&, m real and non-zero stable iff £ < 0
Al = Ao = in, centre,
1 real and non-zero always stable
AMF#0, =0 parallel lines,
stable iff A <0
AM=X=0 corresponds to either i = 0

or & = v = 0 for appropriate u, v.

The reader can easily check that the above table covers all possible cases.
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Notes

(i) An elegant presentation is provided by the use of the theory of non-singular linear
transformations®. Special cases still require careful treatment.

(ii) As with much classical applied mathematics, so here too in the theory of plane
autonomous systems, a linear theory can be used to approximate a situation
modelled by a non-linear equation. Such linearisation is considered in section 15.4.

Exercise 5 Determine the nature of the critical point of each of the following systems.
(a) & = x4+ 2y, y = 4dx —y.

(by & = bx—3y, y = 3x—y.

(¢) & = z—y, y = br—y.

d) & = =z y = 2+ 3y.

() & = x—2y, ¥y = x4+ 3y.

Exercise 6 Consider the system
T = by+ax,
y = ay — bx,
where a, b are constants and b > 0. Show that, if a = 0, the phase-paths are circles, and that,

if a # 0, the phase-paths are spirals. What is the nature of the critical point in the cases (i)
a<0, (ii)a=0, (iii)a>07?

Exercise 7 Suppose that p = —(a + d) and ¢ = ad — be are the coefficients in the characteristic
equation (10) of the system (L). Show that stable points of the system correspond to points in
the positive quadrant p > 0, ¢ > 0 of the pg-plane, which are not at the origin.

Exercise 8 Prove that, if (x,y) = (z(t),y(t)) is a solution of the system (L), then x = x(t) and
y = y(t) are both solutions of the second-order equation

(13) W — (a4 d)w + (ad —bc)w = 0.

Conversely, show that, if w = w(t) solves (13), then (z,y) = (z(t),y(t)), defined either by

r = bw, y = w—aw, ifb#0,

2Gee, for example, G. Birkhoff and G.C. Rota, Ordinary Differential Equations, 3rd Edition,
pages 114-126.
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or by
r = w—dw, y = cw, ifc#0,

solves (L).

Note The differential equation (13) is known as the secular equation of the system (L).
The auxiliary equation of this secular equation (in the sense of (6) of the Appendix) is
just the characteristic equation (10) of the system (L).

Exercise 9 (a) With the notation of Exercise 7, show that each of the linear transformations

X = x, Y = ax+by, ifb#0,
X =y, Y = cx+dy, ifc#0,
X =z+4+y, Y = ar+dy, ifb=c=0anda#d,

converts (L) to the system

X =Y, Y = —qX-pv
(b) Show that the secular equation (in the sense of the above Note) of the system
T = ax, Yy o= ay
(where a = d and b = ¢ = 0) is the same as that of the system

) y = "E+a'y’

but exhibit a solution of the latter system which does not solve the former.

15.3 Some non-linear systems

Phase-plane analysis can be used to discuss second-order ordinary differential equations.
Classically, where = z(t) denotes position of a function at time ¢, the Poincaré substi-
tution y = & takes velocity as the second function of t. For example, the equation

ri+i? -z = 0
may be converted to the system

&=y 9 =1-=y/z, (z#£0)
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We should at the outset point out that there can be other, perhaps even simpler,
‘equivalent’ systems. In the above instance, another system representing the second
order equation is

z = y/x, y = x, (x #0).

Notice that, with the Poincaré substitution, & is always positive in the upper
half-plane and negative in the lower. So, the arrows on the corresponding phase-diagram
must point to the right in the upper half-plane and to the left in the lower. Further, as
T is zero on the z-axis and only zero there, all phase-paths which meet the z-axis must
cut it at right angles (provided the point of cutting is not a critical point) and all critical
points must lie on that axis.

Conservative systems The equation of motion of a one-dimensional conservative
mechanical system can be written

i = Fla),

where the continuous function F' can be regarded as the force per unit mass. When y = &
and as Z then equals y(dy/dz), one integration with respect to = gives

(14) 3(y(@)’ + V() = C,

where V/(z) = —F(x) and C'is a real constant. In our interpretation, V' is the potential
energy function and (14) the energy equation which may be re-written as

(15) ylz) = £v2(C = V(x)).

The critical points of the equivalent plane autonomous system
=y, y = F(x)

occur at turning points of V. A local minimum of V gives rise to a centre, a local
maximum to a saddle-point, and a point of inflexion to a cusp (a type of critical point
we have not up to now encountered). These situations are illustrated by the following
diagrams.
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LT T T T T T T

TR

The diagrams also indicate how the (z, V')-graphs may be used to draw the phase-paths:
for a given C, the difference C' — V' (z) may be read off, and the corresponding values of
y(x), calculated from (15), inserted in the phase-diagram.

Example 3 Use the Poincaré substitution to draw a phase-diagram for the equation

r = —x+ %333.

Proceeding as above, with V'(z) = —F(x) =  — 23/6, we find that

1‘2 4

V(z) = 5

2

up to an additive constant which can, without loss of generality, be taken to be zero.
The (x,V)- and phase-diagrams are drawn below. There is a centre at the origin and
there are saddle-points at (£+/6,0). O
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Note The function F' in Example 3 is a good approximation to — sin x for small . The
reader is asked to draw the phase-diagram corresponding to —sinx in Exercise 14: it
corresponds to the motion of a simple pendulum.

The use of polar co-ordinates Polar co-ordinates (r,6) can be usefully employed to
draw phase-diagrams. Often the form of the plane autonomous system will indicate their
applicability. The co-ordinates satisfy

(16) r? = 2?42 tanf = y/z

and so,

(17) i :r:r—i-yy’ 0 — :L'y—Qy:r
r r

whenever r is non-zero.
Example 4 Draw a phase-diagram for the system

Tz = —y+x(1—x2—y2), y = m+y(1—x2—y2).
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Using (16) and (17), we find, for r # 0,

2 2\(1 — 22 — 42 ) 2 2
r r2

which may be solved directly. The origin is a critical point and » = 1 is a particular
solution. When r < 1, 7 is positive; and when r > 1, 7 is negative. Also, 7 tends to zero
as r tends to unity. We thus have the diagram below.

The critical point is unstable. When r # 0,1, the phase-paths are spirals. The closed
phase-path, given by r = 1, is called a limit cycle. It is isolated from any other closed
phase-path, and is, in the obvious sense, ‘the limit of phase-paths in its vicinity’. O

Exercise 10 Show that the second-order equation

i—it+22—z = 0

gives rise to the plane autonomous system

and also to the system
T = x4y, y = yRr+y—1).

Exercise 11 Solve the equation

r—dit—cr = 0,
where ¢, d are non-zero real constants. Show that the equations may be represented by the system

T = vy, y = cr+dy
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and by the system
T = dx+vy, Yy = cx.

Draw phase-diagrams and describe the nature of the critical points. (You should be careful to
account for the different cases that arise from different values of ¢, d.)

Exercise 12 Solve the system

o= ytava+y?, g = —rtyVat 4y,

draw its phase-diagram and classify any critical points that occur.

Exercise 13 The displacement x(t) of a particle at time ¢ satisfies
i = F(z,z)

where
—z, if|z]>a

F(x,z) = —&, if |z| <a, || >0
0, otherwise

for positive real constants «, 3. Employing the Poincaré substitution y = &, draw the phase-
diagram of the resulting plane autonomous system. Describe the motion of the particle if it starts
from rest at x = ~y, where

(i) 0<y<a,
(i) a <y <+va?+ 32,
(iii) Va2 + 4% <.

Exercise 14 A simple pendulum, consisting of a particle of mass m connected to a fixed point
by a light string of length a, and free to swing in a vertical plane (as shown below), has equation
of motion

T+ ksinz = 0,

where k is the positive real constant g/a. Show that the Poincaré substitution y = & leads to the

energy equation
%yz —kcosz = ¢,

where ¢ is another real constant.
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Draw a phase-diagram to describe the motion, and identify and classify the critical points.
Give a physical description of the motion corresponding to different types of phase-path.

mg

Exercise 15 In the Volterra predator—prey model, = denotes the total prey population and y
denotes the total predator population. The system governing the development of the population
is

T = ax — cxy, y = —by+dxy,

where a,b,c,d are positive real constants. Show that the equation of the phase-paths in the
positive quadrant > 0, y > 0 is

(alogy — cy) + (blogx —dx) = k,

where k is a real constant. Show also that the phase-paths in this quadrant are closed curves and
draw a phase-diagram for the closed quadrant x > 0, y > 0.

Exercise 16 The motion of a simple pendulum, subject to non-linear damping, is described by

the system
d d
d—j =y, detJ = —asinz — by(1 + cy?),

in which a, b, ¢ are positive constants. By using properties of
F = %yQ + 2asin2%x

as a function of ¢, or otherwise, prove that, for any initial point (x(0),y(0)), there is a
corresponding integer n such that

(z(t),y(t)) — (nm,0) as t — oo.

Prove also that n = 0, if |#(0)| < 7/2 and |y(0)| < v/2a. Draw a phase-diagram, showing clearly
how the character of the phase-path differs in the vicinity of (nw,0) for n even and for n odd.
Distinguish also between the cases b? < 4a and b? > 4a. (The reader will already have shown, in
completing Exercise 4, that the system has no closed phase-paths.)
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15.4 Linearisation

As the reader can easily surmise from the foregoing, if the nature of the critical points
of the plane autonomous system

is known, one is in a good position to attempt to draw a phase-diagram. One rather
useful method of discussing the critical points is by approximating X and Y by linear
functions in a neighbourhood of each such point and then using the linear theory. The
approximation is achieved by using Taylor expansions.

By first making a translation of axes, we may suppose that the critical point under
discussion is at the origin. Supposing that X and Y are twice continuously differentiable,
the Taylor expansions of X, Y at the origin may be written

X(z,y) = ax+by+ M(z,y),

Y(z,y) = cx+dy+N(z,y),

where

a = X,(0,0), b = Xy(0,0), ¢ = Y;(0,0), d = Y,(0,0)

and

M(z,y) = O(r?), N(z,y) = 0O@?), asr = a2+y? — .
Our hope is then that the linear approximation
(L) z = ax+ by, y = cx+dy

will have the same type of critical point as the original system. In general, if the linear
approximation has a node, saddle-point or spiral, then so does the original system. This
will not be proved here, but the reader is asked to show in Exercise 19 that a centre in
one system does not imply a centre in the other.

Example 5 Classify the critical points of the system

i = x—y+5  § = x’+6x+8.

The critical points are (—2,3) and (—4,1). The translation
T = —2+x, y = 3+
gives, on ignoring second-order terms

1 = T1— Y, v o= 2x1.
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The characteristic equation
MoA+2 =0

has roots
A= 1+

so, the critical point (—2,3) is an unstable spiral (as neither root is real but has positive
real part).

The translation
xr = —4—|—ZE2, Yy = 1+Z/2

gives, on ignoring second-order terms,
To = T2 — Y2, Y2 = —2mwo.

The characteristic equation
M_oA-2 =0

has roots A = —1,2; so, the critical point (—4,1) is a saddle-point (as the roots are real
and of opposite sign). O

Exercise 17 Find and classify the critical points of the following autonomous systems:

(a) & = —2z—y—4, y = zy+2x+2y+4,

(b) @& = z+e"V, g = 12+2z+5y.
Exercise 18 Find and classify the critical points of the system
i = (a—2%y (a constant), gy = x—y
in each of the cases
(i) a< -1,
(i) =3 <a <0,
(iii) a > 0.
Exercise 19 (a) Show that the system
T = —y3, Yy = x
has a centre at the origin, but its linear approximation does not.
(b) Show that the system
i = y—z@®+y?), § = —z—y@®+y?)

has no closed phase-paths, but its linear approximation has a centre at the origin.
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Appendix: the solution of some
elementary ordinary differential
equations

This appendix contains, in outline, some basic techniques which can be used in the
solution of first- and second-order ordinary differential equations.

(1) y"+p(x)y = f(x), where p and f are continuous

Multiply the equation through by the ‘integrating factor’

X
exp </ p(t) dt> .
Then the equation becomes

% (y.exp (/xp(t)dt>> = f(z).exp (/Ip(t)dt>

and the solution is found by one integration.

Example 1 Solve xy + 2y = 422 for x > 0, where y(1) = 2.

The equation may be re-written

2
v+ -y = 4z
T
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With p(x) = — (continuous as x > 0),

X Z‘2
exp </ p(t)dt) = exp </ tdt> = ¢2logz 42

So, multiplying through by this integrating factor,

2
T

d
2,/ 2 3
2 = = 4 .
z7y' 4 2xy 7z (&) z
Thus,
w?y = a'4c¢ or oy = :1:2—1-%,
T

where ¢ is a constant. Using y(1) = 2, we deduce that ¢ = 1 and hence that the solution
to the problem (for z > 0) is

2 1
y = 1+ 5. O
x
Exercise 1 Solve zy’ +y = e” for x > 0, where y(1) = 1.

Exercise 2 Solve i + (cot )y = 2cosecx when 0 < & < 7, where y(7/2) = 1.

d
(2) f(z)+ g(y)d—y = 0, where f and g are continuous
x

Such ‘separable’ equations are solved by re-writing the equation as
flx)de = —g(y)dy
and then performing one integration.

Example 2 Solve

d 322 + 4z 42
% = M for x > —2, where y(0) = —1.
‘Separating’ the variables gives

2y — dy = (32*+ 4z + 2)da.

Integrating,
v —2y = 2® 4222+ 22+,
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where ¢ is a constant. Using y(0) = —1, we obtain ¢ = 3, giving an ‘implicit’ solution.
Solving this quadratic in y:

y = 14234222+ 27 + 4.

The negative sign must be taken in order that y(0) = —1. For = > —2, the square root
is real (exercise) and y # 1 (see original equation for the point of this remark). O

. dr 12 1
Exercise 3 Solve — = — for 0 < § < ez, where r(1) = 2.

a 0

Exercise 4 Solve y' = zy3(1 + 22)~2 for |z| < v/5/2, where y(0) = 1.

dy .
(3) A(x,y) + B(=x, y)d— = 0, where A, B, Ay, B, are continuous
x

and A, = B, (‘exact’ equations)

The condition A, = B, implies the existence of a function ¢ = ¢ (x,y) for which
Uy = A, by = B
so that the differential equation becomes
Ypdx +Pydy = 0,

with general solution
¢(33a y) = G
where c is an arbitrary constant.

To determine 1, one can work as in the following example.

Example 3 Solve (ycosz + 2xe¥) + (sinx + x2e¥ — 1)y’ = 0.
Putting

A(z,y) = ycosz +2xeY and B(z,y) = sinz+z2e¥ —1,

it is easy to see that
Ay = cosx+2ze’ = By

so, the method applies. We need to find 9 (x,y) such that

Ve = A = ycosz + 2xeY,

Yy = B = sinz 4 z%e¥ — 1.
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Integrate the first of these two equations with respect to z, to give
P(r,y) = ysina +a?e¥ + f(y),

where f is still to be determined. Differentiating this with respect to y and equating it
to the right-hand side of the second of the two equations, we have

sinz + 22¢¥ + f'(y) = sinz + z%e¥ — 1;

so that f/(y) = —1 and f(y) = —y + constant. Thus, the desired solution (an ‘implicit’
solution) is
ysinz + 2%e¥ —y = ¢,

where c¢ is an arbitrary constant. U

The method here relies on the condition A, = B,. Sometimes this does not hold, but
there exists an ‘integrating factor’ A = A(z,y) for which A;, A, are continuous and

(A)y = (AB)a
that is, which satisfies the first order partial differential equation
By — ANy + (B, — Ay))A = 0.

(Of course, this reduces to an ordinary differential equation if A is a function of = alone,
or of y alone.) Then our method can be applied to the original equation, re-written in

the form p
A(»”L',y)z‘l(%,y)+/\(fv,y)B(fv,y)% =0

Exercise 5 Solve (2xy? + 2y) + (22%y + 2x)y’ = 0.

Exercise 6 Solve (ye*¥ cos 2x — 2e*Y sin 2z + 2x) + (xe®¥ cos 2x — 3) 0.

73/:
dx

dy

(4) = f <y> , where f is continuous
dx T

Put v = J , that is y = vz, and transform the equation to an equation in v and z by
x
noticing that
dy dv

% = U"‘ZE%

The resulting equation is separable in v and x and the methods of (2) above apply.
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Example 4 Solve
dy y? + 2zy

= (x #0).

dx 22

The equation may be re-written

w = ()2l

The substitution y = vz therefore yields

d
v+x—v = 024+ 20
dx
or
dx dv (t teps)
—_— = — wo steps).
x v(v+1) P

Using partial fractions,

d
o <1— ! >dv.
T v v+1

Integrating yields

log|z| +log|c|] = log|v| —log|v + 1], z,c,v,v+1#0,

357

with ¢ otherwise arbitrary. As v/(z(v + 1)) is continuous and cannot change sign, we

must have, when x + y # 0 and k is either ¢ or —¢, that

v y/x
k‘ZE = = = .
v+1 (y/z)+1 Y+
So,
B ka2
¥y = 1—kx

which in fact solves the original equation when z # 0 and x # k~! (this can easily be

checked).

d
Exercise 7 Solve (3zy + y?) + (22 + xy) 0.

7y:
dz

d 2 2
Exercise 8 Solve Y i .
dxz 2

0
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(5) The ‘linear homogeneous equation’ vy"” + p(x)y’ + q(x)y = 0,
where p and g are continuous and one solution of the

differential equation is known, ‘the method of reduction of order’

Suppose that the known solution is y = u(x), assumed never zero on its domain. We put
y = uwv (where v = v(x)). Assuming v” exists,

y' = uv+ uv',
y// — u// + 2u//U/ _|_ UU”.
Substituting for y, 3’ and y” in the differential equation, we obtain

wv” + (2u' + pu)v’ + (v’ + pu’ + qu)v = 0.

But we know that u solves that equation; so, u” + pu’ + qu = 0. Putting V = v/, we
arrive at a first-order differential equation in V:

uV'+ (2u' 4+ pu)V = 0.

Where u is never zero, we may simplify the integrating factor
T ul
xX
exp </ (23 —|—p)> = exp(2log|u(x)|).exp([“p),

so that, using (1) above and integrating once, we have
V(x). (u(x))*. exp([Tp) = A,

where A is a constant, and hence

v'(z) = V(z) = (ué))Q e I (A constant).

One further integration gives v(x) and the general solution

y@) = ulz).v(z) = u(az){A / m(e—fspu)dt) <u§l§>>2 +B}.

The method of variation of parameters, which is described in section 4.1, bears some
resemblances to the method here.
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1is a solution of

Example 5 Given that u(z) = 2~
2z2y" +3xy' —y = 0, forx >0,

find the general solution.

As the differential equation may be written

3 1
" - /_7 — 0 0
Vit oY~ 5aY , (z >0)

and since, therefore, p = %1:_1,

V(z) = Viz) = cale [TGBRDAE ca?
and hence 5
o
v(z) = ng + k,

where ¢ and k are arbitrary real constants. Therefore, the complete solution is

y(x) = ulx).v(z) = QC;ﬁ + % , (x > 0). O

Exercise 9 Solve 22y” — z(z + 2)y’' + (z + 2)y = 0 for z > 0, given that u(z) = x is a solution.

Exercise 10 Solve zy” —y' + 423y = 0 for > 0, given that u(x) = sin(z?) is a solution.

(6) The ‘linear homogeneous equation with constant coefficients’,

ay” + by’ +cy = 0, where a,b, c are real constants and a # 0

In order for 5y = e (X constant) to be a solution, A must satisfy the auziliary (or
characteristic) equation

(*) ad> +bA+c = 0

(substituting and cancelling the positive quantity e**). Three cases occur in searching
for real solutions.
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(i) If b* > 4ac and A and )z are the (real) solutions of (*), then
y = AeM?® 4 Bel® (A, B arbitrary real constants)

is a real solution of the differential equation.

(i) If b*> = 4ac and X is the (only and real) solution of (*), then
y = (Az+ B)eM (A, B arbitrary real constants)

is a real solution of the differential equation.

(iii) If b* < 4ac and A\ £ iy are the (complex conjugate) roots of (*), then
y = e (Acospx + Bsin uzx) (A, B arbitrary real constants)

is a real solution of the differential equation.

Y

Example 6 (i) Find a solution of y” + 5y’ 4+ 6y = 0, satisfying the ‘initial conditions
y(0) =0, ¢'(0) = 1.

The auxiliary equation
N 4+5A+6 = 0

has roots A = —2, —3. So, a solution of the differential equation is
y = Ae % 4 Be " (A, B arbitrary real constants).
To satisfy the conditions, one needs
A+ B = 0, —2A-3B = 1,
giving A =1 = —B. So, the required solution is
y = e 2 _ ¢
(ii) Find a real solution of y" + 4y + 4y = 0.
The auxiliary equation this time is
M 4dr+4 = 0,
with (repeated) root A = —2. So, a solution of the differential equation is

y = (Az+ B)e™™ (A, B arbitrary real constants).
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(iii) Find a real solution of y"" + ¢’ +y = 0.
The auxiliary equation here is

MEA+1 = 0,

with roots

—_
w%
s

So, the required solution is

y = e 2 (A cos (éﬁ CC) + Bsin (? x)) , (A, B arbitrary real constants). 0

Exercise 11 Solve 2y” — 3y’ +y = 0.
Exercise 12 Solve " — 6y’ + 9y = 0, where y(0) = 0, ¥'(0) = 2.

Exercise 13 Solve y’ — 2y’ + 6y = 0.

(7) The equation ax?y” 4+ bxy’ + cy = 0, where a,b, c are real constants
and a # 0

One may reduce this equation to the case (6) of constant coefficients by means of the
substitution x = ef, giving

4 _ 4 L d
dt — Tdx’ a2 dx? dx

and hence
aj+(b—a)y+cy = 0,

where dot denotes differentiation with respect to ¢t. This equation may be solved by the
methods of (6) above. The (composite) direct method is to use the substitution y = z*
directly. Notice that the general solution is

y = (Alogx + B)a

when the auxillary equation has a double root .
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t

Note The method is applicable for z > 0, as e' is always positive for ¢ real, and
A

x* = exp(Alogx) is a well-defined real number when z > 0.

Example 7 Solve 22y” + xy’ — k?y = 0, where the variable x and the constant k are

strictly positive.

The substitution y = z* gives
MA=1)+A—-k> =0
and hence A = £k. The general solution of the differential equation is therefore
y = AzF+ BaF,
for x > 0, where A and B are constants. O

Exercise 14 Do the same example by first making the intermediate substitution z = e’.

Exercise 15 Solve z2y" — 2xy’ + 2y = 0.

Exercise 16 Solve (1 + 2z)%y"” — 6(1 + 2z)y’ + 16y = 0.

(8) The ‘non-homogeneous’ (or ‘inhomogeneous’) linear equation,

y" + p(x)y’ + qg(x)y = f(x), where p,q and f are continuous functions

Many trial and error and ad hoc methods are available. It will be a main aim of these notes
to introduce systematic methods for some important classes of such equations. But do
notice that, if y = uy(x) and y = ug(x) are ‘independent’ solutions of the corresponding
homogeneous equation

y' +p(x)y +q(x)y = 0,

and if y = v(z) is a solution of the given inhomogeneous equation, then
y = Aui(z)+ Buz(z)+v(x) (A, B arbitrary constants)

is also a solution of the inhomogeneous equation. In these circumstances, Au;(x)+Busg(x)
is called the complementary function and v(x) a particular integral.



Bibliography

Because differential equations lie at the very heart of mathematics, there is a vast number
of books which might be of interest to the reader, be it by way of background, collateral
or further reading. The list below therefore represents only a cross-section of available
recommendations. Some are cited because they contain just the right background
material at just the right level, some because they hold a rightful place amongst classic
mathematics texts, some because they follow up issues to which we have, for reasons
of space, only paid cursory attention, and some because they will lead the reader much
deeper into the various topics we have discussed.

In the following, the numbers in square brackets relate to the list of references given
at the foot of this section.

Background analysis

Burkill [11] and Bartle and Sherbert [7] provide basic real analysis, whereas Apostol [3]
and Rudin [43] develop the subject further. Jordan and Smith [28] and Kreyszig [31] give
a variety of techniques, including the solution of some elementary differential equations
(covered more briefly in the Appendix). Piaggio [37] is a classic older text, giving a
number of useful techniques for solving such equations.

Background algebra

Strang [46] and Stoll [45] present the material we need on simultaneous linear equations
and finite-dimensional spaces, whereas Artin [5] provides the background for considera-
tion of infinite orthonormal sequences of vectors.
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Ordinary differential equations

Birkhoff and Rota [8], Boyce and DiPrima [9], Burkill [12] and Hurewicz [25] provide, in
their different ways and at different levels of mathematical sophistication, an overlap with
some topics in this book and, in some respects, a complementary view. Coddington and
Levinson [16] and Hirsch, Smale and Devaney [24] are more advanced; the approach of
the first being more traditional, of the second more modern. Ince [26] contains a wealth
of technique gathered together in the first half of the twentieth century.

Partial differential equations

Carrier and Pearson [14], Strauss [47] and Logan [32] give different treatments of some
of the material in Chapters 57, the third being sometimes geometric where this text is
analytic. Epstein [21] will interest the reader more concerned with mathematical rigour
than practical application. Ockendon, Howison, Lacey and Movchan [35] and Renardy
and Rogers [41] provide ample opportunities for further reading.

Fourier series

Background reading, as well as a greater selection of applications of the mathematics of
Chapter 7, are provided in Brown and Churchill [10] and Seeley [44]. For information on
the mathematical treatment of waves, the reader can consult Baldock and Bridgeman [6]
and Coulson and Jeffrey [17].

Integral equations

At the time of writing, not many undergraduate level texts provide a good range of
material on integral equations. Appropriate examples are Hildebrand [23], Jerri [27] and
Pipkin [38].

Calculus of Variations

Arfken and Weber [4] cover a range of elementary material with applications, whereas
Pars [36] and Courant and Hilbert [18] go far deeper into the classical theory of variational
integrals. For background geometry for Chapter 11, we refer the reader to Roe [42] and
(more advanced) do Carmo [19]; for mechanics, to Acheson [1], Lunn [33] and Woodhouse
[48].
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The Sturm—Liouville equation

Courant and Hilbert [18] and Haberman [22] give background material relating to physics.

Solutions in series

Burkill [12] is terse and theoretical where Boyce and DiPrima [9] is expansive and
practical. Piaggio [37] gives advice and examples on the use of Frobenius’s method.
Ahlfors [2] has background on Riemann surfaces and their relationship to equations in a
single complex variable.

More general background reading on complex analysis, useful for sections 13.8 and
14.5, may be found in Priestley [39], Marsden [34] and Carrier, Crook and Pearson [13].

Fourier and Laplace transform

For background material on the Lebesgue integral approach, see Priestley [40]. For
methods involving the Riemann integral, reference can be made to the first edition of
Apostol [3]. The reader will find plentiful technique, with particular reference to physical
problems, in Carslaw and Jaeger [15]. For the use of complex variable, see above (under
Solutions in series).

Phase-plane analysis

Much information may be found in Jordan and Smith [29] and King, Billingham and
Otto [30].

Further reading

Courant and Hilbert [18] is one of the most famous texts in mathematics and, although
most suitable as a graduate reference, contains a wealth of material on many aspects of
differential and integral equations.
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at a regular singularity, 260, 281
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reciprocal kernel, 187
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Sturm—Liouville equation, 225
Sturm—-Liouville Theorem, 230
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Tchebycheff polynomial of degree n, 256
three-term recurrence relation, 274
trajectory, 327
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homogeneous equation, 150, 155
non-homogeneous equation, 150, 155
transversal condition, 222
triviality condition, 54

uniformly convergent
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series, 3
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variation of parameters, 43
Volterra integral equation, 5
Volterra predator—prey model, 349
vortex, 340

wave equation, 86, 116, 118, 123, 136, 209,
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weak solution, 83
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